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V+x=0

Linear Algebra N e

y=-
7= NTx (%)

If N is invertible mod k, every initial state X is winnable, and
N=1 % (—X) is the winning pattern.

Graphs for which N is invertible mod k are called always
winnable mod k.
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Thus, X is winnable if and only if X € CSx(G). |

(Null Space of G - NSk(G))

Since N is a symmetric matrix, NSx(G) is the orthogonal
complement of CSk(G).

A graph is always winnable mod k if and only if
dimNS,(G) =0.
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A graph is always winnable mod k if and only if

dim NSx(G) = 0. J
Research

NSk(G) is the orthogonal complement of CSk(G). J

@ Characterize the way the null space changes when certain
subgraphs are removed, or when two graphs are joined
together.

@ Look for ways to connect graphs or remove subgraphs that
do not change the null space.

L. Ballard (Syracuse University) Lights Out on Related Graphs October 16, 2015 28 / 53



The Null Space

Lights Out on
Related
Graphs

L. Ballard

o By definition, if Z € NS(G), NZ=0

Null Space

L. Ballard (Syracuse University) Lights Out on Related Graphs October 16, 2015



The Null Space

Lights Out on
Related
Graphs

o o By definition, if 7 € NSx(G), NZ =0
@ Then Z is a null pattern that will not change the state of
graph G, since NZ+ X = X.

Null Space

L. Ballard (Syracuse University) Lights Out on Related Graphs October 16, 2015 29 /53



The Null Space

Lights Out on
Related
Graphs

L. Ballard

o By definition, if Z € NS(G), NZ=0

@ Then Z is a null pattern that will not change the state of
graph G, since NZ+ X = X.

Null Space

A

L. Ballard (Syracuse University) Lights Out on Related Graphs October 16, 2015 29 /53



The Null Space

Lights Out on
Related
Graphs

L. Ballard

o By definition, if Z € NS(G), NZ=0

@ Then Z is a null pattern that will not change the state of
graph G, since NZ+ X = X.

Null Space

A

Ny
I

In Z2

O O = =

L. Ballard (Syracuse University) Lights Out on Related Graphs October 16, 2015 29 /53



The Null Space

Lights Out on
Related
Graphs

L. Ballard

o By definition, if Z € NS(G), NZ=0

@ Then Z is a null pattern that will not change the state of
graph G, since NZ+ X = X.

Null Space

A

Ny
I

In Z2

O O = =
o0 w >

L. Ballard (Syracuse University) Lights Out on Related Graphs October 16, 2015 29 /53



The Null Space

Lights Out on
Related
Graphs

L. Ballard

o By definition, if Z € NS(G), NZ=0

@ Then Z is a null pattern that will not change the state of
graph G, since NZ+ X = X.

Null Space

A

Ny
I

In Z2

O O = =
o0 w >

L. Ballard (Syracuse University) Lights Out on Related Graphs October 16, 2015 30/ 53



The Null Space

Lights Out on
Related
Graphs

L. Ballard

o By definition, if Z € NS(G), NZ=0

@ Then Z is a null pattern that will not change the state of
graph G, since NZ+ X = X.

Null Space

A

Ny
I

In Z2

O O = =
o0 w >

L. Ballard (Syracuse University) Lights Out on Related Graphs October 16, 2015 31/53



The Null Space

Lights Out on
Related
Graphs

L. Ballard

o By definition, if Z € NS(G), NZ=0

@ Then Z is a null pattern that will not change the state of
graph G, since NZ+ X = X.

Null Space

A

Ny
I

In Z2

O O = =
o0 w >

L. Ballard (Syracuse University) Lights Out on Related Graphs October 16, 2015 32/53



The Null Space

Lights Out on
Related
Graphs

L. Ballard

o By definition, if Z € NS(G), NZ=0

@ Then Z is a null pattern that will not change the state of
graph G, since NZ+ X = X.

Null Space

A

Ny
I

In Z2

O O = =
o0 w >

L. Ballard (Syracuse University) Lights Out on Related Graphs October 16, 2015 33 /53



The Null Space

Lights Out on
Related
Graphs

L. Ballard

This null pattern can be generalized to Zy.

Null Space

L. Ballard (Syracuse University) Lights Out on Related Graphs October 16, 2015 34 /53



The Null Space

Lights Out on
Related
Graphs

L. Ballard

This null pattern can be generalized to Zy.

Null Space

L. Ballard (Syracuse University) Lights Out on Related Graphs October 16, 2015 35 /53



The Null Space

Lights Out on
Related
Graphs

L. Ballard

This null pattern can be generalized to Zy.

Null Space

L. Ballard (Syracuse University) Lights Out on Related Graphs October 16, 2015 36 /53



The Null Space

Lights Out on
Related
Graphs

L. Ballard

This null pattern can be generalized to Zy.

Null Space

L. Ballard (Syracuse University) Lights Out on Related Graphs October 16, 2015 37 /53



The Null Space

Lights Out on
Related
Graphs

L. Ballard

This null pattern can be generalized to Zy.

Null Space

L. Ballard (Syracuse University) Lights Out on Related Graphs October 16, 2015 38 /53



A Sampling of Our Results
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Definition
The label of a vertex v in a graph G will be defined by

/G(V) =dim NSk(G — V) —dim NSk(G).

In other words, dim NS, (G — v) = dimNS,(G) + Ig(v)
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Let G be a graph. For all v € V(G), we have
lc(v) € {—1,0,1}. If G is always winnable over Zy, then for
all v e V(G), we have Ig(v) € {0,1}.

eeeeee

Proof. The neighborhood matrix of G — v is formed by deleting
exactly one row and one column from the neighborhood matrix
of G. Thus Ig(v) € {—1,0,1}. For an always winnable graph
G, dimNS,(G) = 0, and therefore for all v € V(G), we have
dim NSk (G — v) > dim NS, (G), so Ig(v) € {0,1}.
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Proposition
If there exists p' € NSk (G) with p(v) # 0, then Ig(v) = —1.

Suppose p € NSk(G) such that p(v) #0. Then e, is not
winnable on G, since e, is not in the orthogonal complement

of NSk(G)
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Suppose p € NSk(G) such that p(v) #0. Then e, is not
winnable on G, since e, is not in the orthogonal complement
of NSk(G). It follows that a pattern on G that is null on G — v
is also null at v; otherwise that pattern would win \e, for some
A€ Zy.
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Suppose p € NSk(G) such that p(v) #0. Then e, is not
winnable on G, since e, is not in the orthogonal complement
of NSk(G). It follows that a pattern on G that is null on G — v
is also null at v; otherwise that pattern would win \e, for some
A € Zj. In particular, a null pattern on G — v extended by 0 at
v is null on G, so dimNS,(G) > dim NS, (G — v).
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If there exists p € NSx(G) with p(v) # 0, then Ig(v) = —1.

L. Ballard

Suppose p € NSk(G) such that p(v) #0. Then e, is not
winnable on G, since e, is not in the orthogonal complement
of NSk(G). It follows that a pattern on G that is null on G — v
is also null at v; otherwise that pattern would win \e, for some
A € Zj. In particular, a null pattern on G — v extended by 0 at
v is null on G, so dimNS,(G) > dimNS(G — v). The fact
that there exists a null pattern g€ NS, (G) not of this type
gives us a strict inequality, or in other words gives us

lg(v) = —1.
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Let G be a graph, and let v € V(G). Then if Ig(v) =0,
Theorems p(v) = 0 for every p € NSk(G).
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Let G be a graph, and let v € V(G). Then if Ig(v) =0,
p(v) = 0 for every p € NSx(G).

Proof. If Ig(v) =0, then Ig(v) # —1, so by the contrapositive
of the previous proposition, p(v) = 0 for every p' € NS,(G).
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Let G be a graph and let v € V(G). If Ig(v) = 0, then for all
A € 77, the state Ae, is winnable on G, and any winning
pattern p for e, satisfies p(v) # 0.
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Let G be a graph and let v € V(G). If Ig(v) = 0, then for all
A € 77, the state Ae, is winnable on G, and any winning
pattern p for e, satisfies p(v) # 0.

Theorems

Proof. Suppose that Ig(v) = 0.
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Proposition

Let G be a graph and let v € V(G). If Ig(v) = 0, then for all
A € 7, the state \e, is winnable on G, and any winning
pattern p for e, satisfies p(v) # 0.

Proof. Suppose that Ig(v) = 0. Then by the previous
corollary, g(v) = 0 for every g € NS,(G).
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Proposition

Let G be a graph and let v € V(G). If Ig(v) = 0, then for all
A € 7, the state \e, is winnable on G, and any winning
pattern p for e, satisfies p(v) # 0.

Theorems

Proof. Suppose that Ig(v) = 0. Then by the previous
corollary, g(v) = 0 for every g € NSk(G). The space of
winnable states is the orthogonal complement of the space of
null patterns, and therefore, for all A € Z7, Ae, is winnable
because Ae, L ¢ for all ¢ € NS,(G).
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for all A € Z}, the state \e, is winnable on G, and any winning
pattern p for \e, satisfies p(v) # 0.

Assume for the sake of contradiction that p'is a winning
pattern for Ae, such that p(v) = 0.

Theorems

L. Ballard (Syracuse University) Lights Out on Related Graphs October 16, 2015 44 / 53



Lights Out on
Related
Graphs

L. Ballard

Theorems

A Sampling of Our Results

Proposition

Let G be a graph and let v € V(G). Then if Ig(v) =0, then
for all A € Z}, the state \e, is winnable on G, and any winning
pattern p for \e, satisfies p(v) # 0.

Assume for the sake of contradiction that p'is a winning
pattern for Ae, such that p(v) = 0. It follows that p|g_, is
null, but p'is not null on G.

L. Ballard (Syracuse University) Lights Out on Related Graphs October 16, 2015 44 / 53



A Sampling of Our Results

Lights Out on
Related oha
Graphs Proposition

L Bl Let G be a graph and let v € V(G). Then if Ig(v) =0, then
for all A € Z}, the state \e, is winnable on G, and any winning
pattern p for \e, satisfies p(v) # 0.

Assume for the sake of contradiction that p'is a winning
pattern for Ae, such that p(v) = 0. It follows that p|g_, is
null, but p'is not null on G. We also know that for all

G € NSk(G), g(v) =0 and thus g|g_, is always a null pattern
on G —v.
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Proposition

Let G be a graph and let v € V(G). Then if Ig(v) =0, then
for all A € Z}, the state \e, is winnable on G, and any winning
pattern p for \e, satisfies p(v) # 0.

Assume for the sake of contradiction that p'is a winning
pattern for Ae, such that p(v) = 0. It follows that p|g_, is
null, but p'is not null on G. We also know that for all

G € NSk(G), g(v) =0 and thus g|g_, is always a null pattern
on G —v. We note that p|g_, must be distinct from g|¢_, for
all g € NSk(G), since the effect of extending these patterns by
0 at v is different.
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Proposition

Let G be a graph and let v € V(G). Then if Ig(v) =0, then
for all A € Z}, the state \e, is winnable on G, and any winning
pattern p for \e, satisfies p(v) # 0.

Assume for the sake of contradiction that g is a winning
pattern for Ae, such that p(v) = 0. It follows that p|g_, is
null, but p'is not null on G. We also know that for all

G € NSk(G), g(v) =0 and thus g|g_, is always a null pattern
on G —v. We note that p|g_, must be distinct from g|¢_, for
all g € NSk(G), since the effect of extending these patterns by
0 at v is different. This implies that

dim NS, (G — v) > dim NS, (G), contradicting the fact that
l(v) = 0.
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L Bl Let G be a graph and let v € V(G). Then if Ig(v) =0, then
for all A € Z}, the state \e, is winnable on G, and any winning
pattern p for \e, satisfies p(v) # 0.

Assume for the sake of contradiction that g is a winning
pattern for Ae, such that p(v) = 0. It follows that p|g_, is
null, but p'is not null on G. We also know that for all

G € NSk(G), g(v) =0 and thus g|g_, is always a null pattern
on G —v. We note that p|g_, must be distinct from g|¢_, for
all g € NSk(G), since the effect of extending these patterns by
0 at v is different. This implies that

dim NS, (G — v) > dim NS, (G), contradicting the fact that
Ic(v) =0. Thus p(v) # 0.

eeeeee
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Definition (The Secondary Label of v in G)

1. Let G be a graph and suppose v € V(G) with /g(v) = 0.
By the previous proposition, the state e, has a winning
pattern ¢, and ¢(v) € Zj. Let

Theorems

Ae(v) = —g(v)t ez

In this situation, all null patterns g on G have p(v) =0,
and therefore Ag(v) is independent of the winning pattern
g chosen.
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Theorems

In either case, A\g(v) € Z; will be called the secondary label
of v. The label of a vertex v with /g(v) = 0 and secondary
label A will typically be written as 0(\).
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Definition

2. Let G be a graph and suppose v € V(G) with
Ig(v) = —1. We define A\g(v) = 0. (This secondary label
on the /g(v) = —1 vertices carries no information, but is
convenient for summation notation later.)

Theorems

In either case, A\g(v) € Z; will be called the secondary label
of v. The label of a vertex v with /g(v) = 0 and secondary
label A will typically be written as 0(\).

L. Ballard (Syracuse University) Lights Out on Related Graphs October 16, 2015 46 / 53



A Sampling of Our Results

Lights Out on

Related Definition (Edge Join of Gy and G, at v and w, respectively)

Graphs
‘ Let Gy and G, be graphs with v € V(Gy) and w € V/(Gy). Let
H = EJ({G1, v}{Go, w}) be the graph with
V(H) = V(G1) U V(Gp) and E(H) = E(G1) U E(G2) U (v, w).
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Let G; and Gy be graphs with v € V(Gy) and w € V(Gp). Let
di = dimNSk(G;j), and let H = EJ({G1,v}{Gy, w}). Then

dim NS (H) is given by the following table.

eeeeee | IGl(v) | IGQ(W) | dim NSk(H) |
1 any di + db

-1 any d1+d2+/GQ(W)—1

0A) | O(w) | dit+do (u#A1)

0(A) | O(w) [ch+do+1 (u=X"")

L. Ballard

In particular, if I, (v) = —1, then
dim NSk(H) = dim NSk(Gl = V) + dim NSk(G2 = W).
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G1 G
P <P

H

Theorems

The following theorem will show how NS (H) depends on
/G,.(V,') for i € {1,2}. J
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S For1< i< m, let G be a finite graph with v; € V(G;). The
graph H=VJ({G;,v;: 1 < i< m}) is defined by
m

V(H) = V(G — v) U{v} and
i=1

L. Ballard

eeeeee

E(H) = JE(Gi - vi)U {(Wv) : (wvi) € | E(G,-)} :
i=1 i=1
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m
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eeeeee

E(H) = JE(Gi - vi)U {(Wv) : (wvi) € | E(G,-)} :
i=1 i=1

Q Iflg(vi) =1 for at least one i, then Iy(v) = 1.
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S For1< i< m, let G be a finite graph with v; € V(G;). The
graph H=VJ({G;,v;: 1 < i< m}) is defined by
m

V(H) = V(G — v) U{v} and
i=1
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Lights Out

E(H) = JE(Gi - vi)U {(Wv) : (wvi) € | E(G,-)} :
i=1

i=1
Q Iflg(vi) =1 for at least one i, then Iy(v) = 1.
Q Iu(v) € {0,—1} if and only if Ig,(v;) € {0,—1} for all i.
Moreover, Iy(v) = —1 if and only if
m
> e (vi) =m—1( mod k).
i=1
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Let G be a finite graph with v € V(G), and let f, be the
function which extends a pattern on G — v to a pattern on
G that is zero at v. The following are equivalent:

REEEIIES

L. Ballard (Syracuse University) Lights Out on Related Graphs October 16, 2015 53 /53



Lights Out on
Related
Graphs

Theorem
L. Ballard

Let G be a finite graph with v € V(G), and let f, be the
function which extends a pattern on G — v to a pattern on
G that is zero at v. The following are equivalent:

(] /G(V) - _1a

REEEIIES

L. Ballard (Syracuse University) Lights Out on Related Graphs October 16, 2015 53 /53



Lights Out on
Related
Graphs

L. Ballard

REEEIIES

Theorem

Let G be a finite graph with v € V(G), and let f, be the
function which extends a pattern on G — v to a pattern on
G that is zero at v. The following are equivalent:

(] /G(V) - _1a

@ The state e, is not winnable on G.
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Let G be a finite graph with v € V(G), and let f, be the
function which extends a pattern on G — v to a pattern on
G that is zero at v. The following are equivalent:

(] /G(V) - _1a
@ The state e, is not winnable on G.
References © There exists p € Null(N(G)) with p(v) # 0.
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Let G be a finite graph with v € V(G), and let f, be the
function which extends a pattern on G — v to a pattern on
G that is zero at v. The following are equivalent:

(] /G(V) - _1a
@ The state e, is not winnable on G.
References © There exists p € Null(N(G)) with p(v) # 0.

@ The function f, induces an injective linear
transformation from Null(N(G — v)) to Null(N(G)), and
dim coker(f,) = 1.
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