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Details from proof of the existence of the localization S™1R.

Recall W = RxS and (r,s)~(r',s") if (rs' — r's)t = 0, forsome t € S.
(:.'(‘-S —~<N\\=0

This is an equivalence relation: It is clear that (r,s)~(r,s) and (r,s)~(r',s") implies
', sH~(r, s) since 1 € § and R is commutative. Thus, transitivity is the real challenge.
S LV - o920 = e vs-e") 20
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2 .
We have rs"s'ut = (rs’ t)s"u = (r 'st)s"u = (r's"u)st £ (r"s'u)st. Each equality follows from
either reordering the factors, or replacing the term in parentheses using two equations resulting
from the relations in the previous paragraph. Rewriting the first and last terms we get the equality

rs"(s'ut)=r"s(s'ut) or equivalently (rs"-r"s)(s'ut)}=cThis gives (r,s)~(r",s"), since s'ut ¢ S.

Note that this was just a long way to get common denominators without every dividing or
cancelling. We now have the set of equivalence classes S™1R = W /~.

To show that addition and multiplication are well defined, we only need to change one
representative of an equivalence class at a time. Writing r/s for [(r, s)], we need only show that
if (r,5)~(r",s") and (1y,s,) isin W, then (rs, + 1;5)/ss; = (r's; +115')/s's,, to check that &
addition is well defined. This is easily done as above. Similarly - and more easily - we can check
that multiplication is well defined.

Finally, showing that that SR is a commutative ring is routine using the properties of R. Note
that 1g-1, = 1/1 = s/sand 0g-1, =0/1 = 0/s,foranyseS.
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