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F R-module = ESree £ F2O R

a1}
198.

Fﬁn\#l\/ S-tncrah:djfrce == Evcgrz basto of F i Heite

199, F‘Free} not finitely gene rated = Anytwo baoes of F have
garmc Cardinal "")’

2001 B cina has TEW < whenever ROZR™ 5o R-mnodoleo a=m

201, Evcr¥ divioion r\nqq ~ao TRN

202, E\(erv cormnmutahve ming has LTBN

203, B_U)CQJ = R hag LTBN _—

20U § R, Srmq\,l—:\rmq ~Noromorphiom P\"‘j')""S S haoT BN =
R hao TBN

205 1 M noetherian,, Qr-—r f\ur}reahuc. = & 1vomorphiom

206, | R 1eft notthenan ring = R ihao TOBN

207, IMEH/ lef+ arhinan rting Nas T BN y-Bence C\I(’r\/ R
Qemiovmnmple cing nad 1.0 O

2081 Modivficd Baec chQm:r'\on E R-modole = E mjerhvc, o
Micfs ideal T or 8 3 I R ,enery DhomMmomaorphiom

T— E canbe exyended +QR e O—M‘JI' E’_T;QQ

209 Rm\-c%rak doraain  Ffieidof fractions = F-E(R)

210, erna M modaole %Eltr\'lechvrf envelope of M Hence s injec¥ive,
rasdole E and ifjection M—'E and E 12 munimal with thys
propcrty le. lF'iH-“-‘ E” injeetion with EZ injetetive  thea

o\la_st_ahn CO rarmutco. f
O0—s M——¢ =
5-11 ’,";ih :néechvc
E/t
e ¥ le €t mminemal
2L Pn(nnrmw' ’ P’L M——0 (0a Dmlcr-nvﬁ cover If ya-—2-M—0O
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Ifaornicctive cover af Mextats ythea v 10 oniqUE nptn 90,

. J
Rring. TFAE "

J
(c) Every module hooa pro:'}cgnvf_ cover

4 7
(ce) Every flat modole 10 projective

) |

_Flatr covero ex\ob

R lefr actinian ring M findcly qeoccated = M hay proIcoiMe:

COver -
eod ess
Rmna\MR Modulﬁ bL<ﬂ\KCH=5 KOLr = L -
H ch L\ﬁ ﬂLn.., M

~ sElisiaton Jn_b_m.o_du_l:.:.-_of:._,_L
|@ ",GMn

Lce-ésrlc t= h e B LL®,,.0 L_,-,c_és
L""l L M =

(c) E(L) E(™M)

(ee)l=1,®,.,@Ln = E(L)=E(L)® ..® E(Ln~)

<3D
(e€e) AXEM D pO®XEM .,

O

E(MI=E(K)® E(x) henae E(K) dircet

In parncolac
summand of E(M)

220,

R Aagethenan = Every nonzefa Inyjechive madule direct 2um of

nde mmpmmwmuumqumyy D_EQ_LQ_D.)_—

22 1. udLmH

OE=BM=0

222, | Soimaple modole = udimS=1

_“___Z&ALQL&CQQM 12 aJwQ/va 1ndCC0mlrm:nblr=

224 |1 o+ ™M modole. TEAE -

(c) Muniform
(55) YV#O%#X coubmadyles of My XNY40

eDd

[ze&) YO+ LM , LE M

T meet Irreducible 2 O 1anofthe Inftrocction o f+wo nonzZero

left ideals .n R/T < R/t unjform

— s =7 7(0; |

OF FE injechve R-modole. TFAE:

(e) Eoniform

(¢€) Eroinjective envelope o f a uniform modole

(ec&) E2 E(R/A) where TAR 10 mect jreeducible

(ev) E 2 injecnive envelope of cach of \ts nonm?2cro _suomodoles
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L) E indecompoaable

21| Rleft achnian ring,Siywy Sn compictc set of oump.le_R-madole
= E\_/*c,ry mjcchvc R-modole 13 oniquely Vp fo 1oomo rphiom
i, [ a dircctoumof E(5e) c=1,...,n. Hence , there arc fimicly
, mMany nonjgomorphic indccompooable injective modotes,.
228

JRiteftarfninian ring = Each indecormpogabic projcctive

R-modvule 100f form Re where e )d pamifive  dem potent of

R_(_u p_m_l_o_g)

2291 F nonpomorphic tndecompoodable pmycctive modoles =
o i noh 1Domorphic oimple Mmodouled = ¥ mNoniooMmorphic
indecompooable ingcclive modoles
H— s 20,

| Mariig'Thm R commuoutative Northerian ring,

J
JpecR=3 Prime tdeais of Rt= 3 b'n;}ccﬁon berween JpccR

23l Ppame = P icrcdocable

and J10oclaodeo of iIndccampodable 1n}ccﬁv° ‘?"moddimO_
_SJ_V.C.I)_]Q?«._E___._.E_.(S/..P ) 7 R primo

232, Ppameidcalof R = Rcontaind a mimmal prme 1de ol
233 Py, Pnincomparakle paomeldealo 08 R, Py, . Pr=0
=> 3-Pa)"._.__.l, sz 190 the 9etof Minimal Paome dea)o of R
234,

235.| R commuoutative,noctherian =

Every prnmeideal lo pramacy

(o Evcr‘y tdeal of R 19 finite interoccthion of irreducible
1deals.

230.

(2) Evecy ieccducible 1deal 10 prima Cy

Ca)_gvery ideal 19 finite intecocction of pimacy 1deals
R nocthenany Q2R pamany, P={Q =

8 B 1 v e/

() Pprime 1deal C.Qntglmaﬁ._@ and P"cQ€P foroome

237

(cc) Punque minimal pome over Q , O r
R eommutative nocthenan 5 PIR prime = .

(e) A firute Inferoccnion of Prpamacy wdeaio 19 P~pnm.or7. o

(c€) Q@ P-primary 0= X sR/q = 10#y¥<X 2 Yo AGE N e
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H nocthcman modoule = M containd a Umfbrm Jubmodule
?ordcrcd +Up1c37( iﬁc?:c:: withcach mceceMe 3 al}l bof

‘Flnl‘l”ely mat\y mt QFCOE oa‘t‘lﬂﬁ ffw) COPmdUCT U.l"lp via
\P((me)ce;n)_ ex"{,c (mc)CH

M®.,.@2Mnp= §(m'J mﬂ)‘”"feMC} g el | I,
21 el =S ordcred hpico (mé&eer § satiofics p_rodo ot OMPR
2H2. | v R-modules M, 4 F free_modole mappin 3 ontorthlie F=M—0
and dJinecave 2 O—M—J ST T S

243, | Homg(K,-) , Home(—, k) leftexact, _BK K g__ .—.Sm exact
. 2HY ) HomglrM, aN) abehan. grovoes A u o w  wa  ield ¥

245. L Homr(r M, Ns) right S=modole |

— 2Ub. | Home (RMs,RN) left S~modole | 3 (
—) 247} dstcomponent of Hom_ Comtravarient, 2nd companent of
£ Hom_ctovariant. ] i
248 2 natueal 190 morphiam= Jnatuml franaformcathion €:6—F
S S hE=lcond €2=1F - &

24A.1 Any Kecnel 13 monic .

250.1 Any two Keeneld arevomocphic . = B e
25l | Any cothernef 10 epi 3 .
- 2082.] Any tyva Cokerncla loomorrphic o P

2583, Incategory , 1f monic 1o o hemel, then 1£9 aKeenclof lba

Cohherned
28H. In category, if epi 19 a cokernel, fhenit2a cokernelof ity
Kerned
== 965, |D_O.bC.LLO.h.CCliC’-8.0I}/ jeverymap B: . ¢ factocoao.
B—Ss1mf with erJﬁ),mimOhlc.
___._Zi@._ R-moD_abels an.categary with Kec,cakhel,lm oan meaoold
_(’\/ | nohona and monic,cpr damMe a2 in jedve,, Ourjs:cﬁvt"
_,,,_26}',., Fexact s> Fpreoerven any exact sequence
258, ngl_l_O_Q__Q_Q_Yi&Ql}/__Q.D_d_I_F_UﬁJ.Q.,Cl_b.C nan AT 1o abenan
2549.
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260 = 3 fully faithful tmbcddfng of T intp
an abcitan catego.},
L 20 = : ing Thm_ . : e i
small = Jexact. fully fathful A— R-M0D foroome
runq R : -
262, J‘-r-—@ funcroro =5 (F,.G) qd,om+ pair i E'sna’h.)ral
| tranoformation s ]_A——@—aGF' FG = 1m @ compeddiond
FE eoF — F_are 1d cnh‘r,v aa_t‘u:oi_ﬂ“_mng.ﬁ';‘r_nlg_ﬁm&_
263.] A, 83 abelian cafcaoric1} (F.G) o_dgoinf_ga'tr-: Frugh‘r
exact and G lef+ exac+
20H. | Hom e ff exact forany abelian cat e
265, | The colimif ofa ayotem 15 Lnique up i 120MOCPNIoM.
200,

Iln R-MOD__the puahoot of
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C — A

O-

AR
B

@
) A B/?otcg)’-BCcD?CGC
ony A o of aboye 1o

tother (¢ 82 /\@’&7

_CJLQLa_d_u.cumﬁ_Qif_anq_oi_m_mmutM_ﬂL%ﬁbm_gm AR B

aAndthe prodoct 1a Ax

Loprodoct 10 CQK%Q@QECQmmHtO L0 AQB

|
|
!{ 270. ) A abecuian catcaor}/ = colimito cxi1ot I copruducto cx 10+
| 27L | lient 1D calicant of FOP T °P— & °F
: 232 1\nahbhelian cg’feixror}z} pollback of
‘ A
| e
B—= ¢
1> ker(AxB 222 ¢ ) . \')_

273 ] In RMOD , pullhnck of above 12 (o) | f[a):&tb)z QAxé,

274. L Aabechon =2 L1k exiob 1f€ producto exiot

2+8.

I~ R-MHOD ~all lLimits over Nodctn cx15tS



276G, | ln _abelian Cntrsor/v . e

(e) colim righr exact

(ec) Vim left exact
272 | wieft R-maodole =2

(2) . @W precocrves colimits

(cc) Home(w,~) preserves limits

(€€¢) HomR (—,w) converts colimita o hmits
2738.| (F,6) ad}omi- pair =

() Fpreoerveo colims

(cc) G prevcerveg lims

2374,

Ad‘mhl‘o Ooiqoe 0

280,

_l[jcz dirceted oyoicm (0 R ~MOoD =2
Ve :
(¢) Every me I ME 3 m= e (mec) fnroome mecC Mc for

oome Mc

(¢c) Foranyé , ker(Meé— 'mMe) = 0 Ker (Me— M)
J g

e Vme'_'_ngl‘“léj MmM=0 1 mMmc¢— 0O underdome MMap

>

Me— H‘ 1) Oyot‘Cm

.l_'.:.gﬁ = UH‘/N where mMevm| £ “fa(m:) qu(mr) for

281, | -
oome § % °!J . | S o
282, | Directed limits are exact \n R-HOD
_ZQ&_M&MM&MmQMMW_
Hn (iR pme) = 1 Ha(Me)
284.| Irefcex dirccttd Syotern of R-modules sMe flat Ve = —o i Mg
flat
285.| Hiett R-maodole = Mflat 1€ Mo dicecrrdd limit of Errnh‘:l}/
gencrated free R~mocdoles
286.| $: ./ D, éhmn_map :)ﬂnd_ﬂ_ty_c.l.mj:p_c_y_cd_c_a_l_c‘_‘
In(Zn(c))S Zn(D.), boundlanes 4o boundanes e |
M $n(Bn) € Ba, And ge.t indocec) map Hare )2 wo . )
focs 2R R — e == C/PL Choin mad whkherg RB.avleapplex o €
280 Feate—T), (‘,\nmnmq‘o = Werd aube omplex of C. s coyerd




quohient cormpiex . and leanf aubhcomplex of D.

28 Compiesco Kerf, cokers, Lon® Coincide wuith categoncal
e — | definitlona of JAccnel, tokecaet Aoagqe 1o catre qoty
Ch(R-M00) with ol yecto chaincomnp lexey and mocphiomd
| dhaln maps
= 290 th (R=MoD) abelicn
291 A abettan = eh(A) abevian i
292 Ha=0 > L. exact at+ sporn -
2931 ¢ . sxXack —-) O—C. guaswo0
29u o tom - c.——0 s&s_c‘bmmw__a
nafural canaceting hormoraarphiamas §:nnle) — Ha-t(A)
¥R T Hae(0) — Hea(A) — H (@) —— Ha(C)—— Hno (A)—
i SR = -
| 7285|0—~A. g8 C——0 3SES ¢tochaon complexed =
- L H(A)—HY (A 3 LES:
e T () B A= HBY = W () WA —
296G, _ang_ﬁn&__a.pﬁ_ﬁhaﬁmm_ag___ut_mgﬂmm_
e xack rowE: O X —o— Y e e it
AL l er e_L»__V_ - -
eeem—— O 2oy Ez—mo
N = connech ngraop §: Kere— Colhccar defined a9
o | $(2) =% _where TW(y)=a’(x) and ABly)=7Z
72932 Mrﬁ-urnhb/ Qf LES _,,annmctlggmg,p,ﬁmpatural re foc cLory

torcmutative diaaramaof Conaplexe

2C)

o—A— B - C
x|

°) el
O—— A/ =B — O

e r*lla:l)ram beiot) Cormmouted
LT H(B®) — Hn(C)-—-* R - \(/’Q;—-* B —

\)_
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hence .0 ... 2 Zan® Xae = Za@® Xa— .. Where
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294,

C.exact complex over ficld {orsemwaimplering) = C. op 11+ exact

e 300, $2 0 = H(E)=O
30t} §2q = n(£)=Hig)
302} C.spur exack &> 1. O
303 Bicomplex in complexof complexes
o4} C.hoonded= Tor(c)=Tot®(e) = Tor"(e)
308} _Toi(c) v acompiex e
300 0-— Av— B, — C.— 0O 3ES of bounded “bicoraplex.es
=) ASES O To+(AY—Tot(@®D— Tot(e)— O
_ 20%| 3SES of coraplexeni Q—— S0 (F )%'?.E.Y_:ﬂ;‘_‘:Q —
__\here §1 R, —C., 1e forecach n ,AJES:
@ 0~ Cn— Ca®Bn-y — Bnoy —— O
309! {EQ of hom ology. for caloove SES:
. Hee (BT1-1]) HH(C)‘“"‘H"(C(D“"—‘HN E)\-.—r.\)"—'—'...
e BB~ Hn(e) —— (el — Hao (B .
—n -t o Q_o.nn_tcjjms__map gt d=Ho(E) ' Hna(R)— Hn (C)
308} §£:R.—C.quadi-laomorphiom <> ClE) exact o
30l 3SES O~ eyl —— c(1e)I-A— O and &,
19 0Vad1-130, \nf q_c,j-_‘)__z';‘._homoi'o py tquivaicnce
31} ¢(Lie) spurexact
312, 3. commoutative d. l_a%r:o.m
e Ut A S B SN [N | S| 9 -
N eTelg I
0 — B2 Cyl(§)— ¢(8) — O
where \(c b, k") = c+§(6)., And bottoem row 1o SES -
e 313 tn R=H0D  every_modole had a projechve reosdivfion. u:_ngt,- ——
| Houe QA fole ooy Categogy inwhich cllobojecto nave
Drosgchv €3 Na PPIng onto +hem, ‘ S
34l loenpanoon Thm :?’ M=—N, tompiexeo '
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with Pe projcctive T, botpm rovvexacy = §’can
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are No h\oﬁn‘m(c
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\e Qny i 0 Qra'saLﬂv& reoolutiona for a rooadole Gre
homotopy equivalent

Sl Haoraeahoe Lemnoa SES of R-moduleg: O0—M/—— M —— M —
p/— M/ . Pl projechive reaolonono = 3 prg%cd'Wc, '
rcooiotion Po—™M 3 Pn=Pn’ ©® Ry and differcntial o
i3 0f form Pa _ [d * | Bali o

® _Lola”]d o 0—
P P
Hence get SESS o—- P/ Zl B, T2, P/l— O
CIER \h\}f’rhvg reaolotlong exior tn R-HAA0D
318) fornparisnanThrm £ M — l\)j pOomplexeg!
O —F° — J' » I 2
$hd, Lo I T 2 -
O——N—>T°——— T'"— L2
with top row exgcrand cadn L™ incctive = § canbe
Wfted 10 6 cochain map J. = e C\j\d an\}[ +wo hfts
arc homotopic
319, Hacseahne Lemrna SES of R-modoles : O— M/— pp—— M '"—¢
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Tva
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321,
322, LoF=F
373) SES O —™M/—— M s M7 0 =) 3 connecty o d
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O*AHL’-———'«!TI———- By 1 O
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.fb@a.gmm..bﬂnmimm%&a‘
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@ e Lo F(R) = L FOAD)— o,
324.| Fright exacy funcioe., Eadditive betwween aboiagn cotcasnies
) i J
with RrojeChnve reaoluriona = Fexact ‘& | nF=OVn7rO
16 LLWE=0O
325,] Any two vniversal §-funcrors 3Tng 37’3 wwrh T éTo’}
areiaoraoree le. Ta2Th' VYA commouting nith &S
320 F cight exack functor S5LnF {nzo Universal € - functors
327, P—E—“H QA——"‘N prote chive reooiotians =2
Torn(M M) Ha(P®N)E Ha(H®Q,) 1€
328, A.."i"‘ B.. map of tatguadrcant bicoraplexeca 2 map OO cach
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= Toi*CC ) exact
» 330, A, 1 chain maR fq”gg QQ,E;E]Qi PSA P@’ B,

quam 120
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(e ExtR (., T)=0 V¥nzO
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(D each_ Pn projeciave.
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354,
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Algebra Qualifying Examination
Rings and Modules Part - MAT 731

February 2015

Instructions: Do as many problems as possible in the time allotted. In what follows, R is an as-

sociative ring with unity, all R-modules are unitary left inodules, and 0 —= A . B-3-Cc—0
is an exact sequence of R-modules.

1. We say that a homomorphisms & : A = M of R-modules can be eztended to B if there exists
a hotnomorphismn h: B = M satisfying h = if (draw a diagram}.

For an R-module A prove that the following statements are logically equivalent. You may use
a long exact sequence for the functor Ext .

(a) Every homomorphism A — Af can be extended to B.

Homp (g,
(b) The sequence 0 —= Hompg(C, M) M)HomR(B. M)
of abelian groups is exact.

(c) The map ExtL(C, M)

H—»omn('f'M)Homa(.4L, M)—0

Exth{g,M
s iUl Exth(B, M) is a monomorphism of abelian groups.

Recall that a monomorphism « : L — M of R-modules is essential if, for all homomorphisms
v: M = N of R-modules, vu is & monomorphism if and only if v is & monomorphism. You may use
the fact that if L is a submodule of M, then the inclusion L — M is an essential monomorphism
if and only if L N X # 0 for all nonzero submodules X of M.

2. If X # 0 is a submodule of an indecomposable injective R-module I, prove that the inclusion
i1 X — I'is an essential monomorphism. You may use the existence of an injective envelope of X,
i.e., of an essential monomorphism j : X — J where J is an injective R-module. Hint: what can
you say about a homomorphism & : J — I satisfying i = kj?

3. Let I be an indecomposable injective R-module and let » and v be R-endomorphisms of /
that are not automorphisms. Using Problem 2, prove that u + v is not an automorphism of /.

4. For a positive integer m, set Z,,, = Z/Zm and consider the exact sequence of abelian groups
002 %2Z 3 Z, — 0 where u is multiplication by m and v is the natural projection. For a
positive integer n, denote by d the greatest common divisor of m and n.

{a) Compute the kernel of the homomorphism v ® 1z, : Z c% y A A ? Z,, of abelian groups.

(b) Prove that Z,, % Z, is isomorphic to Z.

5. Suppose the ring R is left artinian and denote by J the Jacobson radical of R.

(a) Show that J*/J**! is a semisimple module of finite length for all & > 0. (By definition
Jo=R)

(b) Use the fact that J is nilpotent to show that /2 must be left Noetherian.
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ALGEBRA QUALIFYING EXAM
MAT 732 PART

FEBRUARY 2015

Solve any four of the five problems.
Assume that rings are associative and have identity elements. Modules are left modules
unless otherwise stated.
1. Let 0 — A — B — C — 0 be a short exact sequence of modules over a ring K.
Prove that there exist short exact sequences

0—B—Q@Q—D—0,
0—A—Q—FE—0,
0—C—E—D—0

where D, E and @ are R-modules with @ injective.
. Let R be a ring.

(a) Define the pushout of a pair of homomorphisms of R-modules, say f: A — B and
¢: A— M.

(b) Let 0 — A L, B £, ¢ — 0 be a short exact sequence of R-modules, and
¢: A — M is homomorphism of R-modules. Show that there is a short exact
sequence 0 — M = P %3 ¢ — 0, where P is the pushout of f and ¢.

3. Let R be a commutative ring and A/ a flat R-module. Prove that the following are

(v

equivalent:

(a) M is faithfully flat, that is, X ® g M # 0 for every non-zero R-module X.

(b) X ®r M # 0 for every non-zero cyclic R-module X.

(c) M # mM for every maximal ideal m of R.

4. Let k be a commutative ring and R a k-algebra, not necessarily commutative, which is
flat as a k-module. Let A be a k-modulc and N an R-module (and thercfore also a
k-module). Prove that Tor?(M ®; R, N) = Tor’(M, N) for every n > 0.

5. Let R be aring and f: C — D a chain map between chain complexes of R-modules.
{(a) Show that f preserves cycles and boundaries and hence induces a homomorphism

H.(f): H,(C) — H,{(D) for every n.

(b) Recall that f is a quasi-isomorphism if H,(f) is an isomorphism for every n. Also
recall that g: D — C is a quasi-inverse for f if, for every n, H,(g) is inverse to
Hn(f). Give an explicit example of a quasi-isomorphism of chain complexes of abelian
groups which does not admit a quasi-inverse (provide a proof).

1
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January 9, 2015.

Algebra Qualifying Examination
MAT 731 Part

Solve the following 5 problems. Support your answers with sound reasons.

1. Let k be a field, k[z] the polynomial ring and (z) the principal ideal of k{z]
generated by x. Standard properties of modules and quotient modules give us
the following short exact sequence of k[z] modules.

0= (z) = k[z] = k[z]/(z) = 0
Prove whether or not this sequence splits.

2. Let R be a ring with identity and let P a left R-module.

(a) State the definition given in terms of a lifting property of maps, of what it
means for P to be a projective module.

(b) Prove that the definition given in (a) is equivalent to the following. The
module P is projective if and only if it is a summand of a free module.

3. Prove that if R is a left artinian ring then J(R) (the Jacobson radical of R)
is a nilpotent ideal.

4. Let m and n be two not necessarily distinct integers both greater than or
equal to 2. Consider the short exact sequence of Z modules

02Z—->Z—->Z/mZ—0

where the map Z — Z is multiplication by m. We may tensor over Z this
sequence with Z/nZ to obtain a new sequence.

(*) 05Z®zZ/nZ - ZQzZ/nZ — Z/mZ @2 Z/nZ — 0

(a) For which pairs of integers (m,n) is the sequence (x) left exact? Prove it.
(b) For which pairs of integers (m,n) is (%) right exact? Prove it.

5. Let R be a commutative ring with identity and S C R a multiplicatively
closed subset. There is an obvious natural homomorphism f : R =& S™!'R.
State and prove a short casy to state condition on S that is necessary and
sufficient for f to be injective.
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January 9, 2015.
Algebra Qualifying Examination
Homological Algebra Part

Solve the following 5 problems. Support your answers with sound reasons.

1. Prove Schanuel’s lemma: Given the two short exact sequences of R-modules
0 K—=P—->M>0and0— L= Q— M — 0 where P,(Q are projective
R-modules, prove that there is an isomorphism P L = Q & K.

2. Let R be aring. Consider the following commutative diagram of R-modules
with exact rows and columns.

A, A, Az 0

0 0 0

Assume that the morphisms A3 — B; and B; — B, arc injections. Prove
that C; — C, is also an injection. Conclude that if the third column and the
second row are are short exact sequences, then the third row is also a short
exact sequence.

3. Let 0 > K - P — M — 0 be a short exact sequence of right R-modules
where P is a projective module. Let A be a left R-module. Prove that for
every n > 1, we have Tor, (M, A) = Tor, (K, A).

4. Let R be a Noctherian ring and let 0 - A = B — C = 0 be a short exact
sequence of finitely generated R-modules. Assume that pd A < pd B. Prove

that pdC =pd B.

5. Let T be a triangulated category. Recall that one of the axioms says that if
we have two distinguished triangles and two morphisms f, g as in the diagram

1






below,

X—Y z X[

A

\J
X —Y' — 72— X'[1]

then the diagram can be completed (not necessarily in a unique way) by a
morphism h: Z — Z'. Prove that if f and g are isomorphisms, then so is k.
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Algebra Qualifying Examination — MAT 731/732
-August 2014

Instructions: Do as many problems as possible in the time allotted. Assume that rings have an
identity element and that modules are unitary left modules.

1. Given a commutative diagram of R-modules with exact rows
A » B » C > 0

A
X » Y » Z » 0

show that there exists a unique R-homomorphism h: C — Z such that the resulting diagram
commutes.

2.If 0=+ A— B— C —0 is an exact sequence of left R-modules with C projective and A is a
left R-module, show that

02ARRM 3 BRrM—->CRzgM—0

is exact without using the theory of Tor-groups.
3. Prove that a left R-module M is injective if and only if ExtL(R/I, M) = 0 for all left ideals 1.

4. Let R be a ring Witil left ideals
0=LyCLiC---CL,=R
such that L;/L;_, is a simple left R-module foralli=1,...,n.
(a) If m is a maximal left ideal, show that R/m = L;/L;_, for some i.
(b) Show that J" = 0 where J is the Jacobson radical of R.

)
(c) If the modules L;/L;_, are pairwise nonisomorphic, show that J = 0.
)

(d) If the modules L;/L;_; are pairwise nonisomorphic, show that R is a direct product of division
rings.

(If you choose to do these directly, here are some hints: (a) Choose i minimal such that L; is not
contained in m. (c¢) Choose i minimal such that J(R) N L; # 0. If you do not, you may equally
well ignore these hints.)

5. Let M be a left R-module, and assume that M has a submodule N that is maximal with respect
to being noetherian.

(a) Show that M/N has no nonzero noetherian or artinian submodules.
(b) If R is left noetherian, show that M must be noetherian.

over please —



6. Let R = k[z]/(z” — 1) where p is prime and k is a field of characteristic p.

(a) Lett = 1+Z+---+T*". Show that Tt =t and conclude that ¢ spans a 1-dimensional ideal.
(b) Let I = {3%-) a;T* | T, a; = 0}. Show that / is an ideal of R generated by 1 — 7.
(c) Show that there exist two short exact sequences

0= kit—=R->1T—-0
0—=IT—->R—=kt—0

of R-modules.
(d) Show that the second exact sequence does not split by showing that kt is the only subspace
of R on which T acts as the identity and that kt C I. Explain.

(e) Conclude that the global dimension of R is infinite.

7. Let A be the category of abelian groups and KKom(.A) be the category of cocomplexes over A.
Recall that, given a morphism f: K* — L* in Kom(A)}, the mapping cylinder is

CYlif)=K*e K*[l]® L*
with coboundary map
degn(K, K41, €) = (di (k) — K, —diF (K4Y), f41 (k) +di(€9)
Consider the maps

a: L* — Cyl(f) B: Cyl(f) — L*
& = (0,0,6) (K B, 0) = f(K)+ €

(a) Show that  and B are morphisms in Kom(A).
(b) Show that af8 is homotopic to 1cyyy). (Construct a degree —1 morphism and show it gives a
homotopy.)

8. Recall that a poset is called directed if given i,j € I there exists a k € ] such that i < k,j < k.
Let ((M,-),-e,, (111;: M; = MJ-);SJ') be a direct system of R-modules, where I is a directed poset.
Define a relation ~ on the disjoint union Li;c; M; by

m; ~ m; whenever m; € M;,m; € M;,and 3k > i,k > j s.t. Yi(m) = z/;,’c(mJ)

(a) Show that ~ is an equivalence relation.

(b) If L = WierM;/ ~ is the set of equivalence classes, show that L becomes an R-module via
[m] + [my] = [Yi{m,) + ¢i(m,)] for m, € M,,m, € M, and k > 1,5.
(Here [m] denotes the class of m in L.)

(c) Show that L, with a;: M; — L defined by a;(m;) = [mj], is the direct limit of the given
system. That is, show that L satisfies the relevant universal property.
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Algebra Qualifying Examination
Rings and Modules Part - MAT 731

January 2014

Assume that rings have an identity element and that modules are unitary left modules.

Solve 4 out of the following 6 problems.

1.

Prove directly from the definition {the mapping property) that the direct sum J & K of
two injective R-modules J and K is again injective.

. Let R be a commutative ring, and let / be an ideal of R.

Use the universal property for tensor products to prove that there is an isomorphism
R/I®r R/I = R/I of R-modules.

. Let R be a commutative ring and M and N be R-modules.

Prove that, if M can be generated by n elements, then Homgz{M, N} is isomorphic to a
submodule of a direct sum of n copies of N.

Hint: You may want to use exact sequences.

. Let R be a commutative ring and M and N be R-modules.

Prove that, if A/ and N each have finite length, then the R-module M ®p N has finite
length as well.

Hint: You may want to use exact sequences.

(a) Let R be a ring. Prove that any simple left R-module is of the form R/m for some
left maximal ideal m of R.

Explain why this also implies that the Jacobson radical J annihilates every simple
R-module.

(b) Use results to argue why an Artinian ring with no nonzero nilpotent elements must
be a direct product of simple rings.

(a) Let k be an algebraically closed field and R be a noncommutative semisimple k-algebra.
Suppose that dim; R = 7. Find the vector space dimensions of the simple components
of R. Justify.

How many (nonisomorphic) simple R-modules are there?

(b) What if R is assumed to be commutative instead?
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Algebra Qualifying Examination
Homological Algebra Part

Solve 4 out of the following 6 problems:

1. Assume that R is a ring such that pdy S < n for every simple R-module S. Show
that pdp M < n for every module M having a finite composition series. Here pd
denotes the projective dimension.

2. (a) Assume that £: 0 = A = B — C — 0 is a short exact sequence of R-modules,
and that A = A, ® I where [ is an injective module. Show that £ can be written as
the direct sum of two short exact sequences, one of them being0 =7 -7 —-0—0
where the map I — [ is an isomorphism.

(b) Assume that R is a ring where all the projective modules are injective. Prove
that if M is an R-module, then either pdg M = 0 or pdg M = o0.

3. Assume M) C M2 C My C ... is an ascending chain of submodules of a module
M. Prove that lim M; = U2, M,.

4. A ring R is called left hereditary if every submodule of a projective left module is
again projective. For example, the ring of integers Z and the ring K[t] of polynomials
in one indeterminate over a ficld X are both left (and right) hereditary.

(a) Assume that R is a left and right hereditary ring. Show that for every two
R-modules M and N we have Ext‘k(M, N) = 0 for each ¢ > 2. Show also that for
each right module A and left module B we have Tor®(A4, B) =0 for all i > 2.

(b) Give an example of a ring R that is neither left nor right hereditary.

5. Let 7 be a triangulated category and let u: A — B be a monomorphism in 7.
Prove that u is an isomorphism from A to a direct summand of B (that is u splits).

6. Let A be an abelian category and assume that the following diagram commutes
and that the vertical arrows are isomorphisms.

0 A A - A" 0

.

0 B B B” 0

Prove that the bottom row is exact if and only if the top row is exact.
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9o projechive regoluotion, hence pdr™=0
0o aooume ™M 19 not projective A= I
Soppoac,wpdam,? N<co 5 . ¢ 4 PR
Then 3P 00— Pr— .. =P 5 Q| o

prthth,c, regolotion where N 1o Yhe omalcolb
ml-cSr,r for which sucha ,pto;)t,chvc TCH0lUoN e X104+ 9

Then P2 o.rc_dm'\]t.chvc__.\v’é__by asSUump non
So_Q— PA— Pn - Splivs

. dn
_And have GP]H‘. OB O— Prn—— Pn~

H PR ® P~ ® Conerdn

Co V\Cl"'_dn — QO

Bor 91nce Pn-u 10 pro\"Cc‘hv €, 3010 Coherdn ; o ,
Andwco,chdn-FuPr?,"/ln:oln“.zd P.h-ylﬁcrdn—\ 2 lmdn-1= Kerdn-2

~J

Then P D— Ierdm—2 C— Pr-a — o Py —— ™ — 0

loa proJ cchive rfcoolohon
Confradichon fo mimimality ofnm R
L LpdeM=z=ocow ¥ 0 e 0w 7 TR , -




Q

)i

Asaume MiSM2E .. 02 amQaCmd;na Qhﬁjmﬂf oubmodulco

a8 avndite M PeseEiEhat L™ Hc: UMO. B

Novre that the Mapo of +he o\’latc.m are L‘fcrL’ M Mevi 3

“?,-,.(Mcl e _Inciuoion mMaed

Hence. \’P \fr:n CH a \fJ-, G S —

Define. Cc ; H;——‘Uﬁc 2 te (Me)=mc Incluoion map

(“(’ (mcj)‘ m(mc) mC-Cc(mc) Yme € Me

. c.‘?g-c; ‘v’c<j e

' Te'd arc Corapofible wirhthe Jyofcm

et £ Me—T 3 fo=F9Y vec,
J J J

Conmarder the following cliaagram *

J v fe N
o e —_—
Ay O
L) Ume---3--- 37
Hye<;
(SeS— . sl
V-Fi

Define. 5.&-1”5__“1_ = 'F(X7 felx) foexeMe

_1f xe™Me and _xe ™M1 tor ey .
__Then $e(x)= :F H irﬂ) 5:(".), hemee F10 wenndefined

Ahd_,(cj_tmcﬂ f(mc) fe (mc) i,,,_
:GCr_ - &tc

___Amd_mm_}am 51 f’Cj

Ang weh. hcwc, +hqr £1o umque by conotruction

‘._Q‘Hc = l_“:'.? Mc




La. Acoume that Rio alef+ and. right hrrcdstary__m_a Show

Je
fhokﬁ)ra_D\,anOdulcaMr\J Exi—Q_H__) O forcoach €22,

Ohow a oo that forecach P\ghfmoc\ulc Aand left modoule B
Tore (AB)=0 Véz2

Nott that —-‘ P [DFDJCCI'IVC« 3€p“—‘ M"""'—' O
; S0 P00 — Kherec— P M 'O 19 a projcchive

reoolution oIince 1+19 exact and dince Kere € P herce

1+ 19 pr‘D1€.C‘l“\\(c since Rio hcrcdd-ar\/

Hormg | ( V\tre,'o)—"o‘—"" "

" Homg(P M) O— Hompr (P, )

“““““ ’m
L Extg (M) He HomR__,PO)) O VYecz2 spm

_‘Sj.mj_mr.Ly__B P p.,r.oj.ﬁchxa > P_—e"‘ B—O
So P O—Weres— P—/—8 e

12 a projcchive
=

_reootution ad before oince R 10 1eft hercditaCy

(L AQP.: Lo ——Aghere ——ARP O

TOPC(A B) Hc "\® ) O V¥ C7/

b. Gwe anexample of a rmS that 15 neither 166+ nor hshi’
hf,.redij—ary

Take R= Zlyz

ﬂwc.r):B_Lch_pconcl‘_Lv_g__R T {818 D) Vo R P v P i
Butr take M=%z
Then Mo asubmodoule of R 5

~Botr Mo not projeciive omce, +he SES:
o 0 Z/2z 2~ Fy7 Z/z

Poco not aplit
i3 Qmi'hcrcd'li-ary

S




Q

et T hea A'd categary and let u:A——[B he a ma na Mo phidr
&g
in 7o Prove that uia an 190morphiom from A toa diwcect

dumbnand of 8.

Note that u canbe completed o a diohinguiohed A

A—m g —— ¢ N AL

Apnd uwl-1]=0 since any two OC{;C\CCT\'}‘MQPO 1N g & Composc

+o O -

S0 Imwl-t1E Weru=0 oince (L 19.a monomorphiom

 wl-'l=0 Jhence w=0O

Mow A In A — O — AL} 1o a diofinquiohed A
7

And O— C == O a_q_dmno_%_mab.cd..é Fell of o ol

It 10 the rnrano‘.a_o.&_m_r.omﬂmob_cc\_.A - -

' o
| Then A—S-peC—F—( -~ ALiI} i0a dnohh%mohgd O
A dince 110 the dirretaum of diptinauiahed A's o

And e have tYhe foll owin: lagram:

A gV, @O B

L \ I

A——preC—L% 4 —C AL}

Noate that ‘rhgdmsmm coamMmVtes acaathe verhcal mapo

are tQOmorph\OMQ

.;t'lme.motphlom B2 A®C b:, 5-Lermma for ald CQ’fCS?"/v

Lo ophita o

A ia an omorphiom frorm A 1o a directgummand of

&




diagram tommoted andithatthe verncal mapo are

a:)z_and._amuma_tbm_fb;_fulmmog_

lnomorphiomy

Ly w—y Xo
:;:/L :Fl f”‘[
o Y A‘:',B 8 LB Yo

Pcove that the bottom row 10 exact W the top rfow o exact

(=) Asaume the top row 10 exact

let xeher@’= AY(x)=0

Bot f"aur'ucctjvc 50 x=3'"a')= 0=B'(§'(a))= §(a'(a"))

=3°\‘Co)€v‘\cr5‘- o = a'e herd'= 0= x =F(0)=0

LkherB= O

i-/&‘m}cdlvo
Nowle t XE Jm B = x=/”3"'(b')

Bor §/ aunt‘_chvc = h'=Fa') =t x=8"(§"(a")) = F(2'a’ ))

= 80 = H($(4 (an)) = Fria(a(a'MN)=F"0) =0

JoX € Vsch

. imglekerg

Nowlet X€ Ker@ = B(x)=0O

Buffour\}ccrwc = x=§(a) = 0=B(§a)) = F1(a(a))

= (o)eher§"=0 = geAeraz=lma’ = a=x'(a’)

= x=§(4'aN)=['(§'(aN) eimB’

s ker8SEim 3! )

BT kel

Einaily le t xeRB"=) x=§"a") since F" ur\t_cﬁvu

Rot a ouf‘\cc.hvc,=‘ a"z=aqfa) = %= 5“(0!(a5.) B{FlaYe impB

A R OUrlechvo

J
/. Bottom row exact

(=) Aoodume +he boHpm row 10 exalh

dince §,§,§" are raomorphioma p00 afe JotaFot Fi-

Then wehave Hne f"t>HQw;n3_dmgram=




e} .6! AB #BH O

pal L )

o — A’

A A0

Then by lorpart the bottom row 10 exact

. Thetoprow of +he gwen diaqram 10 exact
J J




Qualifying Examination

August 2013

Algebra Part

¢ Please do all five questions.

e Assume throughout that rings have an identity element and that modules
are unitary left modules.

. Give an example to show that Homp(—, N) does not necessarily preserve exact sequences.
That is, give a ring R, module N, and exact sequence 0 =+ A = B — C — 0 of R-modules
such that applying Hompg(—, N) does not give an exact sequence.

Justify completely.

. (a) If M and N are nonzero finitely generated R-modules with M projective,
prove that M ®p N is nonzero.

(b) Show by example that this does not necessarily hold if M is not projective.
Justify your claim completely.

. {a) Let 0 = A, LA, 5 A3 0bea sequence (not necessarily exact) of R-modules
of finite length (denoted by ¢) and such that go f = 0. For each i = 1,2, 3, define the
module

H{ = K,‘/Ii

where K; is the kernel of the map going out of A; and I; is the image of the map coming
into A;. Prove that

C(H)) — €(Hy) + (H3) = €(A;) — £(Ag) + €(A3)

You may use certain facts about length with respect to short ezact sequences.

(b) Now assume in addition that R is commutative. Prove that if P is a projective module
of finite length, then

¢(Hom(P, Hy)) — ¢(Hom(P, Hy)) + £(Hom(P, Hy)) =
¢(Hom(P, A,)) — ¢(Hom(P, A;)) + ¢(Hom(P, A3))

You may assume the fact that for any two modules V and W of finite length
over a commutative ring R, the module Hompg(V, W) has finite length.

. Let R be a ring and / be an ideal of A.
(2) Prove that for any R-module M, one has an isomorphism of left R-modules

M ®g R/I ~ M/IM

(b) Suppose [ is contained in the Jacobson radical of R and M and N are finitely
generated R-modules. If ¢: M — N is an R-module homomorphism such that
the induced map ¢: M /IM — N/IN is surjective, prove that ¢ is surjective.
Hint: Exact sequences.



5. Let k be a field.

(a) Prove that any semi-simple ring that is a k-algebra of dimension less than
or equal to 3 (as a vector space over k) is commutative.

(b) Does the result of (ii) remain true if you omit the hypothesis of semi-simplicity?
Justify your claim completely.

(c) Find the Jacobson radical of the ring you gave as example in part (b) above.
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BGive an exarmple 10 2how that Home ( lM) doca _not

htr‘fn.ﬂﬁrﬂ\,; Preaecve, €XQCh Sequenced,

Conarder the 9ES of Z-modules

022z 2 F3 0

Note. thar Homz ( ir/=t'2) 19 Jeft exack . y00. 1t 00 6Gren to

K
4hove that Horn;(i _E/q’;!) il Hom;(g ?/’3?3 lanolt ochahv:‘ |

RBot e have +The £ollmnuna commutrative diagrom

Hohjaiz ?/33)—"_‘ Homz (Z, 2/33)

5 | |2

Z/3%2 = *Z/3%

O

With ver nml_m.gm_b_cm%_mumm Cphioms

MNore thot the dmf:‘ram Commaotta hecauac the 1pomorphioms

ore Notural

Rot ImQ3=0 , $0 3 1onot ovricenve

. 3% 10 aloe not aucicehive

J
(. O—Hormy (372 ,%/3%) —tHomz (2, E/az) — Homz (%, Faz)—0

13 not exact




o. 16 ,N_#_D_Qr_c_ﬂnml:r._ly_agmmatcd R-modda lea with ™M

—projeefive  prove rhaf M eN+0 S

Covnterexample ' TaKe R= RixRa wheee, R:yyR2 ings

Also take, M= R x(0)  N=(0)* Ry

Note that M Mi___QILbOth._'F'LmLEJ.)L_%Lr\C—CQtCCL b.y__U- Cﬂ (0, -L)

reypecil le)‘.

Anc R 12 prot'\rcc,hvc,_o_v_c.rz\"Oﬁ\F , hence R, Rz are both

projechive dince They arc difect sueamand of a _peajechive

moduoles

Hence ™M 12 D(t:ngc’t‘\VC/

.
SRS Ju N

Rot (r,,0)® (o, f2) = (£,0)(r,0)®(0,ra) = (1,0)® (0,0) =

M® N0

o

O-

b. 3 ho.m_by_ﬁz_g.mp.Lc_tha_t_:tblo._dgm_no_i‘_ncncaaam,_hnld

1f Mo not projccnve,

let 5ok e ?/212;%&/32__._ )

_Then_ o® b =

Z:1®% = o (3- 2)®b¢a3®b~a2®b

"Q®8‘o—"1q®b=_o®0 O®b = 0-0 = o

” —i/z'z@ Zh3 =0 -

BDL_if 2F z/33 FO arc ‘Flﬁ\‘}'c,ly qcr\crah:c\ =z__2 “modules

Conaidere the 3E§

o— %oz — 22— B/rz o
00— 0O O0— O
i—“i _wff‘-—‘ T .
72— 0O

_tigexoct oince \m 2=

30, 7.7& HU‘T“

Bot 1t does motophtoince. Zuz 2 %z ® Z/2%7

Since \T.\*_"\,_\‘au.t__.\(afﬁ)\=i, l‘(G,I)F\(I,B)\'-\(iJ




0, Let O— Ai—— As——A3—— 0 bea oeguence of R-modoules
of fFinite I-ehsi'h 3gq5=0. Define He= F‘&/‘]:é where

he=her(Ae— ) and Te ='m (—Ac). Prove that
CO0H) = Q(H2)+ A (Hg) = A(AD)-W(As)rR(As)

Firot note that o0—Te— Ké —— Ke/1: —— 0 (g a 3ES ’
So (KE)=U(re)+ R (He) Yé
Mot L= W2 s (H) = B (Ky/r,) - (K ) v '“3/;:3)

= (W) - R(I) ~ QA+ B(T2) * I(ka) —9(Ta)

= B (Kers)- 9(0) ~ A Kera) rCIm E) + A(A5)— Wlirng)

= Q(herf)- \Q(Lﬂ_crj)ﬂﬂ(lmf) W (1mq Yr JL(Az)
30 1t 00fCiced to ohow Q{Ker§)— @[Kcr33+\9(\m§') 4 \mfp &(A)-.D

_Botwe have SES's

O — Ker L—'Az’T".\-mﬂ,

fafF——0O

O—— Kerfco o A,

so QA= I (HKer £) 1 A0mE)
And B (A2)=Q(Kere Md(lmcj)

|8 (Hom(P, HO)) - R (Hom(P, H:\))*d( Hom(p Hs)‘) \Q‘HON(P A‘“ d(HOMlPA‘A\)r\R(H0N(9 ’\3\\

© QAN-U (AT O Ter$ )1 @limE) — Al Ker
() AH) e R () = QAN -G (A )t

dl(\m )
\Q(Aa) J

b _Nou)_.“CLoaymu-Bna,(‘_ommpiﬂhvc Prove that |F P 1D a prOJCChvc
modole of finire _length, then:

.Aao_n:vw;,hc_v_g the SES /s by b e e 0 0 1B
O—— Te——We— Ke/re——o0

O—— Ker§&e— A —— Imf§ 0
o — Mcrac———*ﬁl—q—' ‘ma—‘ O o .
Bor_Piopmicehive, as Hom (P, ) 10 exact  0owe gqet 9ESs:
O— Hom (P, Te) " Hom (P ke)——Hom(PH)—0
O—Hom (P herf)— Hom ( P A)— Hom (P, |m{‘)—-—'o

O0— Hom (P herg) — Hom (P Az) —— Hopn | P, \mg_)'—‘




O

50 0 {Hor (P 1e))= WlHom (9, TN + I(Hom (P, HE)) Ve

9(Hom (&, m\ U (Hom (P KerH)) r I {Hom (P, Im$))

9 ( Horn [P A2)) = A {Hom (P, V\crqﬂ = ( Hom{p\mcm

Thea B Hom (PHO)= W@ (Hom (S 1420 © O (Hora (@, Ha))

= Q(Moon (PA )= (Hom (B, T))= R Hom(P, K2)) *\ 0 (Hom (PTa))
+ ) (Hora [P, W) ~ I (Hora (P, Ta)) |

=2 (Horm (P Kerd ) - — A (Hom (P ,Q)_) \.Q_(_ij.o__‘(_%cr&l_d(\’lom(p lm‘?‘)j

0 (Hom(P,AR)) ~ U {Hom (P,} mﬂ_))
= J(Hom(PAN)~ 8 (Hom (P, A2) + J(Hom (P,AS))

29 {(Horalf, K -Q (Hora (B,H2)) Fl (Hom (P, H3Y)) = W(Hor (RLAN) = R (Hom (P, A:

+ 3 (Hom (D, A 3))

et R hea ﬂrujs and ler TaR,

o. Prove that forany R-module. ™, &%E@C ¥ M/TM ao ___O___
, ’

R-moduled

Define P Mx Rlp — ™M/Tr 3 LQ((m}rd—I)_)_=mr + LM
M((nioma , 0+I))= elraam)+rI™M = eyr + TM+ g £+TM

= (e, reT)) £ ((ona, £ 1))

\'?“m%r.*"]'_*’ ra f‘I))"-‘ “”lm. mtC2 +I)>= m(nﬂ‘z) + LM

Y{{ms, rerT))= pase v TH = F((m, sr+TH))

N biaddihve

Then by UMP pE ® 3V, M@R/Z— "/ SY(m®rtI)= mr+IM

13 & ho nﬁonlomhmmnF n\nrnanmnuoﬁ

And \{’Ls(meqrﬂ-.l_)\ \’(rn@(wr)sv— ‘Y(m@t‘u‘rl’) Mro tIM

=(mrsTM)9 = Y{mmer+T)s
\" R-rodole homomorphiom
Define, £o NMom— M%R/I 3 2{m+Tn)= ® 1T &O_

Tl TMemn, +TH)= TlroibmztT™M) = (rurmz)® A +T

T M®L1AT + m2® L +T = t(mrTM) e 7 (ma
t(fmumrl T(mri-lr’ﬂ mr® L+ = m@r(uI) rn@(m:)r




=(® L+T)r = (m+IT M)

LT R-module homOmMorphiom
And MY | m+IM)= Y{moe L+I3= m+ I M

LY(mer+T)= T(rmr+I™M)= Mr@d+Tl = m®c+T

AL pEps!

LY R-modple 1aomo P hi9m

MQR/T 2 M/TM aa R-modules

b, duppooc T JC(R) and MN are -f—mlt-cl;, %c.ncrah;d modolieo,

£ d.M—N 19an R-modoule hormomorphiom 2 the

mmdoced map ajﬂllj__‘ NEw 4 :n:'ic:;ti;cg, : pmygltbgf

d) LD GUF\!)CCT]\/L, S

__(we have tihe following exack sequence:
® ™ s
+ Cokerd ——O

[t N

] R |
Ro b ® /T 13 rl%’q\- C)‘qci'l so the ‘FQ\\DWJA.D.%_QWCD&_‘_D—.

alao exacHL
@ @1
e N8R T cokerdpB R/L——0

Me R/ —
H e

2| |2 |2

M/oM —d‘)——-‘“/tm—l——» Coker d>/'.I: Coherd—— O

And rhe vermcal mapa are natucal loamorpams 00 |

the dicgrram commored

J
| Hence the boiomMrmow indaldoexacky -
& .0 Imb=N/Ty

Bot b\r' oaaumphon, b 12 DUF\"l;eC‘th—J

And € xQCTNEdS qwved N/ = Ird = KerTr

Hence ImT =0

N : Ve , 20 QoV’ercb/llt‘_blam-_rdg =0

Then Cokerd= T fokerd

_C T _A_ndmfb_hnm),_sxﬁnmizd_;mg_&_m_ﬁ Pute iy

acnerated

N
Then Q\ngeAIQ'JCR)j Coherd =0 by ’\)OKO}LOY“O«'Q Lemma.

LN = imd)i hence Cb D oor\j’ccﬁve-



O

Jlet R be a feid

e Pro mm‘bato.::y&l.ﬁimp.\_c_ij_a _that 1o a R-algch ra
of dimendion_leos than aor cqualto D 1o commotatfives,

~Since Rao oemidimple , R=5:9,..9 St , S¢oimple
__B_L)_LCLLOAO=.,B$—':’..1\1_I'\!_(_D_D * X Mg (Dt)mb.n;/ Artin-wWedderborn
_Wwhege Nt 10 +he mq.mp_l_uc:u%/moﬁ S¢in above dicect gum
—Now 1 Ridaigebraically eloocd, Dezk Vo
a0 R2 MoR) % WX Mg (k)
Now dmeR<3

Rot dim g (ManlR) %X Mg (D)= my? e ng?

Hemce mi2tarng® ¢ 3

8o coCh ne=4

. RE2R® ..Ok ()__

R cormmam Otative simce R 1o afield

b.la (o) true 1E te by potineata of acmi-aimplie by 1
_Omitted?

_Take R= Lo t]_} R fierd

| -Ria.nonc o_mmuuimo.j:l_v_c_o_\n_cuoﬂ[:‘f % ig_c_lj_i 3_5_1i(g—31"@]g;

And R \O_Q_b:..o«\3CbTCLD_E-d.\.m€,D_3\Dh 3
Suppoac R_a¢cenya iaple

Then J(R)=O

ok .
Bot ls o]_. La.a honzcro ociipotent ideal ) hence a nonzero
ouideal

C[oeleT1er)

Contradicr ionamce J(R)Y=O

fue R W pok dcmiSumple - — 3
o ‘\}._

Lf{a)12 £aloc without genvaimptic ﬁ}a .




C.._F_mdﬁI_(_E_)_b,_F_cx_qmp_\.cf_c\s_wcn n ()

Notc that_the o r\\J poodible moximnal left \deals arc

T;[hl:yz ‘EJ‘a hc;]

S Q
)(g. g)_ (e °‘*°) eJl , hence Ji leff maximal 1deal in R
o e

_(_o ( = (_8 ae*b;)el’a hence Ja 1eft moximal idcal 1o Q
b
_o* o _.)_(fc?_c&f ) ¢ J3, henee 73 10 not a left 1deal

©T(e): 10T2=(S8)







August 2013

Algebra Qualifying Examination
Homological Algebra Part

Solve 4 out of the following 6 problems:

1. Let K be a field and let R = K[z]/(x?). Set T = z+ (z?) and let S = R/RT
be a simple R-module. Find a projective resolution of S where the the n-th
term P" = R for each n > 0. For each n > 0 compute the /K-dimension of
Ext%(S, S). What is the projective dimension of S?

2. Consider the following commutative diagram of R-modules where R is a
ring.

0 0 0

Assume that the columns are exact, and that the first two rows are also exact.
Prove that the last row is also exact.

3. Let 7 be a triangulated category and let L = M = N — L[1] be a
distinguished triangle. Prove that the composition vu = 0.

4. Let R be a Noetherian ring and let 0 -+ A = B — C = 0 be a short exact
sequence of finitely generated R-modules. Assume that pd A > pd B. Prove

that pdC = pd A + 1.

5. Let (C, d) be a complex of R-modules and assume that there is a contracting
homotopy s, that is a family of maps s,,: C, = C,.4+ satisfying

dvn-lsn 5 sn-—ldu = 10.,-

1



Prove that the complex (C, d) is exact.

6. Let R be a commutative ring and let L, M, N be three finitely generated
R-modules. Prove that there is a natural isomorphism

TLMN ' HomR(L Rr M, N) = HomR(L, HomR(M, N))
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JLlet Wbe aficid and tlet R= "P*3/x2) St T = x+(x2)and |
| tet 8= R/RX be a aimple R-modole. Fin d_a projective |

regolotion. of S _vihere PP=R foreach nz20. Foreach |

N>0 tompote Hhe A-dinnenolonof Ext ={(s,S )_-._‘_N hot 12

Hhe projective dimenoion of §7?
Pt —R——RZmR—T—R—T 5 ——0
(2) (2) (1) (0)
P._\9 apmjecnve redsolotion of S oince X (ar(x2)) =0 IFf
(x+r (=) oax (%2))= 0 1ff ax+ (x2)=(x2) [ ox€ (x2)
= L ae D

|Home(R.,8) . O— Homr(R,3 )= Hormr (R,8)— Homg (Ri1D)~

O _ (©) D) (2)
2 Homg (P 8): 0= §—=— § —— § —— §—— ... o
(o) (D (2) (3)
S Homg(P., ) 0— §—— 5—2~ 52~ §
RGO ) () 3

CExtR (5,9)=H (Homp(e,8) =% 2§ Vnruo |

_And dimrR =2 withbaoia 31*(x2),>ﬂ‘0<°3%

o dimr ExtR (8,9) = dimg S =1 with bood i_'j-*“("z.)_*i(_i)_}_,

|- Note that pdrS< 0 1ff Exte (5,0N)=0 YR-mogoleo N, Yern

| Bot ExtR(5,S)FO ¥n o £




~ atl A} ~ -
| wheye Ria a rihg.
o O o
1|
O — A Ay~ Ay ——— O
O |
O— B, —3—pR, 2 Ba—— 0o
g | 32 | 3_L__, ) -
0 L G —2 g cCzg——o
| | |
O &) O

As20me that the coluronsg afe exoacr amd that the

ficaYr_Ywo rowa ace clago e xact. Prove +hat the Yaot
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= RBi(b)= Fala,la)) = 8 (§1(aN) = bi=fita) omccﬁ*m(cc’nv

) XK= ‘K\('S:\(C\\“ O by exXQctMc oS

Cler By T O

fe By \mcc‘rwe

A ow lc* xelmBri= x= 3 (¢, c\e‘ls
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LXE€ lmK\

LRer 28 imY

LAY KAer¥a

Finally let xeCay = X = a3 (b3) ovrce aa sorjective
BN g
B2 dogjechive =3 3= Ba(bz) baegRBe

= X= Q3(/32.(_b13) Bz(q:(bz))

s ) aur\\lcc'hv c

2. Thicd row €exoct




O

let T he a A:d._caic.&o.ty_o_nd.-Le.i'_L—u“‘ M—— N —ui—'_L\:.ﬂ_b_c,_
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...__"_._E.x_tg ( A\XW"' &) V’&>P

wpdASp

Contrtadicihion 3i10Ce

paA = O
P

L pdC=co

. pdC=pdA |
Now aosvme that pd A<  say pdA=n
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Algebra Part of Qualifying Examination, January 13, 2013

Instructions: Do all questions, justify your answers with the necessary proofs.
All rings are associative (not necessarily commutative) with identity and all modules
are left unitary modules. We denote by @, R the fields of rational and real numbers,
respectively.

1. Let 0 » AL B 5 C = 0be an exact sequence of R-modules; such a sequence
is called a short exact sequence. Prove the following statements. You may use the
First Isomorphism Theorem. :

(a) (5 points) For any homomorphism u : X — B of R-modules satisfying gu = 0,
there exists a unique homomorphism v : X — A satisfying u = fuv.

(b) (5 points) For any homomorphism w : B — Y satisfying wf = 0, there exists
a unique homomorphism v : C — Y satisfying w = vg.

2. (15 points) Prove that the following statements are logically equivalent for the
short exact sequence of Problem 1.

(a) There exists a homomorphism s : B = A of R-modules satisfying 14 = sf.

(b) There exists a homomorphism ¢t : C — B of R-modules satisfying 1¢ = gt.

(c) There exist homomorphisms s : B = Aandt: C — B of R-modules satisfying
la=sf, lc=gt, and 15 = fs+tg.

3. The short exact sequence of Problem 1 is called a split short ezact sequence if
it satisfies any of the equivalent conditions of Problem 2 .

(a) (5 points) Give an example (with proof) of a short exact sequence that is not
split.

(b) (5 points) Give an example (with proof) of a split short exact sequence.

4. In this problem you may use that every module is a homomorphic image of a
projective module and a submodule of an injective module; that a direct summand
of a projective (resp., injective) module is projective (resp., injective); and that
functor Hom is left exact.

(a) (15 points) Prove that the following two statements are logically equivalent
for an R-module C.
(i) For each exact sequence 0 = L 3 M % N — 0 of R-modules, the sequence
of abelian groups
0 — Homg(C, L) "=25*) Homp(C, M) 225 Homp(C, N) — 0
is exact.
(ii) Every exact sequence 0 =& A LBAHCo0is split short exact.



4. (continued)

(b) (15 points) Prove that the following two statements are logically cquivalent
for an R-module A.

(i) For each exact sequence 0 — L 5 M 4 N = 0 of R-modules, the sequence
of abelian groups

0 — Hompg(N, A) 228 Homp(M, A) "2 Homp(L, A) = 0
is exact.
(ii) Every exact sequence 0 — A 4y B % ¢ - 0 is split short exact.

5. Consider the ring R = (ﬁ &) of all 2 x 2 matrices A = (a;;) satisfying

a1, a1 € R, asy € Q, and a3 = 0, with the usual opcrations of matrix addition and
multiplication.
(a) (5 points) Find the center of R, Z(R) = {z € R|2r =rz for all T € R}.
(b) (5 points) Is the ring R left artinian?
(c) (5 points) Is the ring R left noetherian?
(d) (5 points) Is the ring R right artinian?
(e) (5 points) Is the ring R right noetherian?

(f) (5 points) Find the radical of R, J(R), and describe the ring structure of
R/J(R) in terms of Q and R.

(g) (5 points) Describe the nonisomorphic simple left R-modules by indicating
their underlying abelian group and R-action.
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Qualifying Exam, August 2012. AlgebraI.

Instructions: Solve 4 of the following 6 problems.

1.

(a)
(b)

2.
(a)
(b)

30

(a)

(b)

4.

(a)

(b)
(©

5.

(b)

Let N C M be R-modules. We say N is an essential submodule of M if N intersects
every nonzero submodule of M nontrivially. We denote this by Ness M.

Let LE N C M be R-modules with Less N and N ess M. Show that Less M.

Assume Ness M and mE M andlet I={rE RIlrmE N}. Show that [ess R.

R M
Assume that R and S are rings and that g Mg is an R-S-bimodule. Let T = [O § ]

Give necessary and sufficient conditions on R, § and M for T to be left artinian.

Give an example of a ring that is left artinian but not right artinian.

Let M be an R-module with simple submodules S§;,5,,...,S, and assume
M=5®5,®..8S5,.

If U is any simple submodule of M, show that [S,®...®S,_ ®S§,,®..®S,]+U
intersects S, nontrivially for some i.

Using the same i as in part (a), show that M =5 @...@5, @S, ®...®S5,DU.

i+l

Let Z be the ring of integers and @Q the field of rational numbers.

1®i
LetAC B be Z-modules. Show that 0 =@ ®, A— @ ®, B is exact, where [ is
the identity map and i: A — B is the inclusion map.

Show that @ is not free as a Z-module.

Conclude that @ is a flat Z-module that is not projective.

(a) If S is a simple R-module, show that D = End,(S) is a division ring.

Let x,,x, €S and let A, ={rER|rx,=0}, for i = | or 2. Viewing § as a vector
space over [, show that x,x, are linearly independent over D if and only if neither
of A, and A, is contained in the other.

(a) If 1 is a nil left ideal of R, show that / C J(R), where J(R) denotes the Jacobson
radical of R.

(b) Give an example of a ring R where J(R) is not a nil ideal.






Ausr)a’r 2012 —F31
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that J_e‘_gsM.
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‘ﬂ\cn fxexlxme'\)’{ o -

Buot OF Xms M since X¥O

And NOXm =0 -

Contradiction amnce NEM = NOXmFO

XN+ O

ess
L TeR B

Ansume that Rand § are rinasS and that RMs 12 _an

R M
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August 2012

Algebra Qualifying Examination
Homological Algebra Part

Solve 4 out of the following 6 problems:

1. Let A be an abelian category and let f: B®* — C* be a morphism of chain
complexes of objects in A. Recall that the mapping cone C(f) of f is the
complex in Com(.A) defined as follows: for each n € Z, C(f)* = B**' @ C"
and the differential df;,: C(f)* — C(f)"*' is given by the matrix

_dn+l 0
d%(n=[ i dg]

(i) Show that the sequence 0 — C — C(f) — B[1] — 0 is exact in Com(A).

(i) Show that f is a quasi-isomorphism if and only if C(f) is exact.

2.Let0>A->B—->C—0and 00— D — B — E — 0 be two short exact
sequence of R-modules. Prove that there exists a commutative diagram with
exact rows and columns

3. Let T be a triangulated category and let L = M — 0 — L[1] be a
distinguished triangle. Prove that © must be an isomorphism.

1



4. Let 0 » A = B = C — 0 be a short exact sequence of R-modules. Prove
that pd B < max{pd 4, pd C}. Give an example when the inequality is strict.

5. Let R be a left artinian ring and let Sy,...,S, be a complete set of non
isomorphic simple R-modules. Prove that the left global dimension of R equals
max{pd S;|i = 1,...,S,} where pd denotes the projective dimension.

6. Let R be a commutative noetherian ring and let M and N be two finitely
generated R-modules. Let E be a flat module over R. Prove that there is an
isomorphism

®: E ®@r Homg(M,N) = Homgr(M,N ®g E)

that is natural in £, M and N.
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| a. Show that O—C——C(#)
_.,,,v,wﬁbm,(sﬁx)w‘w_m_m_, . | <l

JLler A beanabaclian c,a_i-taory andlet § B —=L'"bea  ______H

morphiom of chaincomplexca ofabyecto in AL
BLVI——0 19 exalt+ in

. b Show that f.;o a quadi-1gomorphtom IFf. CH‘L!okquc,r,

1t oufficco to oho w._that O— C2——(3""'® Q'I:Bi—‘_,B””———‘ O
1o OES VN : ,
_Notcthat ca lonnjcc_hvc. since 1+ 19 an \hclOOtho.r‘)CLP\ ) )

OUFJC_C’«‘\VC dince «t 1o a prodcd‘loh

And lmeca= C°
But (™ re™) =0 iff BT =0 yhence %crpu-—C,”

' imeage V\trpa
2. Tht:acqutl‘vc;-_ iocxoCt

Since. 0——C——=C(§)——RBL]——0 15 a 8ES by (a),

Sf‘_’r i—hc LES:
gn ntl sn 2

o H"‘(C)—'—' Hn(CG“)"’_‘ Hnﬂ(e) HnH (C)—-‘H”"‘(C(f‘))H “;)H"'”’(B)—-a

wtth cnnnu,tmﬁ mapo &7 HT(8): WO (B)—H"(c)
(=) Aossume Fi1o @ quADI—IdeMOrphiIom .
Then " ioanidomorphiom Yn dince §° 'H“f§)
_ 00 HY () =AM = KerHr(e)
S HYNEY=E0O
And O= Ker§ = \mH“(P)
AMME)EO. )
90 OF len HMNC) = KCrH“(p)
_Hence HO(PIZ 0 1vinjechve
A HO(CE) =0 vn
e Ey 10 exock A - o o =a
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Thea HO(C($))=0 ¥n
Hn($)

Suhmihc_LES}LQt S'Ci-" O“"‘*Hﬂ(a)‘-—*‘ Ha()—— 0 5

exact ¥n

S He ()10 an 100morphiom ¥n

s o aquadi-idomorphiom
‘ LA

2.l let O— A 5*‘BQ'C ~ O and O— D h'Bg‘E—'C
be SES's of R-modulea. Prove that dacommotrative,
diagram with exact rowd and columna *

= o O o
L l L
@) Y — D » X @)
| | ]
0 — A — B c w--_o__O_
L
Qi Y = 7 @
| | J-
0) @) o
First et W b the pollbacK of A_LD_._XXI_?.-;:—: -*D. e
Then by definiion of pullbacK, the aguarc =
W D
g Lh e —
A2 8 o
Cotmmpield

And 4. 8 arc both Ln'jgdj_vc aince ?F'.H arce ond Parralle\

mopdin Poillkacks have the same pdpefdics
Nawiet Y=cokherd and X= coherd
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o — W—-—-aD — X __Ao a8

Angdl 3homomorphfom: €. X—C_and ¢:Y—E Compaofing

the diagram




Now let Z=colere

Note that T 1 m}ccnvc b¥ the S-lemmma

Then by the dnake Lemma, we have the exact acquence
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€ . .
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7 - J > &

Jequence ¢

Q— KerB — Kerh — Kere——cokerG-—coKerj — COKELE — O |

Rut hecd= KWer h=lhere _and Qo%crﬁzy’ colAmh=E, cokere=Z

(mmr.%g 3ES: o—Y——EF— % O :
AﬂE¥L£¥JZDMJlDLLJZ&HﬁDﬂJLLQﬁQQLJlanﬁaChLQQHLUBk____~____

CoOommutes

o dcommutative diag ropa wirh €xact crowd and Colummno:

@) ) O
PN A
O——=W D — % - O
1a 1S €
Q—Aa—F—pg—<—c Xe)
L L] 4
O—> y —=— E —~ Z — 5
L | | B
o O O _
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let | —2 M —— 0 L] bea
rove that . muot be an domorpniom
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fer the laoraquace to Comarmotre
__And _oince fhe other ve rngaj..mqp.o--mc_n_o_o.mocp:bmﬁ_,_
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Algebra Part of the Qualifying Examination, January 2012

Instructions. There are 4 questions on two pages worth the total of 100 points. Do
all questions, and justify your answers with the necessary proofs. All rings are associative
(not necessarily commutative) with identity. All modules are unitary. We denote by Z the
ring of integers, and by Q and R the fields of rational and real numbers, respectively.

1. (a) (5 points) Prove that the map ® : Homz(Q, Q) = Q given by ®(f) = f(1), for
all f:Q — @Q, is an isomorphism of rings.

(b) (5 points) Use (a) to show that every nonzero endomorphism of the abelian group
Q is an automorphism.

(c) (5 points) If A is a finite abelian group, characterize the abelian groups Homgz (A4, Q)
and Homz(Q, A) up to isomorphism.

(d) (56 points) Characterize the abelian groups Homz{(Z,Q) and Homgz(Q,Z) up to
isomorphism.

2. Consider the exact sequence 0 — Z = Z = Z/4Z — 0 of Z-modules where x(z) =
4z, z € Z, and 7 is the natural projection. Using that functor Hom is left exact and functor
® is right exact, determine whether the following sequences of Z-modules are cxact.

(2) (8 points) The sequence obtained by tensoring the above sequence with Z/2Z,

0 Z®zZ/2Z 28 29, 2/22 ™2 2/4Z 97 Z/2Z — 0.
(b} (7 points) The sequence obtained by tensoring the above sequence with Q,

052320 282,Q ™ 2/4282Q 0.
(c) (8 points) The sequence obtained by homming the above sequence into Q,

0 — Homz(Z/4Z,Q) Homz(2.Q) Homz(Z, Q) e Homgz(Z, Q) — 0.
(d) (7 points) The sequence obtained by homming @Q into the above sequence,

0 — Homz(Q, Z) "2 Homgz(Q, 2) "™ Homy(Q, Z/42) — 0.

3. Recall that an element € of a ring R is an idempotent if e? = e.

(a) (8 points) Prove that eRe is a ring with identity e.

(b} (9 points) Let e € R be an idempotent and let M be a left R-module. Prove that
the map ® : Homp(Re, M) — eM given by ®(f) = f(e), for all f : Re - M, is an
isomorphism of abelian groups.

(c) (8 points) For any ring S, denote by S°P the opposite ring of S. Recall that S°P
has the same underlying abelian group as S with multiplication given by sot = ts, for
all 5,t € S, where juxtaposition denotes multiplication in S. Use (b) to prove that the
endomorphism ring of Re, Endg(Re) = Hompg(Re, Re), is isomorphic to the ring (eRe)°P.



Algebra Part of the Qualifying Examination, January 2012, continued

4. Consider the ring R = g g) of all 2 x 2 matrices A = (a;;) for which ajy, a2 €

R, a2 € Q, and a2 = 0, with the usual operations of matrix addition and multiplication.
(a) (4 points) Find the center of R, Z(R) = {z € R|zr =rz for all r € R}.
(b) (4 point) Is the ring R left artinian?
(c) (4 points) Is the ring R left noetherian?
(d) (4 point) Is the ring R right artinian?
(e) (3 points) Is the ring R right noetherian?

(f) (3 points) Find the radical of R, J(R), and describe the ring structure of R/J(R)
in terms of Q and R.

(g) (3 points) Describe the nonisomorphic simple right R-modules by indicating their
underlying abelian group and R-action.



@nuar\/ 2,012

Ja. Prove that & Homzl(ﬂ (D.)‘“"*CD 2 @‘9) :F(L) 10 an

~

loomorphlam of‘r‘unas

Fl rot note that oinge @ 1o abc_Lar\,;\o,m,zL(D CDL

New et xe@ , x="F and lef YeHoma (@, @)

Then mY(L) =¥ (m) =%(nx) = nP(x)=nY(R)
W)=Y F Y feHom z (@, )
§(§:*‘§z)%_(j¢t§1_)(1) $01) e Fa01) = B (50T (5a)
Js—_(:fls':) S5 )y = Fi( 20D 1) = £2(L) §0(L) aince 51(1)52
_ T 5u1) fa(L) by commotanvity
=E(F)E( 5‘9:)““ pt

. $10 a ring homomorphiom
Let fewnerE = I (§)=0

19 a__rmﬂ

ﬁb.ﬁo.ho,w__ i—hthtyLr,y_Qonzc_mkend.c.mo.rpb.l_o_m,, of the abenan____

Let OFfe Endz (@)

_Lg,r e then S(R)=S)R=EE)R=02=0
S ,&MQ_M e Sy % ow ey 4w —gam W

" herd= O o v B R L .

Q_anCC‘hVC.
et €@ and define Y2 : Q—Q 3\'9-”'()“&" 2 2
Then B = L= $eo(1)= T(F2) | Yme toms (@,Q)

9 ouracc,hvc,
—’f 12 a ring 1rsoMmorPhiom.

group @ 12 an avtomorphiom

Find 0¥9eEndz (@) 3 :F3_=_65= e
dince Qioa fictd,, (i) has aninveroe, g

Bot+% D20 Cenve 90 q='£( ) forseme q € Endz (D)
So_1= f(].\c‘~ EH)E(?P '}{U‘-rj) oince & 1o armj h 0 mory orphiom

n (g =1




30 :&\1)1 ia
_Ancdl aln\ila(l\’; %5": ..LQ

s ao=f"
N
. MY a aufomorphiam

(AR | . 0 < Mo ﬁnut_o.bman_g.mp_,_tbg,m_cmm_thc_abLLuxo_

8roufoa Homz[AL(D‘) and Homz (@, A) Up. to ‘oomorphiom

Suppoac 30+9e Homz (A, D) — .

Stince Ao afinike qrovp CVC.r}J eremont hao finitc ordef
Hence Yoe A 3010 3 Nna=0

Then O=Y(0)=YP(na)= n¥(a)

L Y90)=0 VYaecA -

Contradiction /‘:‘)7
$ Homg(A,Q)=0O o

Soppooe A0+ %Gkiomr((llj\) i
A=
Ther 0qgain \7’-—9—6@ . J0%¥p > P\'P(f\ )-O

3 f
So pm%?('F\L.)=O =3 LP(T:-):O ¥Yne Z

Then VRe@ , ¥(R)= mY¥(F)=0
Contradiciion

o Hoth(AIG))?HOW\Z(m’A)‘:‘O i

d. Characrerize the abelian Smupo Homz (% (D) and
Homz (@, Z) up to 10 0morphiom.

Define & Homez(Z, O)— O F(fH=F(L)

TS ef2) =(F.052)(1)= § 0V ¢ fa(8)= (5 v 2 (F2)

F(=z8)=(=8)(1)= z2FQW)~= Z&(§)

LB 10a Z-modole homomo cphiom \,
et FererET amd letr zeZ -

Then $(2)= Z5(1) = 22(8)=7Z0=0

=
-y -




L Kerd =0

=R |nj_t_zcnvc

e@Q aonaddefine ‘Pa Z— @ 3 \%,(z)-‘zay which s
a Z-ms:_dp,l@_*\.?momorphwm

T}\CLQ‘: 1-q' = \'Pq'_(l}: }:(‘fq)

P B L I.13) rJ ective

 Homz (Z,D)2Q ag Z-modules

Now suppooe J0FYE Ham=z (@, ?)

| MLDMMJMMC;'Q,&M

Gay \? (‘“‘3 n

Thcn n="( h}:’. \'{)(%\%): r\\P..(f;BI#

4 ‘Liﬂ) (nb> L

Confradicflon +n mintmahify of n

£ Homi(@,?)’ @)

o

Conmoider the S

Z -modoled. Determine whether the following Scquence d
3 !
off Z-modoley are exact.

a. O—— 2@ %/22 qet 282/22

?/HE‘E?/Q_E o

i e
Firornote that . § - right exack, oo i+ ouffices Fo
Cheeh whether H®L 10 Injective

And dnatural pomorphiom QMMML

+he following Commutative diagram !
~t

29 %2z 78 %oz “
Y 2l ¢ N
Zhzr ———— Z/oz

Juppode '—\®1. 19 m\u_’nvo

Then d)(t-\@i.) v m‘;cchvo dnee d’ 10 anidomorphiom

Hence Yo CP 19 xr\Jc.chve/ _
R Sk chchvo d\nce ¢|3 an 1somorphiam

Contradiciion swce. 1/2?-—‘__'7/22 12 e O_mao




A HM®1 wnohinjective
| € -

. The scquence 1o notcxact

b o— 2O — 2 @———af/qla@—-—-*o

Asqm —2Q o 13&" cxact goi¥ ouffices o cheeckh whether

e i 10 chchvo

~ RBour dnatvrol lbomorphlam i®@ @ 50 Wwe nave '}'hc,

commoutahnive diagram:

Ze0-2H ZeqQ -
- sb,l_z___ R
It Q———Q

And Yo mjective, 00 Ho®} 12 injective 6ince $ o an
’ J

v
|90mMorphiom

Hence ®° (’4@1) 12 lﬁJCC‘h\IC by CDMMOi-a‘hvﬁy

L H® L 1o inyechive
——

“ Thtaequence 1o exact —

== Y
¢ O Hormz(Fuz, Q) S Homa (2,0 — ) —— Homw(Z,Q)— O

Ficot note that Homaz (- L, @ )__0 left exacer, 30 1t S0ffices

o ahow that H¥ 13 our’ jestive B

Bot dnarural loomorphiom Hom L(ZT (93 Q o0 we

5;L+hc_ f‘o}LoyunS, commoutative. duaqram
- Homz(Z (Q)—_" Homz( Z, (ﬂ) -

ele el

m ——— e ——— et et e, 2t s, S—

Then _r\nlz L’(HL:_)G trn Y

L PR auchchvc

‘-‘°q> 10 Our‘\cc’nvo ownce Cb 10 an IOOrY_]_Q(Ph[Qm
Cb 4% 13 OU!‘[(CTNC




O

L H¥ s o0urjcenve mg;_&_glo an 120Morphiom

& _The ocquence 10 cxadlt

d. o—-—-Homz((D,'Z)-H—"‘ Homz((n,?)-zi' Home (@, Bz )—0

A—Saln 1+ oufficeco 10 ChecK whether TTe 10 sur3CCﬁvc oInCc
Homi(m)-—-) 12 left exact -

Butby lc , Homz (@, Z/Z)¥O and Homez(R,Z)20 . oo

T+ 10 oor\'}lcd-ivo

;. The gequence 15 exact

_Q_Pruys_*hgi_mms_wﬁlidx.nhi)g_c =

erieteme = elrirra)e ceRe,

O=e0eeRrR =

ere te(-rde=€clr-r)e=e0e=0

w yerceeRe . de(-rleeeRe additive inveroe

And aodociahviiy 10 ciear

Eric+erae=-elrrrlc=clrrri)e= enerent

¢ {cRe,+) 1o an abehiangqroop

ericerze=ecrie?ree= er,erae € eRe

A_%gm mogc'thv\’r\/ 1o cleor
(eric rerac)ersc = e(rrra)eefac = ec.f.‘.f‘:"')e’rﬂ_c

And_erncerge +refeeRl= enrat teMmersct =c(r~+rz)ﬁfsc

.. Diotmbuhvty holdo

gerc=c?re=cre=cre?=erece

. Lere =€ 1o themulmphcative tdentity
; eRe 12 ar;mq Wit Ld_cn-hi-y e




O

b, lerceRbe adempotont and let M _be a left R-module,
Prove that E?E Hom r (Re, Mm)— e 3P (5)= Fle) 19 an
loomorphiom oF cbetian grovpS

($15)= (5.682)(e)= §{e) e $a(e) = EEN+E %52>

;. & 1o ahomomorphiom of abcuan qrovps

Let fc herd ondlet ce€ Re

Then $(re)=r§le) = rE(§)=FO=0
20

L herd =0

/& 10 m&cchvc
letemee™ and define dm Qe——-r’\ D3fm(re)= rem

| Thencm= §m(e) = T($m)_

whichid a B-module hemomorphiom

p=
RN QLJ.C ctiver \)_

L B 10 anisomorphiom of abelian groupy
o aorRh) QgL

C. Prove that Endel(Re) 2 (

eRe)P oo rin 8.5

Firgf note that Reig a lefr R-madule 00

Endr(Re) = HOMR(RQJQC-)

T(5F)=8Ce) by ()

And 3 (5:1f2)= £ (f2(e))= 5\(52(62}) :?u sz(eﬂ) :rr :Fz(e,)c)

= $2()Hle) = SKie) Fale) = E(H)- 3-:(_&;)

LEra r‘;hq homomorphiom

b}/ Cb)

A &g anivomo r_pbmm.gm
A EndR(Qc)“ (ch) Pao r‘mo‘s




P
S o
A

Conailder the ring R= ( IR

Q. Fin d ZCR)

Notre H'\ng (c q) g' ; (r::'ra'o’ 0:,9)
And (S' )( ) (

s
S'r *‘pr’ £4

1Y EGZCR) I 8rrprr=r’8rgd’ Vrr'c R, Vge Q
1 : ¢

\nparhcu\ar o'tp=5ts’' = p=3

And p=Sts/ = 8'= 0

R gy - 4k 2 )

L ZR)=3(55) [ peat

b, la the rma Rlefrarhman.

o o

e T= (@ p)
Then (¢ gj(:f)- qu)er (a )( ) (aro)GI

n LaR

| Alng there 10 o 1-1 corredpondence between jefdy |

dulbmodoulco OFT and lef+ oubmaduleo of @ IR preoecving

iNcludiono

And @R 10 not finifely qenerated

LN |
o T 10 nofr finitely gqeneratced
3

& Rio not left hocthernman ring

H Ruvonet teft arhinian r.‘nc}

C. 13 the ring R jeft Nnaetherian ?

Rio nat left noctherian ﬁr\?} 20 0ONhown oabove




O

ol .S_Lo_rh c_rn 3“‘8‘” 9 ntarhmian?

E cmug:_ha,t_&x_%..!&: @ B - e

And e havethe SES: O— TR R/~ O

Aloo nore thatthere io a 1-1 cocreopondecnce berween

rigntaubroodules of TR and IRR PFC_QL[N_LD%_LDLLLQ.LQ_DL

_AQQJRJQM;EI I_}\encc artinion a9 an R-madoles
L 15 a right arfinlan R-modole

J
And R/r o right actintan since R>@ 10 achoan

becavoce R @G are factda, hence artintan R

L N O I\Oj ht arbnian_aas an R-modole.

s Raa tl_gb_r_qr_h_o\ogr_\_:.m e - N

C.lathc ring R right noctheman Q

i her \ R +artinvan Nn
R.i5 lSh,t._r)ou Lan nng 2ince 3 r\%h L

. Find J(R) and dcocube the l’lr)_% Afructure o'F R/JCR)

INYcrmo  ( 0{: Q, lR ) R g = SNSRIV

LQt_JL---(:s_O 3-2 (_R_(Dq) J'::}' OQ

Nofc that ﬂ:\_c_ac, ore rne Or\\y_poo:nb\c maximal |eft 1dcals

: Spuauﬁﬁﬁi‘_q +o.£.h;uﬁ_thav+hcv ace idenls

)38

!‘Grqa’ o)e J) 3 hcth T, 19 oo mmaximnal ‘eft

|dt0.\

)=(=§=o£) ( 5 cna)efa \'\Cncc. dlio a mMmoximnal ]€F+|d<:q|

(r'=q, (azpz =_(rr'?s_cﬁ:)¢ Ja,hence J3 o not o leftidecal
L T(R)=JOTF2: (Ro)= T

“Rlyy=R/lrz R~Q o _.-_»-SO_

R



g« Describe the noniaomorphic aimple i S.hr_R_:modul.ca_b.y_-

indicating theic undecly. ng-abelian group_an d_R-action. .
Nofe that +the nonidemorphic aumple mignt R-modolcs

_arc precidely the nemoo morphic dimple teft B/TRY~ modules

hence the simpic IR* Q-moduleo

Bot the oimple IR>x Oi-modules_ace R*(0) (0)x R

And_thedc atec_all o0fthem becavor oince Rio r‘ﬂ’br

artinian, there 1a.a 1-1 Corceapondince betwetn

the nonitoomorphic simple rnsh_r___R'modoJeo_ and the
moaximal two oided (dealto o

E)uj-_thu:c_gqccﬁ.c:nj.y_l Two otded maximal |_o\cod:> hamcly
\}UJQ—

‘O—'_"" S Thenhoniosormorphac onmp\c r\qh% R- modol €2 are the
onel 1gomorphic i IRx10) and (_)X(Q

- N . }

._< . 1 -




RS




Qualifying Exam
August 2011

Algebra Part

Instructions: Complete as many of the following 6 problems as you can in the time allowed.
All rings have an identity and all modules are unitary. Each problem is worth 10 points.

1.

(a)

(a) (8 Points.) If R 1s a left artinian ring, show that R has finitely many simple left modules
up to isomorphism.

(b) (2 points.) Give an example of a ring with infinitely many non-isomorphic simple
modules.

An R-module M is called divisible if given any left regular elementx €R and mE M , there
exists n EM such that xn = m.

(a) (5 Points.) If £ 1s an injective R-module, show that £ 1s divisible.
0

(b) (5 Points.) If Q is the set of rational numbers and Z is the set of integers, show that 7 is

an injective Z-module.
(a) (8 points.) Show that any projective module must be a direct summand of a free module.

(b) (2 points.) Give an example of a projective module that is not free.

(a) (5 points.) Let 4 be a finitely generated Z-module, where Z is the ring of integers. If Q is
the set of rational numbers, describe the abelian group Q®y A up to isomorphism.

(b) (5 points.) Let m and n be positive integers. Describe the abelian group Hom;(Z,,, Z,,,)
up to isomorphism.

S S]. [J(S) S J

1o xs

Let S be a ring. Show that the Jacobson radical of the ring R = [ 0 S

Let R =C[0, 1] be the ring of continuous real valued functions on the unit interval [0, I].

(6 points.) If / is a proper ideal of R, show that there exists ¢, with 0 sz <1, with f(#)=0
forall fE1.

(b) (4 points.) Find all maximal ideals of R.
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Qualifying Exam
January 2011

Algebra Part

Instructions: Complete as many of the following 6 problems as you can in the time
allowed. All rings have an identity and all modules are unitary.

1. Let R be aleft artinian ring with Jacobson radical J = J(R).

(a) Show that J”/J"*! is a semisimple module of finite length for 7 >0. (By definition
JP=R)

(b} Use the fact that/ is nilpotent to show that R must be left Noetherian.

2. Letm and n be positive integers and let Z,, and Z,, denote the integers module m and
n respectively. Identify the group Z, ®2 Z, up to isomorphism and justify your
answer.

3. LetRbearingand let J=J(R) be the Jacobson radical of R.
(a) Show that] contains every nil ideal of R.

(b} If Mis a finitely generated R-module with JM = M, show that A/ =0. (This is known as
Nakayama's lemma.)

4. Let M be an R-module with submodules X, A and B, such that X+4=X+B8 and
AnX=BnNX. MustAand B be equal? Show this or give a counterexample.

5. Let V' =k[x] be the vector space of polynomials over a field k of characteristic zero. Let
X,D e End; (V) be given by

X(f)=xf forall fel’,
D(x"y=m"" for n21 and

D(1)=0.
(a) Show that [D,X]= DX - XD =1, the identity transformation on V. (Here we used the
“commutator notation” where [a,b] denotes ab—ba.)
(b) By induction, show that [D,X"]=nX""\.
(c) Show that Vis a simple module over R=k({X,D), the subring of End;(V) generated by
Xand D.

6. (a) Is Zp, the integers module a prime integer p, a projective module over the
integers Z? Explain your answer.

(b) Give an example of a ring which contains a copy of the integers as a subring over which
Zp is a projective module.
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Algebra Part of Qualifying Examination, August 23, 2010

Instructions: Do all questions, justify your answers with the necessary proofs. All
rings are associative (not necessarily commutative) with identity, and all modules are left
unitary modules. We denote by Z the ring of integers, and by R, Q the fields of real and
rational numbers, respectively.

1. Given a ring R, the opposite ring R°" has the same underlying abelian group as R
and a new multiplication o defined by a o b = ba, for all a,b € R, where juxstaposition
denotes the original multiplication in R. Let M, n(R) be the set of m x n matrices with
entries from R. The set M, (R) = Mp(R) is a ring with respect to the usual addition
and multiplication of matrices. The sets M,(R) and M, (R°?) coincide as abelian groups,
but have different ring structures. For all A € My, ,(R),a € R, we write a0 4 = Aa
and Ao = aA for the scalar multiplication. For all B € M, ,(R), we write AB for the
product of A and B over R, and A o B for their product over R°P.

(a) Consider R as an R-module and prove the following.
(i) (1 point) For any a € R, the map ¢, : R — R given by ¢s(r) =aor, forallr € R,
is an endomorphism of R (as an R-module).
(ii) (2 points) For any ¢ € Endgr(R), there is a unique a € R satisfying ¢(r) = aor,
for all r € R.
(iii) (2 points) The map R — Endp(R) given by a — ¢, is an isomorphism of rings.

(b) Consider L = M, 1(R) as an R-module and prove the following.
(i) (1 point) For any A € M, (R), the map ¢4 : L = L given by ¢a(X) = Ao X, for
all X € L, is an endomorphism of L.
(ii} (2 points) For any ¢ € Endgr(L), there is a unique A € M, (R) satisfying ¢(X) =
Ao X, forall X € L.
(iii) (2 points) The map M, (R°’) — Endr(L) given by A — ¢, is an isomorphism of
rings.

(c) Consider L as an M,,(R)-module and prove the following.

(i) (2 points) For any ¢ € R, the map ¢, : L — L given by ¢o(X) = ao X, for all
X € L, is an endomorphism of L.
(ii) (4 points) For any ¢ € Endyy, (r)(L), there is a unique a € R satisfying ¢(X) =
ao X, forall X € L.
(iii) (2 points) The map R’ — Endyy,(r)(L) given by a + ¢, is an isomorphism of
rings.

(d) (2 points) Consider N = My ,(R) as an My(R)-module. State, but DO NOT prove
the analogs of (i)-(iii) of part (c).

2. Let R be an arbitrary ring.
(a) (2 points) Give the definition of when an R-module P is projective.

(b) (2 points) Do projective R-modules exist? You may quote an appropriate theorem.

1



Algebra Part of Qualifying Examination, August 23, 2010, Page 2
2. (continued)

(c) (4 points) If P is a projective R-module, prove that an exact sequence of R-modules
of the form 0 = X — Y — P — 0 splits. Begin with a definition of a split exact sequence.

(d) (5 points) Prove that an R-module A is projective if and only if for each exact
sequence 0 = X Ay X% z50o0f R-modules, the sequence

0 — Homg(4, X) "2 Homa(4, Y) 225 Homp(4, Z) — 0

of abelian groups is exact. You may use the definition of a projective module and the left
exactness of the functor Hom.

3. Let R be an arbitrary ring.
(a) (2 points) Give the definition of when an R-module [ is injective.
(b) (2 points) State Baer’s criterion for when an R-module I is injective.

(¢) (6 points) Using Baer’s criterion, prove that if R is a (commutative) principal ideal
domain (PID), then an R-module A is injective if and only if it is divisible. First give a
definition of a divisible module.

(d) (2 points) Do divisible modules over a PID exist? Explain.
{e) (2 points) Explain how one can construct an injective module over an arbitrary ring

R using a divisible Z-module. Quote an appropriate statement.

4. Consider the ring R = (ﬁ &) of all 2 x 2 matrices A = (a;j)1<i j<2 satisfying
= 0,

ai, a2 € R,a0 € Q, and a2 with the usual operations of matrix addition and

multiplication.
(a) (1 points) Is the ring R left artinian?
(b) (1 points) Is the ring R left noetherian?
(c) (1 points) Is the ring R right artinian?
{(d) (1 points) Is the ring R right noetherian?

(e) (5 points) Find the radical of R, J(R), and describe the ring structure of R/J(R)
in terms of R and Q.

(f) (4 points) Describe the nonisomorphic simple left R-modules by indicating their
underlying abelian group and R-action.
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Q. Conatder R aa an R-modole and praove $he f‘oljow]ngi
(&) Foron\/ aeR BDa:r~—R 3@(10’_\)_: a°r VYre®R 5 an

endomorphlom of R

d?a.(r.frz)= aolrirra)= (rirr2)a = ra+rzo=aer,t0°M,

= Pale) s dalrs)

Pals)= ao(sr) =(sr)a = s(ra)=s(acr)=5Pale)

O @c\ (= Ehd R (R)

(te) Forcm;l, Cb&Enda(R)} FlaeR 3 blr)=oer YreR

Note that @(L)=a foroome ae R

Thea YreR d')(r)-—' Q)(r-i.)-— r‘ci)(i_) =ra=Qor

O

And a in unigue hecavge d) 12 0 well defincdl MG

£ 3l0eR 3 dir)=aer Vrep

(¢ee) §:R°P — Endp(R) 2 §(a)= Go 19 0. ring loome rphioa)

f(fa.rqz)ﬁr\ d)a TQ2 ")— (0|+Qz\)° r = r‘(an—az)~ raivraa

= Qo t Qaovr = Cbo\(r)i- @az(f‘) Fla)(r) ‘r‘ffaz){r)

0;°01)( ) ¢O\°Clz(r) (a‘oal\)‘if= r(C*I"Cl?_)—- P(QZOl)

RTTRTR Gor(Paz o) = Pou (920r)= 010 (aaor) = aro(ron)

= raz)cx\ = F(C\zo@

3 mno homo mornhmm

Let :?(m) fla2) = Jla()= Fla2)(r) ¥YreRr

ler 0% re R be e nonzZoro dwvioor

Then £ = £02)(c) = Qo (r) = Paz (r) = 010 = azor

= ray= Mo =3 r(Q\—C\Q.):O

= 0\ —A2= O Since OF ¢ NONZCIO0AWIDOT

= G\=02

I \n‘\}ecﬁvc




O

Lot e Ende(R)

A TR ER, by_ [t.c) dP(") o°or Vf‘ﬁR _'For gomec ge R

= Qolr) = f‘(a)(r)

'FOO\"J,.C‘\"WC
o Fing100. ~ocrphiom.

(b) Cono.de,r A= Mg Q) ag. o._D_B___ Odo\c_qnd_prove ’H—wc, ,

followin

(t)For O\hyﬁ/:\,‘%-ﬂf‘.ce)ﬁ)_*@/x L= L 3 Pa(x)=Acx VXL
1o an emndomo Cphiom of L

Pa(xirXa) = c Ao (%ir%2) = (Xat Xa) A= X1A4 X2 A

= AeX i+ AeXqg = CPA(X)*“(PA(XQ
b sx} Ao

(5x) = (5X)A = S(xA)= S{AsXx)
2 Qac Enc\a(\-)

(co) For any $eEnda(l)  FLAEMNIR) 3 D (=)= AeX YXel

.ll"\

Note that Qlee)= At for some Acel, t=y).
ThCJ\.__\VL)(S—-“L“) q)(X) q)(r Cirat rn‘(‘_n) rLQ(fA)" 'f'rﬁd?(tn

= rlA‘f' 1"‘nAn~ Avory Y.t An®Tn
o o [A = l" o ::‘—] = {A\-.. An-\ b4
w31 A= L‘\'- leﬂncre)adp(x) AeX Y XelL
_ (w;) e H“[_R.OP)_:EHC—ZLR _l* \:7 2 f zP_b__.!_o_g LID8.

1Somorphiam

FAAD 0= Daeas (AT (AvrAL) =X = X (A, rAz_)“i(A\&XAzQ
= AeX t AzoX = Bax)+ Paa () = $(A XY+ §A) ()

HA)FA (R)= Par [ Az (X)) =Da, (AzoX) = Ace o (AzeX)

= A XAz) = XA2A,




F(AA) ()= Paena (%) = (AcAs)ox=(AaA)e X=X Aa A,

¥ r!rw% homomorphiom

Let $(AD=F(A2) = FANGN= F(AN(X) v Xe L N

= gar0= Paa () = AeX =AzeX =D XAz XAz

= K(A~A2)= 0O ¥XeL

TaWe X invertmble  +hen Ayv—A2=0O = A\=A2

L Finjechve

Ler PeEndr(L) = PON= A>X foroome AEMn(R), ¥ Xel
= Ba () = F(ANX)

‘?_au_%_gcﬁvc,_ . e SRR IR, o JTLE 3 =

T rdU‘_\%_L:)O.mp,r_'ph_le e , : 3 = as&¥ W

C. Conatder L_as an MnalR)-mModole and prove the follown \3‘-: :

O

(_Q)_Eo_mokm.\/*_aeg_,_d)_aﬂ L— L 3 da(x)=aeX VXe‘L 1o on

end o mor phl’OLﬁ_C’_FJ—

,=Cbnq(§(n Xz)-—- ae (XM‘XZ) = (X rX2)a= Xia+ Xza = goXir goXa

= Palx) + Palxa)

BalAX) ae(AX) = Axas Aloox) = AGalx)

. Pa€ Endpnfl)

(8) Forany ®€Endmae(t), 3lacR 5 $LI=acX VXel

Note thab dler) o foroomeanel
Then WX&l , @(x)= P(Xe) where X = [’,‘ O‘S B

= X q)(e.)—.- X a j__[’:‘ O][a:ﬂ-};xo}\:—;"bx_

s AlazaneR 3 =ane X VYxel

(¢ee) §:R°P— End nar)(L) 3 $(6)= Pa 10a mqg \oomorphlbm

«f,(ﬁg,\ii-o'l):(;)“; ¢0\\'QZ(X)=(O\\ 1;02) DX = X(Q\TQ:{)-‘- XQl + xo‘:

= Xt azoX = QX)) + Paz(X) = $£(@ (X)) ¥ Fo2)(X)




O

f{&iUOz)(X)‘-‘ d_)omoz(x3 = (G\b Qz)ax = X(aie C\Q.) = XGQz2Q,

:f!o\){-[az)()(): Cbc\ ((baz (X)) = q)on Lawx% Q|°(02°X)

= Oye (X02) = XaA2Q

25 ing Hovro raotphlam

et S(O\] flaz)= Fla)(xX)=F(a2)(X) ¥Yxel

=) ¢a\(x3 d)oz(x)-—q g X = a2 0 X

= XenT Xaz = X%X(ai—a2)=0O Vxel

Take X \r\vcrhb\e’. then Ov— G2 = 0O =\ G, = Cla

L Fincchnve

J .
Letr e Endpmnie) (L)

Then B (x)sas® foroomec oe R, X Xel by (ec)
= PalX)= F(a?(x-)

1 'EOU r\}cchvc

= F runc'j 100 mon".)hl I &

d. Lonaider Nz ng(R) ag an Mn(R)-modole. Srate The

oanolo Cum of ()

(c) YaeR | Da:N—1N) :—)CI)O(X)=0°X N X< Nho

Gan endamorphlom o F N

(tc) For any deEndmun) (N) FlaeR 3 P (x)=aoX ¥Yxek

(ccl’) A R"P—"E\'\dnnm)u\)LQ a— Do 10 o 'c‘\-nq

\abmo\’ph\om

o




_ 2. 4 \et &b:..a_rj-rzxﬁ_.
_Gwethe defimtfion o f amn_R-module. _P_.-b.C«LQS__p.CDjQC.h,V.Q.

P 19 proscchvc F Voorjccﬂona B
P“"’“‘—‘C. 3 P—b—*‘B 3 +he d\aa\”ar‘h cOmmoi-ca

— O and mapa

g—2-¢———o

Le’*%\“ Ry

b. Do..,prqjcchvc{”R-moa.u.l.co_c&o,!'.?. =
1

i

Yes, every free modole 10 o) cchive , and_ free modoles

exigt, namel, RT a7l

~1f Pio e projechive R-modole, prove thata SES of

R modoles OQ— x—Y G 'O splits. Begqin
with a definihon of agplit exacy ucc‘ucnce
e Asequence  O—— X- £ Y- 4.9 — P = O 1o Gpl__\‘ CXQC*
A faris exack and \f 3}\,,_?'——-'7' E ‘3\‘\ 1p. Equivalently,
Bd Y—X 3 \'5‘ Lx N
a2 = AN G WE009 0 e P 13 projecrive
~Then we have th c._:f:: Mo vy 1\33_0\ Laarqm
. V- 2.p il ®) IS 5
- 9 = _..-3}3:_(._.1_%11. N SR N
| Jince =pro)c.ctl,y=s,= ,3};”9“""\/ E S\ﬁ 19 o
___(/;,— AThe acgquence aphts — -




@

d Prove thot o R~module. A Dmlechve ff for e ach SES

Q— X.—Q—‘\/ \4/. s ——— Y. _OF Fl_mod.ulc.a. yXhe
"\caucnce,l
0 —— Hor g (A )25 Home (AY)— Horag (AZ)— O

oF_Q_b_wm%mupmmcL_

(=) Aspume A pmiycchve o

Note that Horar (4, —) 13 left exact, sor suffices Fo

show that Y 19 m)r\}cc‘ﬁvo LT e
let fe HnmR(AfZ) .

Then_ e have the dlaacam'

N PP

3"0 T f
J

<~ on

Since A r\mkf‘(;hvc > ’3% A—Y 3 5' \\JQ‘ 1/5(31 =

s Na 12 ourjec‘hvc &

A O — Hompe [AX)— HOMQ(A'\")‘—'_" Hme(A.'Z\———‘ ®)

15 _exoct
(=) Asoume. Homa (A,.) exoct
lef Y= Z7——0 and A-F-7

¥ .2 —— 0 100 3ES

Then O— Ker Yoo Y

Q0. ince. HomR(A‘—) LD Cxc\ct OC cmt the SES*-

O— Homeg (A, Kooy ) = HomR(A)Y)——* Home (A Z)—O

ln DC\r‘hnnlmr \’/* 1D aucthecrive,

T\"\C.h aince. '?eHorﬂD(A JZ) HO\G Hoh‘\R(A\/) 2 5= T&(@ Yq

S0 _we hove the commy %ahvc, de%YQm

VR

-~
4

o O

e | ¢ -az =
3

poAD Pro}ﬁcﬁvc




Let Rbe a ring
o, Give ¥he definttion of anm R-mod_;)_\_e,_:g_b_g.ing lﬁ;}tc'ﬁ\/b

T 1o miechive 1f Yoaniectiona O < A ; ~ 3 and mops
A—g-" N 3‘"\ B— T 3 the digaram cCommuted
” 'c Q
@) - A + 3
’/
9| 9k

”

ll«/

1. hi=q
N

- b._ﬁiczin_ﬁgcx.h crirenion

Baer'o cobecion aweo that T i aineehve & YIT9AR and

Mapo 523'-——-'1-; 33 R—TL 3 Fe d\qsram comMmrouteco:

Q— J—— R

£l 3

3
L

1€ al;\'"’*f

J

C.Prove that 1£f R 12 a commatative PID ~Then an

R-modoule A 12 \n\}ﬁchve‘ € 3t 10 dwaaonble . Ficar S\\zc,
g definition of o diwvidible modole.

Aa davioible 1€ \{\/EA and YOFTreR aleft rc&u_\_gr
element A xeA D y=rx

(=) Assume A 1o mgec’r'\vc

et ge A ond O0FreR g jeft re%u\cd‘ e\crmnent

Define Fi<r7— A 3 J}(sr)=s,y

Then we have the d\asrom'-

O —<r»>y ¥R

5'14 ,f"'ga
Ay’ <




S_LDC_C/_A_Q_LDjLCIL!&_,__E%L_B:‘_—:_A EX 3 \erz=§

J

80 afor)=§lor)=sy \,_ht_:_m;_c,_ajhﬂ =
Take x=q(L) o _

Then rx = ra(i)= q(r)-,‘-'_y. —
N 9
Ao dwasible o =

(&) Acoume A 1o dwioible

letTaRand F:T—A

But RiocaPiD, 50 T=(r) foroome reR

Andaomnce A 19 dwngaible , dxe A 3 rx=$(r)

Dcfine g R—A 2 3(632 S X
Thea aglsr) = (6% = 5(rx)=§§5(r)= §(or)

_do6 we have fhe cora mu_ta:cusa_d_\oﬁr Qam .
B ——R — _MO_ |
§ L -3 3 o
A

' Ag m'jechvc. by Baec'a cokrctnon .

o, Do diwioible moduled Over.a RIDexial ?

Ved, N R-modoled M, Mcan be embedded inan

woqechve mmoedote B 0 te O—— ™ ~E injechive

3 J
Bu_r_amﬁ_ug_aﬂb_,_&\_o_m}c.c_tm e 1\ E o dwvioble
o AFE o dwaotble R-modo te e

€. FExplon. bo.w_h:_co_nn.tcuck_gg_\njmn_v_gmmodm.cx_oxs_f;_ ..... =

o ring R-umn%.a_f:Lu_mble.j;madme

ler Dobeo dyvuatble. Z-modole O__
Then HomiL‘BlQ) IS5 QN \hjoc\‘wc, R-modvle




= . , ( N P RN = i
M _meudnr_¥th1n3--.RF_ R_ = Gl wo 3
a. ls_the rin.ﬂ. R left artinmian ke = I

letT={mo

S TaRr

vorernat (1 )(58)- (3% )er, (2BNE )=(@2)er

e alse e Fromithe left action _above that there 13 o

__1-1 correspondence bettucen left 00 brodoles of T

__and left submiodoles of alR_ Preacovin 3_1,mclo_a 1oNs

And @R _1s not H hfl.’rclyﬁa.c.n..tf a¥edr W a3 sy
Hence RT 19 not Finikely _gencea Yed
“Rianefa jeft nectheran nng

s Ria not a veft arﬁ_r\_l_o_g_r)”_ri_ga_,____

~,.b4.ul‘5_§j’.)!'._.rln_3 R_1eft nocthernian?

No, Ko notalefl noctheman mng by the proof above

C.la the c\na R r‘lgh\' artinian ?

_Firat note that R/z 2 Rx @ by the 1ot 100 Thm via the map

. ,_Moﬁl,c.-{cho»t_ﬁmmj:hc_,.u%h_t_aCﬁtlo_r_\_o;b_oav_:,brw_c_‘n ove a_t—1

P R—mx@ 3 ¥(F §)= (riq)
Conaider the SES:  Q—— T&—R——R/r—— O

Bot R o aficld, hence artinian , 80 T muofaloo be
a rag‘n\f arhgneseodobeye=t 0 M o o, 0 1
And R/T 15 artanian oince RITERXQ since R, Q_both
ficido, hence afinian

L RRA an_artinian madole

~corredpendehce berween right submodules of Tr and
|--figntovbroauiesa of R®R_presexving tncloaons

{1 Rioo r‘igh¥ aftinian r'\ncl\




d.18 e rms R nSH' noctherian?

Yes, Ria right noerincnan i becavoe 1415 a cigh¥

acirtnian rin%

e. Find J(R)and dederibe the nng ofructure of R/J(R) n
terma of Rond @

=R O R _{R O
Note that Jh= (IR Q ) 2= ilRﬁk)_,-:YES“ o.m /) _are rhe

only poooible max ivnal efy ideal 9, burwe Moot eheeX

not ifhey ace \deals N o o

(r‘o (2/3 '(rl;sm;z’ O)ETI hcree I. moxinal et (deal

( l(_s_p,)_(gf ‘O) €Ja Hcr\cc_ T2 roxaimal |eft ideal
1= H §
SICEAND o

m_q?s_)_ﬁcr MDLC,_:Y_J_DD_LMZL&.QJ.Q.L.R S
So lﬂR\ Ji0NT2:= (ko )=T

ARy R/r 2 Rx@ C\Q_rﬁ%s

§. Deacribe the no nnomorphic sivaple Jef1 R-modoled by

;nd,mo‘hr\% theic \)ndcr\),in% abelion qr a R-achion._____

| Nole that the montooroorphic symple left R-modolcD
‘._Q_r_c_pn.cnmm;_ibwmuu_mum&c_m[lls_l;ﬂﬂuwmﬁ

Bot aince R/IF(RI 2 Rx@Q , wtoufficco to find Yhe

J:\r)nmnmnrgh\g dlaple 1¢cEt R> @B “mpdoules

Rx(0) and. (O)* @ are nonidowmorphic omple teft

Rx Q—modules N

And theae ote all of them becavoe 3 Lli:u.u:.ago.md.t
between Ponmisomorphic owople \eft R-modolecd

and moximal wo dtded 1 dealos of B _SaeE. ____-__..O_

| R arhmian ~and Yhere agc 2 moximmal Two o ed

idealo T, 72 hence. RBRx(0) end (OYx@ are the

only nonomorphic 1eft ovmple modoiecs ofF R




Algebra Part of Qualifying Examination, August 25, 2009

Instructions: Do all questions, justify your answers with the necessary proofs.
All rings are associative (not necessarily commutative) with identity and all modules
are left unitary modules. We denote by Z the ring of integers, and by R, C the fields
of real and complex numbers, respectively.

1. If M is a module over a ring R, set ann M = {r € R|rm =0 for all m € M}.
1f I is a left ideal of R, denote by t(7) the sum of all two-sided ideals of R contained
in /. You may assume that ann M is a two-sided ideal of R, and ¢(J) is the largest
two-sided ideal of R contained in /.

(a) (3 points) If I is a left ideal of R, prove that ann R/I = t(I).

(b) (3 points) Let I, I5 be left ideals of R. If the R-modules R/I, and R/I, are
isomorphic, prove that t(1,) = t(13).

(c) (4 points) Let H be a two-sided ideal of R. Prove that there exists a simple
R-module S for which H C ann S, and if H is a maximal two-sided ideal, then
H = annS. Hint: you may use the fact that every left ideal is contained in a
maximal left ideal.

2. Let R be a ring, let M be an R-module, and let N be a submodule of M.
Assume that M = 5, @ So® - - @ S, is an internal direct sum where, for all 7, S; is
a simple submodule of M. For all 7, set M! = 62_8,- so that M = S; ® M|,

J#

(a) (3 points) Prove that, for all i, M/ is a maximal submodule of M, and tﬂMi’ =
0. -

(b) (3 points) If N is a maximal submodule of M, prove that, for some j, M =
N & S; and N 2 M.

(c) (4 points) If NV is a simple submodule of M, prove that, for some j, M = N SM;
Hint: examine N N §;, NN M;j.

3. Consider the ring R = g ]g of all 2 x 2 matrices A = (a;;) satisfying
a1, a2 € C,a € R and a3 = 0, with the usual operations of matrix addition and
multiplication.

(a) (2 points) Find the center of R, Z(R) = {z € R|2r = rz for all r € R}.

(b) (1 point) Is the ring R left artinian?

(¢) (1 points) Is the ring R left noetherian?

(d) (3 points) Find the radical of R, J(R), and describe the ring structure of
R/J(R) in terms of R and C.

(e) (3 points) Describe the nonisomorphic simple left R-modules by indicating
their underlying abelian group and R-action.




4. Consider the exact sequence 0 — Z = Z — Z/3Z — 0 of Z-modules where
k(z) = 3z for all z € Z. Using that functor Hom is left exact and functor ® is right
exact, determine whether the following sequences of Z-modules are exact.

(a) (10 points) The sequence obtained by tensoring the above sequence with Z/3Z,
0> Z®2Z/32 "3 28, 7/32 ™2 /32 @7 Z/3Z — 0.
(b) (5 points) The sequence obtained by tensoring the above sequence with Z,
022,22 2,2™%'2/329,Z — 0.
(c) (10 points) The sequence obtained by homming the above sequence into Z,
0 — Homz(Z/3Z,Z) Hotwa(7.2) Homgz(Z,Z) L Homz(Z,Z) — 0.
(d) (5 points) The sequence obtained by homming Z into the above sequence,

0 — Homz(Z,Z) "% Homy(2, 2) "*=25™ Homa(Z, Z/3Z) — 0.
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e ] J.ﬁLLQ.Q.LC.ELlQﬁQLQ_F_R_)_\L_Lt_(.I_Lb&,th sumofall two

dided 1dealgaf R contained 1n L.

a. [FT 10 aleft ideal of R, arave that ann®/z =t(T)

we frirot note that R/T 10 an R-modole, hence OnnR/TaR

let r€ OnnR/_I

Then l‘(t’ﬂ*I):OR/r ¥se R = ra+L=T YseR

o rse I N5¢R ol

lmparhcolar, r=T 1T since ieR
7 5

L annR/I €T

50 OnnR/T € ZTe = (1)

-.-:I-_OQF\Q/I.- c t CI)

_O___ ______  DNDow e+ QE'LC'E)EI and et r+ T € R/t

Then a(r+X )= ar+T = T dince a€ L

AN Cr+1")= OR/r

.. Q€ annR /T B

s tcr)eannR/L

i anle = tCI)

b, let T.,,T2 be left ideala 0F R, I the R-modoleo R/I,

and R/T2 are 1Domacphic  provethat tED= t(T2)

I+ sufficea o ahew OGnanR/r,= OnnR/L2 oince Oan /1= 1(I)

by (a)

Jdince, R_[Liﬁ R/Iz_ " i R/Iy—-' R/Iz“_a_n R-modole (o)
et CECQNN RIIx

ot

3ot Y(1+rI)=1+To ainee. R/ry= (L+I0) and R/ra=(L+Iz)

_Then r{s+rTi)= T, VJGR} hence ragel, Y5 R

‘.w_ud_mmg_‘?_m_abwgmacp!\m m

Let 3+Tae RiTy

Then F(S*—I;.)-:rﬁ(l +Ta)= ra (1 +1y) = Lf(ro*In)‘-L?(rar A




. reQnn R/Ta

" OnnRIC,€Gnn R/

_dLmiLl_QLLy_J_\tJ_Le OnnRiL2 and iet or1 € Rir,
Then roel2 YoeR

And M (1+T2)= 14T,

=¥ (x2)= Th

fre OnnR/T,

1 Then r{s+IN= ro(1+T)=rs¥7'( L*I—:L)= L?—"(ro FTa )

L Gnn R/IT2 & 0an®/x

o Gnarm R/IT=OnnRiTo

S t(x)= (T2

and 1F His rmoximal | Fhen H= OnnS

C.ler HaR . Prove that 3435 a atmple R-modouie 3 HEOnnS

o

Jince Ha R JTIR mosxamal 3 HET

Then HE t(I)=annR/T

s He C\hnR/rf Or‘\n_s

. Butoince 19R Mmaximal { R/IT =3 15 8imple R-modolc

LDHEARAD where 12 aotmple R~-modutfe

Then H=T

Mow._oooume. that Hio maoaximal

56 0nnd= OnnfRiTs GnaR/u=1(H) s H

. Onng =

O.




Let Rbe aring,ManR-module, and N a sobmodole of M,
Aroumec that M=5@,.88n where VeS¢ 1o a simple

sobmocdule 0F M, Jct Hé/z:i@tsj Ve 3 M=5¢ @M
a. Prove that Yeé Me/ 10 amaximal oubmedole of M
: O\Y')d GQHE',?_; < . e

Ficob nete that T /Me’ = HEe Sn/‘@ésc- = Sé_ﬁilmgjg::_

_Then [—/Hejs M/Me’ oo oimple

| Hence LaMe’or L=

.
| - Me 1o maximeal

| 3 Xe= mimxor ot M- mXe-1 Y Mey = Xere M= Xn

‘1 =
ler L beaovbmodole af M 2 Me’SE 1LEM

oo Mmer=0 or H/Mer= MMt

[
Nowler xed Me’s M’ Ve

So x=m  f..fMetmeéni+t . t™n  mce e forcache
But aloo = xit...tXn ; Xc€Sc aince M=2®3¢

30 Xar ¥ XSt tMe-1v™Meri bt o Y M

E §18.05:-1PSct ®...®Sn=Me/ ve
xce Me/ Y& botalgo xe€Se vo
o0 xc€ St 0OMe’=0 since M=5:® ™y’
% =0 Ve

4 x=0

B R repy = =40 . _
I, s Coly I : - A _  Ww S, AU W——
,,b,,l,,ff.h)_l.o__g_m axtmal aubmodale 0 FM™M ,-.p.(:p_v_e%maf_fo_r 20ME.
5 M=0®S and V2 M J/ : B
- __Firgt notre that since M 10 dtmicimple and oncer NSM

M=R0®X foroome Xs™
And M/;L_) = X atmmple gimmdce N2 m‘gzglmg[_,
_Showthat X= 33 for aome J 3

XNS)S X oirmple Vi, 90 XN§j=O or XOSj=X forcaché
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If XN3{=0 V¢ , XN (Sir.vtSn)=0 = x®S,© ui® Sn=M

Hence ™ heoa a compoaifion aenen 0F ItnSH‘\ N+l
bot J(HM)=n

Lontradic ion

So 33 =T A5 S Xﬁsj Jirnple = %x=0 oc x=SJ’L
Bot AF0 aince (+1a olmth;

A= S| {-broomc_\}

S M= M@S\ forsome
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Q-H”
_J_._-
M NE- Ml
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Aﬁcun M=® X foroome. XM
So N2 M/x
nce M e, X 13 maoaximal
Show that X=H}/ f‘oroomc:}

Conaiwder X+ ™M,/ B

J -
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T YR [
f-orcach(

Juppodt X\-ﬂj M VJ
Then §§2 M/MJ' e /xm‘-n’ by 2nd o +hm

Then Km“'l'l 19 moaxtmmal omu. S‘\o arple

Bor melSH\ “moxirmal
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/ "\l -X Y.
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Conh"admhon N e {\, Mc'= O

53 Xff‘h =X foroome
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Conuvlder the rin
a, Find Z(Q)
d cd ~ ©

M(d' 8 'A( ‘s rrd’ ra)_
(d (c' o) ('c+sc' S_?!;.)

3_&_((E iR

C' T‘
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?
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Lc,i' =
DI

(
. TAR
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)> (rd o)GI') :\g) _) (o\c o>eI
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rina

d. Find J(R) anc dcacribe the nng otructure of R/T(R)
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4o wcmuaf checek that they are Idecaln
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Cx R-modoles

O
Andthcoc dre all of ¥fhern syvce R 12 jef ~1 LN
henee Ynere 12 a t-1  Corceapendence betncen
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Jo Z 13 afilat Z-module R
B Zisexact - R

ol 742 0L Z3z 97— 0
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e

3T 1o not :;ur:i)ccﬁvc

_._Thcocguence 12 not exact
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bote that Z \ao projective Z-module., hence
Homg (Z,-) ocxact )
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Qualifying Exam - January 2009 Algebra Part

Instructions: Complete as many questions as possible. Answers should be justified with
the necessary proofs. All rings are assumed to be noncommutative unless stated
otherwise. All rings have an identity element and all modules are unitary.

I8

(a) Let / be a finitely generated left ideal of the ring R and assume
S={myla € X} C [/ generates / as a left ideal. Show that S contains a finite subset
that generates / as a left ideal of R.

(b) Give an example of a ring with a left ideal that can be generated by one element
but also has a minimal set of generators containing two elements.

Recall that an ideal of a ring R is called lef? primitive if it is the annihilator of a simple
left R-module.

{a) Show that a left primitive ideal must be prime.
(b) Give an example of a prime ideal that is not left primitive.

An element of a ring R is called leff regular if its left annihilator is zero and a left R-
module is called divisible if given a left regular elementa &R and mE M, we can
find n € M such that an = m. Show that any injective left R-module is divisible.

Let Z be the ring of integers. For any Z-module 4, let F(A)=Homz(A,Z) and for
any Z-homomorphism ¢: A — B let ¢*: F(B) = F(A) begivenby ¢*(f)=fo¢.
Consider the short exact sequence 0 — Z —=—Z—=—Z, — 0 wherea(n)=2n for

all nin Z. Is the sequence 0 — F(Z,) at »F(Z) G.A—F‘(Z)—»O exact? Justfy
your answer.

Let R and S be rings, assume P is a projective left S-module and M is an R-S-
bimodule that is projective as a left R-module. Show that M ®¢ P is projective as a
left R-module.

(a) Suppose J + 1= R, where / is a left ideal of R and J = J(R) is the Jacobson radical
of R. Show that /=R.

(b) Let L be a lefi ideal of R such that L+ 7 =R for any left ideal / of R implies /=R.
Show that L C J(R).
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a. LetT be a finitel _S_CDCJ‘QTCd fef+ 1deal of +the_ring R and
asaume S=ImalaeXJET qenerates T ada leffideal.

Jhow that S containa_a finlte subaet that .S_c:nc_a A e
T asalitftideal of R.

J\X f"\)

since. I.Ja;ﬁLstQj_)«_S_tnLEQ.Kd_j"x_f (Xyaen

,,,,, ley ceBe . oo P
ThC_ntr P‘X\"|0|¥ rr\xﬁ Y
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Take R=Endpl 1R°°)_

_ Note that Rid aleft jdeal of doer €
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R®
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LW frmg=4e

J
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?*&Cd 13 a baain *For =

2 ?5‘3? 1A o minitmal o2t o€ Stl\tfcﬁﬁrd

fet T bea leftparaifive 1deal Qf R

Then T2 0nnpS for some gymple Icft R-modole | S

let abeTl= Onned

Then obd=0

_1f beT  then we arc done

o aasume b¢L=0nnrd O
Then bS$O

But b8 8 sienple, s 3= o =8
. 0=abd=aS

L 0€eonnpS=T

S Sk prim&

b. Give anex arapte of a pame 1deal thorionot 1cft poreihve

Yare R=F

Then (0) 13 6 pnmeideal of R _since Z1aan micqral
domawn thud ak€(0) = ae(0) oc khe(0)

Now the ﬁLmPXC, Z-modouled arte z/Di 3 R orumnes

And Qnnz Z/p2=30,p,p*,.. [1(0) for cachp

(0)_1a moY fhe amnihilator of any dIrnp le Z-modole

£ (0) 19 noricft pomifive O_
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Show that any xr\}cchvo left R-modole 1o dwiairble.

ey M he an mscr.'hvc lef+r R-modole

BEsE }t&"’i and OF r€R o _left rcgulqr e lement
Then (r) T(O)

Define Fi(r)—M 2 f(sr)= oly which 19 on R-modole

homomeorphiom

Then we have the -Fo‘l\oy\:'nﬁixJ o\lasf‘am :

M

Since Mianitctive 3 R— M 3 S\Ln=§
Towve x=g(1)e™

J
Then Cx = r‘qU.) Q(r‘) $(c)= Y

O

L W o) dwu:}lb\e.
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e t F(/‘Q Hom'z(A.:’:L). Conoider the

| For any. Z-modole A}.

SES O—F Z 2_T ?/ 2Z @) ._La_:l:bg_o_«;q_u_c‘n.c_e.__

__O‘——‘F(Z/Q?\'—-—‘ F(Z) F(Z) —— O exoct ?

More that Fia left exact  s0 1t 50f(iced 10 cheeh wohether

orpot 2% 13 aur\'}‘ccmvc,

__,Qonudc.x:_’rhc._fﬂuow1nq d1o.qrarn

F(Z) F(z) -
[ Bl )
Homz (Z, ?) Homﬂ?,?)
2| |2
I

Nofe +hat +he dLCI._S_TZCLm_CO U ted oince the verfical

|_mapa are naturcal pomocphioms O__
Now lm?2= 2Z+ZF — R

P j_tw_\g_'r__ju.;;;‘.c_c.ﬁxc -

2% not our\cCth i

0 F(Zfow )T (72 )—2F L F(2)—— 0 1o mot o SES




S.f Let RS be ring30advnroc. P10 a projective left I=meodole
N | and Mioon R-S-bimodule Thatio ‘p,COJ_Lc,‘l.’LV_Q. ao.aleft
R-modole. Show that MEP 1 projective ad a jeft
. - R-module .. B - « oo~
| Fuotoote that gMs € 5P 10 in fact o left R-moduvle
so_show Homg (M@P )..q-,).g_c.x_ck_c t . B
et Q—— A —— B ——— C——— O bc aSES ofleft
R-modules. o e R =

Then since Mio Projechive qo o left R-modole , toe have.

a_SES of jeft S-modoico’:
0 — Homg M A)— Homr(M/3)

=

Horng(™,¢)

1. SES of abenian groupa.:
o= Homs (P, HomalnA))— Homs (P Homg (M, B)) = Homg (P, HODR_M!C))ZQ |

Andointe Pis o projechve left S-modole , we have o

But by i—hc,q-_dﬂbml” 120 Mo rphiom Thm, we have theo
commmU l‘CLjZlVQC,:dLQ._S_FCl ™

O=Homs [P, Home (MAY) — Hom s (P, Homes (M B))—Homa(P, Homr (H:C))"O |

12 Ik E

0— Homg(H8P,A)—— Homg (M2P,B)——— Hormp (MgP,¢)=0
And oince the toprow 1o exact, the verfhical mapd arc

losmorphiomyd , and the diegram commnoies, we have.

that the bofrom YXow 10 exacCt
i Homg(M®P, _) 10 exact

LM P s prod echve ooa left R-modole




Om

SF=TeloTo] J+I=R whece T 13 alcft jdeal of R aond

=J(R) ., dhow that T=R,

b we ficat note that LG-R an-- 1= \itrl foroome %EVJ,IEI
— Then (=% 4+ e = -i? % IC =3 (\-:h €1°
" e TR ¥ | u J
BU* 1€ I"'JLR) an_ - ho‘) [} ltﬁf lnvfrﬁ& faTeXY) b\
4 i J 7.
50 RO-1)("RiE = {=kit €L aince T 10a|c~F‘r:dcc\
VUTTY S R o
S . B A i
o I=R

boler ]l Ke aiees idealof R 3 1 +T =R forony ‘eft \deal

T of R ue have T=R dhow that | J(Q,

Jlet m be amaximal lcfrideal of R

O

(£ 1S m Y fhen | € 0 1eft maximal 1 dealoof R

= J(R)=J A Nence we are done
Jo_addume. 3 moxitmal lefr ideal of R E’;Li m

Then L+tm$m ) .

_Botmelirm

_And ™M 13 moximal ;00 Lim=R

But then by assumpiion, m=R

Controdhic fion Aaince Mo Mmaxitma )

1S Y raoximaleft 1deals T
Le J(R)




August 2008

Qualifying Examination
Algebra Part

There are only 6 questions. Do them all.

1. Let A be a finite abelian group. Prove that A is not a projective Z-module
and also that it is not an injective Z-module.

2. Prove that Q/Z ®z Q/Z =0

3. Let I be an ideal of a commutative ring R and let the radical of I be defined
as
VI = {r € Rlr" € I for some n > 0}

(a) Prove that v/7 is an ideal of R containing I, and that if I is a prime ideal,
then VT = 1.

(b) An ideal @ of R is called primary if whenever ab € @ and a ¢ @, then
b* € @ for some n > 1. Prove that the primary ideals of Z are 0 and (p")
where p is a prime number and n is a positive integer. Prove also that if Q is
a primary ideal of a ring R, then /@ is a prime ideal in R.

4. Let R be an integral domain and let @ be its field of fractions. Prove that
tensoring with @ over R is exact. Does @ have to be projective too as an
R-module? (This could be a little tricky). Prove it, or give a counterexample.

5. Let R be an artinian ring. Prove that the following are equivalent:
(a) Every R-module is projective.

{(b) Every R-module is injective.

(c) R is a semisimple ring.

6. Let k[z,y] denote the polynomial ring in two variables over a field k. Prove
that every finitely generated k[z,y| is noetherian.
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PID;\‘CC"‘IVC Z-modoule ond also that ttionot an Ih\;\‘CC"‘.‘\\/CJ

Z-modole.

Note that Z 1536 PID a0 Ao grojechve 1ff ir10 free

and A a2 sn}cchvc. e F 1o divioible

Suppade. Aa pralrr_ﬁ'\(&

Then Aa free M. o Y ! A2 Z” for aome. 070

LA haa mﬁnih:l}. clements

contradiction oince. A v finite

2 Adta ot pro\'}uhvc,

NOw 3upEadT A 12 lh;]LcC-HVCJ

let A be _a..ﬁmmnb;u.wgmg_ﬁmtﬁmj_ﬁl_a.npj_g___
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- Since Ao finite, A= fa.l.\.,om’} for some mM70 Where
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5o foreach ¢, JoFneeZ 2 hrf.rClé:O
topdider OF Gc €A Qu_ﬁ_d_‘_O"?P:nJe Z = i\
Then aince. Aia diviatble . dape A 2 Oé-‘-i’;‘.niok =‘}Th2‘\' NkGk =0
Contradiction once acd O
2 Ao not 1n\°5cc1‘ivc,
) - =
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2. Pr_o.vc_thaj_@/.z_%ig/z = QO _— -
I | Let Z((_cl;:h?_)@(ﬂ"fi)—[(i@/z@ ®/z
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L Xex
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Let ob€ (0) wih 04 (0)
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_ 00 cazume _ad¢la =

£ acl¥a s we are dono

o Then of‘jé Q
Bot Q prymaryy 30 Lhn)m eq@ = b™"Me @
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Nate that the verncal map2 ace natucal (domorphnioms

20 thediaaram commuitd O_
Show T lQ\IInkCCh‘\/O

Lot Sekerfs 5 =5 (%)= = 3465 3 Wita) =0 = fua)=C
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Qualifying Examination
January 10, 2008

Algebra Part

¢ Please do all five questions.

¢ Problem #25 is worth twice as much as each of the others

We will always assume that rings have an identity element and that modules
are unitary left modules.

1.

Let I be an ideal of a ring R and M an R-module. Prove that there is an isomorphism
of left R-modules
Homp(R/I, M) = {m € M |Im =0}

(You may assume that the subset {m € M |Im =0} is an R-submodule of M.)

. Prove directly from the definition that an R-module P is projective if and only if

Hompg(P, —) is exact. That is, prove that applying Hompg(P, —) to any short exact
sequence produces a short exact sequence.
(You may assume that Hom is always half-exact.)

. Use exact sequences to show that for any integers m,n > 0, one has an isomorphism

Z/mZ Rq Z[nZ = Z[(m,n)

(You do not need to show that the ideal (m,n) is the principal ideal (ged(m,n)).)

Prove that an Artinian ring is isomorphic to a direct product of finitely many
division rings if and only if it contains no nonzero nilpotent element. Hint: J(R).

Justify your answers completely in each part below.
a) Is Z/6Z a semisimple Z-module?

b) Give a short exact sequence of Z-modules in which the outside terms
are both semisimple modules, but the middle term is not semisimple.

c) Is Z/2Z a projective Z/6Z-module (via the obvious structure)?
d) Does Z have finite length (as a Z-module)?
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Qualifying Examination
January 10, 2007

Algebra Part

We will always assume that rings have an identity element and, unless stated

otherwise, that modules are unitary left modules.

1.

Prove directly from the definition that an R-module M is projective if and only if
it is a direct summand of a free R-module.

. Consider the exact sequence

02252 22/22 -0

Is the following induced sequence (obtained by tensoring the one above by Z/2Z) exact?
Justify (prove) your answer completely.

0-2Z®;2/22 % 20, 2/22 722 2/22 ®, 2/22 — 0

. Justify your answers in each part below.

a) Are all modules over Z; semisimple? Why?
b) Does Z,; have finite length (as a Z-modnle)?
c) Is Z, a projective Zs-module?

d) Is Q/Z a Noetherian Z-module?

. Let R be commutative, and let M be a finitely generated R-module. Let p be a prime

ideal of R. Show that if the localization M, equals 0, then ann M € p.
(Recall that the annihilator of M is defined to be the ideal ann M = {r € R| M =0}.)

Argue that a left Artinian ring R has the same number of nonisomorphic simple
left R-modules as it has nonisomorphic simple right R-modules.

. Choose only one of the following two problems to do. If you show work

for both, please indicate clearly which one you have chosen to be graded.

a) Let R be a commutative local ring with maximal ideal m. Show that if an R-module
M has finite length then m"M = 0 for some n > 0.

b) Let R be a left Artinian ring. Show that a left R-module M is finitely generated
if and only if M has finite length.
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August 21, 2006

NAME: Y arg Purdin
Qualifying Examination.
Algebra Part.

You should do problems \and Y, aroblerns from among the remaining ones (Q,‘X\\and 6). All

answers are to be supported by proofs-amd/or reasoning.

(1) Recall that a commutative ring R is local if it has a unique maximal ideal.

\}(a) Let R be a commutative ring and let P be an ideal of R. Prove that P is a prime ideal if and
only if whenever P 2 IJ for some ideals I and J, then P2 I or P D J.

V(b) Let R be a commutative ring and let J be a maximel ideal of R. Show that R/J* is a local ring
for each k > 1. What is the unique maximal ideal of R/J* 7

\ (c) Let R be a commutative ring and let P be a prime ideal. Let S = R — P (the complement of
P in R). Prove that § is a multiplicative subset of R and that the localization S~'R is a local
ring. Describe the unique maximal ideal of S—!R.

J2. Prove that if m and n are coprime, the'n Zm ®2Z, =0.

V3. Let Rbea commutative ring and let P and @ be two projective R-modules. Prove that P ®rQ is
also a projective R-module.

\ Let M be a module over a ring R. Prove that M is both noetherian and artinian if and only if M
‘'has finite length. (Recall that a module has finite length iff it has a composition series.)

\'5. Let R be & PID (principal ideal domain) and let M be a finitely generated R-module. Prove that M
is 2 noetherian module. ((pron v Tatvmetdn 7,)

dl 6. Let R be the ring of 2 x 2 lower triangular matrices with entries in C.

v (a) Is R noetherian ? Is it artinian? Explain.
“(b) Find the Jacobson radical J of R. Describe R/J. SRR A A |
v(c) Find (up to isomorphism) all the simple R-modules. N T TR
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|la.let R be acommotative ring an < tha
L3 pricne Hf whencver TIEP fnrac I,3<R then |
TePorJE P |

(=) Asaume Pispnme :

let T T<aR 2 TJEP

£ Te F‘J_thrn we are donec

S0 02 ume I? P

Then 3ceX 2 c¢P

ler e J

\J
Then (€ LI &€ P
J

Dot Pia poOmMme 5o z ey P ordep

O Bot t¢P;aojeP
LJTEP
R &) Acoume whenever TIE P for T,J<4R 3 TSPor JTEP
Letahec P i
let Tacibe €(a)(b) e h. LN
Then aé=rea  be=5ch = Zaché= Zreosih = Zrescabe P |
L) DEP
90 by anaumphon NP .o fEIER
LoePor beP N
2. P prime. e
bw_g_,ge a commuoutrahnve r\'n3 ond letr T<R hemaximal,
Show that R/IR 18 alocal _rina for cach Rz 1, whatio the
Unigque maximal ideal 0FR/Tk,
i Firot note +hat T4 R/TR 5maximal 1ff L= 7/AIR where

MaR 10 maximal and JREM o

[ Bot Mo maxumal , hence Miapame

ifr=1 5'¥h¢nIQ"L e



f R>1 JIR ‘=R M s heace TEM b—y----iq--) a
TN e 10 o
_But both J,M arc maximal
s =Ml =

‘T/_J'Q 15 the onique ™Moximal ideglof Fl/\l"'Q

Herce. Bl_i_[.h_l.o_q_m.c@_lg‘_'l.mjw‘v’_Ii?x_1_

C_._LcJ‘_B_bL_Q.cnmm_u_tom_C...LLDg_Q.I’lCJ_LC_t_P_q-Q bepame. Lot
S=RP ._Prove that §€R 12 multiplhicative and that SR

4'°_Q.lO.C0J__C:'D.3-- Deocribe thev nque moximal 1deal o € 7'R.

_Note that O€ Poince PAR , hence OFS

And 1€ Poince Pprime yhence P#ER
it e 8

O-—

Letabed

Then a,bé P; henece 0b& P gince Poprime
Sl B -1 W

LSS R0 moltiplicathye

| Now Conarder Ps= i‘gm] pe P, iﬁs_jig dince Pa R
[ Note_that Pa 1o proper since T € ST'R_bot %_' ¢ Ps becavoc

1.
£ =% then FueS 5u(s-p)=0 =2 us=upeP gl 0t A0
VIES whichig a contradiction oinNce §=R P

Now let SE€5'R 3 S EPs

_ sCc_ 1. _¢c5
LT E€S5'R and T 5 178 ¢
. -g— mnvertble

. §7'R local with vmique. maximal 1deal Ps
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 Prove that if (mm)'-'j-; then E/mz 8 %/nz=0

F\rjf notc +hat dINCe (m,n) 1 L= tny £or x.yg_z’
let Z0c®bee Z/m?_"&g/nz

Then for cqc,hvg)  0e®be =

1@;.@}:‘:) = (mx+ny)(8e ®bc)

Wx(_n;\‘g_‘_;._‘ii‘ b_cl)i-y (Gc®nbe)

]

x(6®%€)+y(a?:®5>

X' O+ty-O =0
. Z8i®bt= ZO =0

dler Rbeatommutarive ring.andlet P, ke PFOJ cchive

L Z/mz 272/h2= O

R-modoles. Prove that PEQ 10 O.Projccﬁvo R-modole.

Letr O— A ol k) =, — (0 be adES

_Jince Qv prD,JQCI‘\VC— 'r\omg_(@)_) exact =
6 O—Homge(3A)— Homer(Q B)— HOmR(G C.)

— O v a

O—Hompe(PH

0— Homg(PeQ

| Thoo the 4op row of the %o\\owmﬂ o tagram

SES

_Buraloo P puo*pm‘]u_hvc.,oo_i-\omg (P,._) 12 exact

1o exact

bmr{R, AN — Home (B Home(Q, 8))— Homg (P, Homg(Q, c)) S

2 12 m s |2

)_) o, HDmR(PQQ C)

HOmR(PQQ B) T AT —O0

Andthe v u:t:w_am quag._CL(‘c_n afural locomocphiona s ! b}t N

+he_ad J_m_n_*”n 190 _thm o
wa__o;c_f,..thc_dJ_qj ram_tommouted
H The boom cow 15 exact

Hoamg(PetQ_ ) s txack

¢
re

PG
4 P®Q 13 projective \Q-mo_dulL
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let M bean R-module.. Prove that Mia bhoth noctherian

and arhinian 16 D) <o0o,

=) Acoourme M3 both noctherican and actiiniap

dince. Mio artimran, IM £ ™M oiraple avbrandole

And e have the SES: O-—"M._"————‘M—-—-:H/M. (@)

m_mmu_l:l_m_&u:muq_o_,._‘iz. /M. arc both arrinian

Then /M maoa simmple dubmadole M2/,

Thaa /M3 O 00 MWE Ma
Andwe have fhe SES ¢ O—'—‘HQ"-——*‘H—-——'M/MQ-—‘—"O

So oince M9 arrfn\an Ma, M/M2 are both artinpiap

Then /M2 has a omnplc, oukbMmodule H3/MQ

Thuo '3/mMat 0, 30 M2 G Mg

ConhnL)lr\q Hma way Ncqc,ri-hc aOCCﬂdlhq‘C_haln of ﬂ

OUbMDdUico of M Q_,. HL.L Mo & oo

it _Wmﬂm;.nm_,_m_cbgmm@l@;o

And ‘}'ht.mrlnnnnn:)grﬁpmpcr‘; 40 Mn=™ forvomec n>0

20 e have tihe aenedr OSMS . STn=M (oiTh “\\,HCJH

ka,p_lm_\f_é S

Hence Mhas o corapodihionacries e

LA (M) <

(=) Aossume (M)

:m;l M) = N

fn=1  OGM.ida compodifion ocricd

Hence M2M/o 1o umple

Then ™M oboth achinian and nocthernian, 50 wearedone.

Now addume Yhe ceaoltr ¥Ymodolea of lunSi-h 100 than n
Thentf Q(M)=0n

Let 3 be a aimple suphnodole of tt;,_agm_;th_g_k_o_m.;_mmb&)_

IInCe ™M haa a cCompoaihondened

@)

And corader the DES L O + 5 A M H/S

Then (e LY (T5) D (Ms) = -l




The n_'ﬂlﬁ_!g_bgth_mgibcm;i_aanmer_Lmd_umin_ﬂ—_.

And §10 aumple a0 itiaboth acnnian and noethenan |

S Min hoth nacthtrian and artinian 4 B rrimaB

iletr Rbhe a PiDandlet Mhe o Fu\ifr_l}, Ser\craﬁ'd R-rmodole .

Prove that M ian portherian modole

Since Rig o PID every ideal 13 findely qenerated

Hence. Ria a nocthenoan ring - 5

Then since. ™M 1a ﬁmh:l\/ 3rncra*}cd 4 Mo a potthecian -

R-modale. Y LS

Lc+R=Y(%<% ; 2

O

a. la R noectherian’ 13 R actiman_’

le t I‘[((I): =

eallaollasler  T8Sle ] lacleT |

2149R

Ahdgb\)ﬁ ammum%mm‘pw : |

lert / right JuoModyled

% /or@ £ U mModuyie 'i‘______. \eﬁ/iésil;&&ﬁ:modulco‘—% |
¢ N

But € 1o afield, sotaan

Hente the only submogales o€ T are (0) and T

7
And R/=2CxEC aorings
' J

Sa we hove the SF§T O— T — R

Anc L 13 both artintan and noethelfian R-modoule O'ncc

149 only subraodoley are (6) and I-

Butr alag R/ 13 both arrintan and noctheran dince ©

10 o fend hcﬁcgq@:na actinwan Otﬁd “Dfﬂhtr-\aﬂ’_"rhoa i

CxC 1o 00 well = o]

AR W heth octinian and nocthenan 6a an R—modole. |

A Rio gnarmnian and Aoscrhenan r{nS




b, Find J(R) and describe R/F(R)

¢ o
Lo _C

et Tzl € o] Tazlg f--lﬁ, Ta:

I+ m_;qo;/_tn_qm_tbmthcac.gm_th:_amy~ ngs}}g le
moxamal left 1deald botwe MOOY check that they

_oétc,_o Lditj‘ll.g__ T -
le' clld o * {cfd»fc,"d’ 0]€Ji nence Ti 1o a maximal
left 1deal
¢ O o O 0 o =
[c’ c"lld 471 lerd ¢'d’1 € J2, hence J32 19 a mmoaxtmal
-+ gettadeol. . —
°°}ld°"(=°rd var) @ 33, hence 5 d cal
—— =l o o t'd eid 3., hence 33 1o noY o Jeft 1GCa

Lo(R) = A g Ry

“RJFR)= R/t C=xC

@.

fC.Fiod AW 1sorcar phiom, all the oimple. R-modole s

_Note thot the aimaple R-mod u)LQ.Q_LC._D.LC.C.I:ZCL%&\L_QWDP_LQ__
R/zR) - module 9 which are isomorphic 1 the simple

C>xC modules I

C>(0) and (N>xC arc both simple. & x T modoled

And thece are no othera becavace thete 1o o i-1

Corfcapondcocnce

1o0 clagacy of

racximal 2
__ sunple. R-moduolea § T ___ip_ldm_uu_auo ofR.

Ance Riva agtinian

,_.Amd._tbc‘_am.f_mgzs vmal 2 oidcd adeais of R are Ji, T2

Hence fhe_rc,_ﬁa_rcvohl_y_’z nonRamMorphiC gimple R-madoled

namely ©*(0) oaand (0)>C




Weibel

LLB.L shaciithay:TEAE Vcomp\cxcn (eI
I, ¢, 1o exact

2. Hh(C.) =0 Vn

3. 0.—C. 104 Quadzhoraor phiom

(N=3(2) Assume. L 12 cxack i

d
2 Cn da_, Ch-1— ... 0 exact

Jda .= Cea:

Thea Vmdnri= Werdn W

Butr Hn(CL))= lﬂc“d“ﬁmdru\ = heedn/y e da = O

- Hn((‘,-)"- O _¥n

()= (L) Assume. Hnlc)= 0 Vn

Then O= Hn(0~)= V‘Crdn’/lmdnﬂ ¥n

£\ Jo Kerda=imdner YN

 (, 19 exact

(2)=5(3) Assume Hn(C.)=0O ¥n

| Coanoidee Q,—C, -

Q.8 = 0——O — O
L L
c-" -A.._"'""‘Cﬂﬂ‘—“—' Cn’—_'—"cﬁ-t"‘”—"u-

Takina homologyv.we have
3 g7

iHnLO.)'- o) N O) =0 — ..
I ! | l
AR PN 70 I Q——09 O s

once HolC.)=0 ¥n

L The .nduced ma_p__\j.gl.Q_)__Q_Q.(' Wp-b—;?-l-———‘{ﬂ——~' L)

2 O0.—C. 19 a guadi-toomorphiom :
(AN=(2) Assurme O.—C. 10 a quadi=1gorne phram

Then  Hn(e) T Hn(0)20 Vn

O

% S HAL) =0 Vn
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ahow that the Adirect surm cOMMACY with }\Gmo\ner}z.

Foreach o, Conalder the cCompicx:

ar_d@t' a0 de -
o Ac — Ac < A':':
And the dicect .:)Um:
nr A =
3 oAl e a1 S — PAT

I
whete dn ""@dc

Defime D:HA(BAD)— BHn(AL) 3 Olloe) )= (G2)

e e | — i ——— —

And Vi ®HAAD) — Ha(®Ac) 3 Y(ad) = (a&)

Mow._ (ae)=(ae’) \£€ (0= (0ae)= 0 1ff (0e-08D= O

166 (0e-ae)elmd 166 (ac-ae’ )= d{be))= (de(be))

L€ qe-—ac’= delbe) €lmde Yo 1FF ae—0c’ = O Ve

1€ (oe—ae )=(D) 1f (ac)= (a<’)

0 @ 19 welldefined homomorphiom of abetian q TOUP /Yy
And +he nsame araument ceveraed aivea that Y 1a

wvelldefined homo mpmhiom nf abellan qrpupd

119 oo ciear that PY=1-= \{/(b

L HA(®AD) 2 ® Hn(AE)

¢




L3 Ll let C)—-—*A."’i—’a. J Lo ~ O be a SES of complexes,
Jhow that if two 0f the compiexen are exact then S0
19 +he third.
From the. aiven SES LDL(IfA- the LES:
sl Ry Sl ugl@ HA (B9 e (e )2 Hao (A )—.
WLOG gdoume. that A B. arc exact
Then Ha(A)=Ha(§)=0 ¥n
50 for cach n ; H“(Q)Hn(c: 5——'—'0 10 exact
Then O*\mHn(cﬂ hee §°
Bot 8" 15 the O- map 50 Hn(C.) = Kerf" =
S Hh(e =0 ¥n
GO e Gl
()
- LU L} o, Showthat exact bounded below complexen of free
Remodulea are always apht exact 1
et o o —— G5 42 ¢, - Co ‘O ke exack b
with each Cé o $vee R-modole
dhow that O—— 2.~ Cn 20 B ——— O Spihh o ¥n7l
Peoceed by nductflion on n! .
We Rove AES: 00— Kerdje—a 0, —— Co—— O which
:oprec\oc.l;, e SES! O Ei et~y el * Bo— O
And (o129 o free rmaadute }\rnu’, Ca 1D pc‘o:\rCC'hvc/
Thoo the pequente ODM:S -
Now aooume. O~—‘2n“-———4 Cn— Ba-1—— O oplits
Jince C. \dexact Zn = herdn T lradari= Bn
And oince The above gequence oputd , Zn 1o a cirect
<' sommand of Cn whick 1o free 3 "L

Hence Zn 10 pro]cc\'iv& 1o Bnio Drﬂ\cd“\vc,

Then the DES: O""""" Z"‘H = C i+ dm—' - B~ — O opf\\‘:)

dn

L. O———"Emc—"—*cr\*——‘“—'Bnﬂn——“O IoNtS ¥Ynuzi




J

L. 10 aput exact

| b, Show that an exact com;:LLc_x_O,ﬁftn\*'c!}r 3cﬁtrgﬁiﬁ6..c

abenan qroupd 19 Q\WQ}/O Ipht exact.

R dnti _d
[t Camvs b C_rua‘—"_' Ca—— Ca-ti———*... he e xact with

‘,_c';ch‘b_C_c'_a__ﬁm_tc.L)L,S_mcrmd free obelian groun

S0 eacb_(“,&_ta_g._i;mndym_,_and Z 10 o PID
hence eve ry 3 vomoduwle of Ce 19 o free madole

Connider 4he 8ES: O— Zn——Cn— Bn-1— O
Notethat Bn-1 £Cn- hence v iy frer

ki _b_");‘_l__Q_’D ro\% cchive
5 The acQuence aph¥d  foreoch n o

4 Co19 aput exact . Oﬁ

_Showthotif a compilex C. 13 sputexact then there 10
—ahometnpy cquivalence betwceen C. and He(C.) where
Ha# (C.) 19 the compiex of homaloSJ__C:J_. NCICR R

dince C.109pntexackt, each Q—ZnS——Cn—"""0n,—"0

opnto, thua Cn2Za® Bn-1 = BnR®Bn-t by exactneod
And the differentialo are dniCe—Cna> dn(bn,bn-t) = (bne, O

Define Sn: Ch— Criey BSh(bf\;bn-!): (Olbn)

dnr\ dn Cn—|

2.

—— Coari— Cn-
- ,\, v
l ?(\' lcn L ‘5/‘\ t

o N . rd
v dnet c‘h‘_/ da

E— oy VN s O ——— L.

Then (\C\n&-l Sn_t__Sn:_l_O_\ny( bn‘,,bn-_.-_n) = dn+i(Sn (bﬁlb""))" Sn- (dn(bn.‘iq

= df\);,;(.Q,\ br‘) P S ( ba-, 9) = “DNO) ,‘:.,(..Q‘,LO;Q;);LQQLanJ*_

Y AneiSntSnadn=dca o O
e iChg O

And oince Hn(C)= 0 ¥n  Luae)® O where the homotop
19.the O-map , hence therea a .tho_to_p_)z_e_q_uLv_aJ,:DLc




__2.3+1..Le,i:ﬁm£_ﬁcm_th@m-,sn\%echve, R-module.
let OFLER andlilet §:T—R
Then __’I_‘-‘_{_;l ) forsome dim
Thoys 5 d =0 0 Z/fm ng = Hd)=0 1n B4 E
s .
Hence m| o $0@) = 1| 36 = 4)§c3)

Define %_R-'—"Q 3 aq(l)= i‘{’-;CQ

A R
—

Then _we hove the followina dlge)ram
@ Fanmalli B AS =R

5‘1 _-" A
il J
R e 1
And-o(d)= a(d-T)=da@)= T =L . £@3)
J J J
ale=%

L Ris an injective R-modole b}, Baer's ecifenon

24.2)

f U R_3—6C6 isan cxact functor ohow that U(leF )2 Lé(U.F/]'

Vote that LeF(A)= He (FIP)) where P.— A 13 orp&c_cj:_\_fg__;

rego lvfion

So W (LEF(AY)= u(Ha(FCP-D)

And le(UE)= He(W(F(PH))

But F(P.) 124 complex  201f o0 ffices tp ahow that

cxact funciora peedcove the homoloqy of a complex

let C. be a complex and show +hat U(He(cn) 2 Hc(u(m)

drw =
Ay n C o

tldanl

Conaidee L.~ Cnsi——0 Cn e
And U(L.)' .—“'UCCnrl —— (Ch)u

WU Cam) — .

Firaf show that (4 preoceved kerntla

let a: B3—C -
N

c
Then we get the cxact scquence i O— kerqe— B—2-

J
dmc_L.LLm_c_La.c.L,.._O‘—‘*—U(V\_CL@‘::T WB)‘—JL@"‘UCC) 1o exact
Hence LAthr9)§ Ker \k(g) ‘

Alo0 9how that Uprcatrvﬁo toWernel s




Q)

let $1A—3

e
Then e got the exacr orquence : A RB — Caker§ —— O

B;LLamcc_\A ‘a_eAacL,_uL)_Lifz_LLB)—-—* Ulconerf)——O

10 e x et

L U(coter$) & coeruld)

hnally ghow fhat U preoecves ) mageo
leb q B e A

' g
Thcn we gef the dt's o-——*%crqf———aa——‘lm ~— 0

Bour W o cxcu_r iy O —— UU\C“Q)’-‘“‘U(B)——LL\_LLM%L__G
13 _exack . hencec u(q) 19 DUf\%QC"ﬁVO
,;L&il_rn.oa' I ulq)

Naw since. W(C.) 13 acomp) S:

O— tm U (der)e— Ker U(de)— He(U(e))— O

Thoa He( Ule))2 corer [imul dcfl)ﬁ——‘vﬁtl‘u‘d'ﬂ) f_)_
= OoVwcr(LL(\mch) u(ﬂ » U (e rdce 3) k

where,  O— lmdér ——— Kerde —— He (¢ )—— O 15

a SES siace C. 19 o complex
_ecan do thia dince U presCoved Kernel s and \maged
_Bout U aloa preocives copmerneta, so Helu(eH)= U Uleonere)

2 u(Hel C-\)_

A He(u(e N2 Uu(H(e)) Yeormmplexes C.

e (U (FeY) 2 u(He (FPY))
e EAN 2 e (WELAY) YA
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Juppase that Riga cormmatative domain with ficid of
fractiana F. Show that T'or% ( F1g1 B) 1o the themon

aubmodule. 3\368) 3Ir40 3 rb_—;o'f of [} for cvc.r‘,y R-modole

2.

let B be an R-vnodule,

~ TT
We have the 5ES: 60— Re——F - F/lR—— 0

Thcn(.uc qct Yo e S

W TorR (F8)— TorR (e, B8) 2 RO BEZE Fg B— .

Firaot note that awince. Fia a 'Fla.\- R~ n\odule, 'rm-. (rB)=0

o e have that O— Tor, ( /R,‘3) 9‘9 13 \ac;cao‘\'r
hence § 10 Injechve

T'or? ( Y/r, B\g R | nd = here® 4 by exact neod

Bot REB2EB g0 Merk® )2 erY whece ¥: B—FR B

>Y(L):- T@b

-
50 Yik)=Q 1fe T®b=0 16 T oekb=0 vr ff

= ® rb=0 & 3Fr:o 3rb=0

LAery= %beB\':\r:#o 3rb= O}

S Tor(F/R,B)E SbeB|qr+0 3 rb=0¢




_Firsrshow that TFAE

| ) F flat B-modole
D TorR (Fix)= 6 ¥nzl ¥R-modolco X

_Showthatr ¥ o—A—8B C Q12 exackt and
both Band C arec £lat then Ao _aloo flat.

—y—

(3) Tot“;z (FiX)= 0 YR-modulca X

(N=(2) Assume F flatr

Lo X béoan Romnodd e e

Then Toral(FX) = Hr\(F%P-) where Po— X 15 o
projeciave feaolofNon

Jo P, 15 exact, hence FR P 15 exack vy :L _since Fis

Fiat - -

'Hq(FQP) O ¥n7l - ,_ ___._O_
Torn(F\X'\ o Vnzl

t:HLa) Aaﬂumr Tor.\ (Fx)=0 Ynzl VX

Then Tor, (FIX) O N 07, VoA

(20D Ascoume TQF‘\Q (FX)=0 ¥n7d \dx

lel 00— A—B - C — 0O SES

Then we act the LES: ,, — Toc} (F, )— FRA — F& B—Fac— O

\J
Bot then TorX(FiC)= 0 , 00 wenave the SES:

O—F@A—— FER—— F&C o

Now _Fro.rn_:tht«_g wen AES, we qerthe LEJ

..Bu_kiorzlc,!x) Toch (B.%X)=0 o2tncec BC flat

o F flat

To:-o (CIX)"_-'Tor\ (A‘IX)-_A lorR(fa Xﬁ"—‘_"t

P @ e T 5 r‘? (A X)y—— O D exachk

L TorR (AX)=0O  YX




. éuppooc thot M: F—M 1oany o.ur:lcc.hon where Fio fiattely

_gencrated and M 1o fimtely picoented. Use the onane.
Jemma to ohow that Kerd 19 ﬁniitiy. fscnera«tcd.,,,_ ,

Firok noye_thot since Mg ﬁhll’c\)«*¥Pr‘Lca-C.r\+td ‘H’\&rc 10 a

_SES: O— MKer¥Ye— R — ™ *O__with WerY
qu’rc,ly atntratcd

_And_gince F o F'IJ\L."CJy}SC"\_C_PQLﬁd. e Rm“""‘ F— O

e nave the EOILQ\_NlnS dxoﬂra_m

F-——-—'H O

[ . B — STz S SSLAT AR N s i —

ELNE S
2 ERD

| O\nc e Rfﬂ_,\ge’f;rscc_,;i:\*_Lo;ou.o;ompj:o:fj ective. 'l'h Vo 3 e R N F

3 ¥Y=M5

_And_aloo we bhave

\ Rm
Smce. R™ free, hence. prQ:chmvc,vE{Q RM—Rgo 3Yrs Yj
_Lonoider the sequence O~ RM™——=R™Me® R"*—“——'Q“a—'o

where h(x)=(x, - q(x\) and J(x.y) 3(&)*7

Note h inJccjnvc,)J ourJCC-th cumd*__%crj =drvhy, b
T‘nc dequtnce |0 txock

v,,Ihcmhwc: Nave +hf_..d_m_3 yam with exact rows -

o— R“"jb-* R™M® Rﬁ_L_._. RN—— 0O
O hert———F - Y n—0

finere A ) = TT(_J‘r:f(y) | -
fNote that W((xy))= \\’(g(x)ry_) \-?(r“(ﬂ)wk‘\((ﬂ
| And ‘*(m@_) w’(_(xnf(),)) NOTO) + V()

Hence the dicaraorm ¢ommure 9

o 3¥:RM—HKer? cor*nmuhhﬂ ’rhc dmaqr‘am




O

And b)’ the Inave Lemmma. , We 3t1'+hc e x act ocquence
O— peo g — V\crol—4H<r‘l’-——'COV\v.r‘G—-'co\Acrol———'cchr\{’——*O

Hence KerV—— conmer™ O 150 €XACE SINCE <X D

SUrScr 1ve.

Then oince e 12 ﬁn'\h:\;, %cncra&ccl N coner¥ v aldo

finurely acneraicd
3

But then e hove tht €xack Jequence .
R — Wor —— cokecy —— O

m y -
cath R™ fokec ﬁa_s_tcd_y_%_c_n_tj’_c&_ts.d-
L e 10 B f‘t.ly 3ﬂncrcﬂ cc‘

A.LH|

Ler e Aé:*——“Cé?{rbc, Q Fam'u\’y of mMmaps ‘N Ce. Show that

a. 1f TTAc and T Ce ,e-X\°+)—:\‘_°I: TWAg—— T Cc 3

Te = RefTe Ve, lf every 9¢ 19 momie, a01a 93...“.______0,

Conagider e follawina dicaram:

TTCe c
T "olé__
Fla, Ae
~ . T_""T-_’c
"TAc

Since. TTCE exiprg, Jla: TAL——TCc D Ted = e T by the

vMmveraal D@Dcrf\/ of products

Ao nadumc. rvrm Ac ja ™MOoNiIC

et A TrAG_‘_—‘T‘—Cc D Aer=T €

Then TMed€i=McadCa o Qe The €y = de e 2

~ ~ 2 S
RDut then Té€y* W€z diNce Re 12 Mmonil

Jo we have the d|aq?0.m

TAC. Ac - ,
\32 . (I

TT-C Ci

X A

RBotaince, WAcexiots 3 lgA—— T Ac commuoting thre.




diagram
J

And ey,€2 both comimuie +he ohq%ram yhence ©=C.=¢C2

R 13 manic

b. (£ DAc and BCC exior, I\ D Ac—— @ Ce 3 zode =axee Ve

1 every R 13 anecpr, 50 104,
7 —

Ac —25 @ Ac
o\;l J,’
Ce 3l
ze | -
'_ 7/
DCc” -

Jince ® Ac exioto, ':Uo\ B Ac— DCE D Tede = e Ve

Ey the umveroal propc,ﬁ—y of c:o?rvducfs

NLo ) Qaaump ﬁvc_m °\c 10 CpI

Let DAC Dee - % D 2 9 = gaol

nd
Then ql Lede = dldCo = 32@1 Ce-™ q:!. Cco\c

And since R 1D ﬁP_]_ g|§g %2 Cc

Jo we have _I_bs._d.mg_r_am___

Ce—E—® B

g1 3//

D

Borsince BCE exvota, 3'.9 ‘@D Ce — D Comm()hr\3 the

diaarom

N)
And _ai,a2 hoth commuote the diaqram  hence ©=q.=92
(S EREN | Q) : JgJd

- S T ap;







>

Rotman (¥32)

2

2.5

 Give on examplc of a left R-modole M=38T having a
aubmodole N3 V# (0n3s) @ (0NT)

Take R=Z  M=2®Z N-{(zz)lzezisM
Note that NNS=0=N0NT since (Z,2)e Z~ZBQO 1 Z=0
SNFO=(NN)® (NAT)

letr O — A—ﬁc—“ R — C__T—"‘O =;c:;.,j_l':ﬁzof lQE.t..RHm-O.dO]t:S.
if M s any lcfE4 R-modOIC) prove thaot there arc exact
Sequenced O—ABM—PReM * C ‘O and

O— A— RBe M e M———O,

Dcﬁgbzg A M— Be ™ > f(am)= (ff‘%)_a_m)_..,é_nd,i
PBOM—— M 3 g(bm)=g)

: T'Hc.n
_ff a=0 and m=0 dsince §injechive

Fla,)=0 LB () )= (0, o) \FF '?(a) o and m=0
' V\cr:fN‘O

6’ 19 1 jec’nvc.
Lﬁf xe(C = %= 3(b)~ 3(b|m>

S 19 OOFJEChVC v S
Now et xElmE = x=3(am)= ($0)im) |

| _Hc.n

‘ \hﬁ
|-Finaly lef x¢€ V\C"a
J . Then K€ Kerq= m$ = b=F§a) = x= (fcaw,m) :F(olm)

=g (fa), m) = 9 (fa)) =0 by cxactneos
V\CI‘S

S("j 3(b|r~n)— (b)

! lﬁcrac o §

Aim§ = b_fx .
L 0 —— AGM—— D®M

SES

- c—o0

. !\)ouJ define f A—-—-—-'BGM = 5-(a)= (5(07 O) anc;

§:Bem — CeM 2 q(b,m)= (Scb),m)
Firot let xe€kerd = O=§(x)= ( $(x),0) = Efx} o




50 x€& V\trf =0

P‘scr‘E @)

8 §1nxc(:'hva
J
Dnm et (comlE COEM = (¢,m)= (q(b),m) q(b m)

s S 00('5( ciive — —
Letr (him)€ mnd = (o,m)-= ’5\‘( = (#a), O)

ll‘

Then 5(bim)s g (§a)0) = (glfan), 0)= (0,0)
\& ’R: J 7 7 J
A fh,m) € bCra

= <
2o lmt e Werg

J > =
Vow Jet (\mm)&\hcr‘% = O= q[‘o‘m)= (C(Cb% m) =

q(b) =0 and M=0 = behtra~ i f an¢m—0 =

b S-Ca) ar\och 0 = (bim) _(S;(oh 0)= f(a)eim ¥

g Kcrq cimdf

N ~
lm#f\/\trqu -
L A—— A~ B —— CeM—— O JES

O__

O_




FAIR

Prave that 1F £:H—1) 15 an R-modolc hamomnrphlbm

and KEM where Maioa Jeft R-modole with V\" V\cr“f)

‘l‘hc.h finducra an R-modolc homamd mh\pm f /V\——"\)

3 51M+y\) f(m)

I = Mz v Hmn My—mM2€KWE Kherd = Flon— mg)=o

So flrmn)- §(m32)=0 = f{m)= $lm2) = Flmirk) = § (marik)

£ :f 12 well defined

T(mirhe mati)- ;F(mwrmﬂﬂ Flenirma ) = f-Cmn)%-mez)

= L(mitIR)* f{m:.t-\r’w) w

atLr(wm) FlrmtK) = flem)= rElr)s r3naeK)

' 5_1:1 an_R-modole howo mm;pbmm e

\et A—i-‘B—-‘C be a vequence of R-modole maps.

_O 2,14,

Prove that QS' O 1F mte hc‘ca. Give an examgple. of

A0Ch a arauc_ncc +hat 1o nok e xack:

(=) Assume. that af=0

led xe Imf = ><=Uf(t/) = %m = 3(?60) =30 1

0 XS hc.r%
S imEs }‘\tra

(4") Ao ume. 'H'\al- lm$E V\t.t‘q

et xe A D fieimte thrg = q(?(x\) O D

,cﬁ @)
2 (@)
mOw canaider Z =1 —

lmm2=2Z anacd KerO=%F

Then 1m?2S kerO hotr kerO § Im?2

Adm2 F KRer O -

‘e The mqucnce, 1o not exact




@,

2. 1T

h
e o

A

B——-‘ C,—"——‘ D_—-—h-—' = 1g_;z~g&£r prove fixat 3SES:
O — coVyecs = A KerkR —— 0 where  {btimf)= q(lc

and B()=h(c)

letr brimfe Kera = O = ﬂi(“b—t‘irn%)

= o= fo)= b+imf=Fa)rim§ =1 = Ocomers

3(b} - be Aerg=im: Tnar

Y Kerat= 0O

. a 1D m\em‘wo

o Ao a_grjgc:r\u,

Jet dekerk=lmh = d=h(c)=B(c) eimgp

(b)) Mq(b)

=0 _b%cx.ac&:ac@ 3

;. ceher

Lt € her /B -

Now let ceher3= O= ﬁ(c) h(c)—*cveCrh \mq

O__

= e = q (b)= a(btim$) elma

V\tf‘@c | r ot

g = hetd

. The Jcquencc 12 exachk

b ———




R - _ o I =
-
O
= 2281 .L.Qz_t_R.hr,-o.m_!.n,te%_(‘_QLdmm.,w,tfb. factd of frachhona &
1£A s an R-modole , prove_that ey ery Element \n
Q@A haa the form q®a for C}EG‘ and ae A,
Let ezl(qcﬁa*:)fQE’A {
| Tren Z(qé®ac)- Z (s '—?@ “6067. A S
- 2 (= s?::é;i “er0e)
= Li. _E g.& -.85¢-19¢4..Sn i‘cac) 2N
- \%@( Z Sc <. 3¢~ |Sc1—1-_3n253c>
= s®a for oome e Q,acA
2.34. | Give an exam ple of a commutanve d Laa ram with exact
_Mr:o_ws_qnd_v.c.r_ncq.l,&m.qp6 IpoMmMorpnioms B T
_O ) AT A J’:L — A3 — Atf Af
Bi— B2—— B3 ~ By e R e
jxlAz,::i,Bﬁ oMM N q the diaaram,
b( ) R o S




@,

2.3F 1 Aasume :Hwarar';ng Rhao TBN 16 If RM2RYas left

R-modulc9 yrhen o= n. Prove thogt £ RT¥RM L‘Llfig,b\'
R-modules, then m=n,

Assume fhat RT 2 R™ g righnt R-omodoles

Then Homg(R™ R) 2 Home (RY,R) as left R-modoled

since rRr

Bot then RTZ2RYco Jleft R-modoleo T

em=n_amce R haa TRN o

3.2l lef R be a rming and (et O#S<F' where F o a frec raqh\‘

J
R-module . Prove that 1fF0e R 1s not a ruqhi- Zoro d\vnoor‘

then Saf 304,
E—

Juppooe that Sa=30%
Then _sa=0 ¥s5e3d =

And_awnce SFO J0+s€S 3 sa=-0O -

Bot F 19 free, ao F2®R

And SSF 55 <c@DR = o= D.re where riF 0 for come
A = a J

yownce 0F O

J

Then O=85a= Drea = ra=0 = awa rnght Zero dwioo o
* L S - J J

oInce r‘:‘ 0 4 il =
Contrtadchion - s ——

» SaF 3ot B .




3.5, | Prove thot every protechive, lefr R-modole P haa a free
complement 16 3F a free left R-maodole 3 POF 15 free.
Since Pia projechive Piaa dircet suramand of a free
module ;F' =
S0 F2 Pa X %roomc X
Thee'ia GBF— 15 frec oince Fio free
Then Po OF 2 Pef (xeP) Pe(xeP )0 (xoP)® ...

oy 1 2 [Pex)@ (P X)® ... =
= ®F which 12 ‘Fr{’_C
Ehaa a_free complemaent, ®F
A8. 1 let R= (g (?1) bec o rl'ﬁj . Prove that Rioteft nocﬁ"bcrnqn",

bor o nokt rnght noc thenon..

L—J 1= %)

g )Lr )=($r o)eT (Fol(dq)=lzo)eT

e IdR

Bour aloo we have 1-1 correspondenced predevy '“f‘_‘,

INClUN0 NG
? jeft DUbMOOUlCJ’ié___.,,g laFt 602}mod vieo
of /T oFr o = ==
g +1gh t gubmodulcd E‘.____... 5 right submoduicd §
A= of LTa of Qe

And R/T2ZxQ 03 rings
J

with SE§: O - I © — R—— R/T—1 O

o leT ateft noevhenon omnce a@ 19 nocthenan becavae

Q'3 afherd

And Rl 12 |eft hoc{'hcnan oince Z 1xa PID hence

nocthenan and @ 1o nottherian  , Yhos Z>Q o

noctherian

AR feft nocthenan N

Bot Q7 12 not find ety GJLcn;.,(‘.ai‘C.?l ,hence TR 13 not

ﬁn‘_\mLy_g:_Mund__ o




O

L Rianot r\qhk nocthecrian

. Rio awpo nof r;qht arfiman

JUPPO Je that RlO left arrinian

Then R/L pleft artimian jhence Zx@ 1o \cftatinian
|1 Z 13 left octionen N
Contracdlction sinceo (2)2 (42 ... doco not otabilvze

. Ria hot lef+ artinian

..Promc_tbn_t_i'\_oma(p Fﬂ:‘r%o?{ ) F P#O 12 Qa grobcchvo

lef+ R-madole.

Juppoac thak Homeg (P, R) o

Then o\m_upm_‘)_mg 3AF frce 3 F2 P X FDroomc)

And dince F 19 chc‘ F= ®R O_
wehave the 9ES* ._Q‘.—_"‘_P_”_4 P® X — X — O

Then since P 13__pm3:cﬁ¥c., Horm g (P ,__)..!.Q._;L.CL__L,_a_Q__
We g £ the SES: O— HormnalP,P)— Homg (P, P&X)— Homg (P, X)—!

But Home (P PeX) 2 Home(P,OR)T ® Homp (P,R)=B0=C

0. O— Homaea (P, PYy— O_-_'IO exact

Homnm e (D; P) = O

" P=0_ _becavoe if not 0 F 1p€ Homa(?.,?.)ﬁ
__Contradicrion Since PFO
', Homp (P,R)F O




(£) Prove th. of 1f a domain R 10 0 Q.LD.jL.C.ﬁ.\LLz_R_m_O doule

3.18.
then Ria aficid.
_Let O#reR o .
e Lonorder The Follo\nvlhs dtCLﬁram_L._ B s
, $
e R——— R
1 -
Rl = 33 =
R«

where F(a)=sr VseR

_Note_that § 19 an R-module homomarphiam and

seerf IFF Oo=Ff(3)=5r

Byt Ris an lnt-cgrcd dormatn , 90 9= Oup byt

L de§ = (e eNoe g e w -
LSEian \cc‘hvo ‘ X

| Then sance Rid an Injc___ ve R modole 33“12—--'83

9% = ir

so 1= g(8(1)=q(r) = rq(1)

R 19 a ﬁc,\cl

1= "fju 3(1];- dince R1d ¢commotabhve

) (CC) Prov,ciﬂxo'l' Z/oZ 1y both an tr\JCChVC and d pro )Cc'hvc. '

Z/6Z- modole. o

_Noate that Z/pz 2 7’-’/2253.2/32 e e
_And Z/Z'Z,Z/SZ are gimplc ?’oz ~Mhmodoles

. 22 10 a J,c‘mloImp_l_c‘j’gzdm}ggglbc

L E[Z 19 a 3tm 17 mple rinﬂ

!nparhcu\or, /07 10 both F\’DJC_C\"\VC. and u\j cctive,

Z/bZ ~ modvle. BN

o Evct}/ 2z~ moduole 19 bofth pro:',ccj'wc_,aad thc,c‘hVC‘Pzg ;




@,

(ééc) let Rhe anintraral dom