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homomoepblom 18 F:M=-N 3

) Slxry)= OOy Vxye™

laa,

ze) $(rx) =¥ §(X) YreR, Vxe M
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If whencver re it . trnen=0 wineceS. b€R = rn=,u=ra=0
130, Simpie: An R-moduie S#0 15 5‘mELE»,_L\Cim_O_m¥_SMb.deMJ.C_Q af S
_oce Sfand O N st o v g e e L B
_—lﬁlh_Jg.ﬁmnaix.nt_LM_LMt i el=
132.| Ende(M)=38:H->m| fhomomorghlom-i
o 133.| Tdempotent: An Mdermpmirnt element of EndalM) (o9 a homamocphiom
&, MM 3 P29 e Yof-4
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frano pose RSN L E sk
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1739 [AeO(n) = det A= T 1 )
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183, Aundany ¥ coluran20f A arfe ofrhonoomal wet standord hermingn
produck _ -
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| orthonormal wet the Soom 1e Vhas an ofthonoomal exgcnbaois
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_space with a peatnve defintte, symmetne Dinear foom

L TN N symmeme je TF=T =
| (2) 3enocthonpnal ergenbusi JorV

.,Lé.@._t:lgc nvalues of T are real
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. Q0%. _B_]_nl—g,_sml_d_nmain_% R wmreqral domain s

0%,

—a0%.
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Lieftideal 2 !

(1) T cloosed under mutholticahon

() 0eT

(3 aeT = -—aeT i

(u) (T, +) abelian group

(5).1 aubn ng

Qi

& R/T rin

{and 1: 13T & 1eR)

Reommutative = RIT cammutatives

al3.

Reommutatives £ing. RAeid<> opniyi1deals OF'QQ[Q (0)and R
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alq
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A3l Reommutanve,: M4R maxisnal = Mpeime =4
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a33. Reommutranve S SR mwlfhiplicative . On R*xS ¢ (a:9)~ (b ) &
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Q) IxyeR withd=axthy =l
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asy. | Ffieid @ FIX1PID fui,
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" 258, | RUFD. peR rreducible = p prime
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1) Ricft Noetherian .1
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3) Every nonempty sctof 1eft 1deals of Rhas o maxivmal element
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— 3G\ } helds S cuclideangdomains £ PP € Noethenan
262 RPID=> RUFD
~._&_(n,3~.hmm.k.m.m&._i;g.€ Rix] prmiivo < fa Qnminve
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Feomlanyx" rt 0o eSIx]. Fircductbie v 5ix] = Fieveducible
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M o
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S | some ASM 3 Ms=<8> nere ‘5:?%‘]“6‘\] SR
o 33F} Bintegral domauin, Fircc Ronvodule ofran¥ n =3 ooy dxl oC
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<p®"> 5 Uplni M)

mmm%m&m_amm&m cr o PID afCisomamphic
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' 19 rhe_companttd mainx of q‘x) B S SR e

L 389 T1,5:vV | Vime d\mtn._LQ.ncLl_g.vcr_F_,TFﬁE = W

: - Dy .S:qu_cw B ____»

2) FIx3-modules obtained from §,T are loomorphtc. &
3) 5,7 have same ratitoal canontceal form IO § A
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3)odd sciar muihpieof a row /column to another mw/colu mn

3$:aucncﬁofopcrcmmb s A"*Iu Uta... Q;\ where ¢y, Ut umits,

atjazj.. ]OJ.IGR:Hcld AMI."'O ¢;1

36t

%I~ /-\M[

368,

N FD"-‘/«x_-n“n vq,e.nczamf__eﬁ)cl‘c Foxd-moduieW =3

lﬂo ) Invanantfacinecs

iv, (T-:.'\L‘t_? Yok (T-AT) n—"”j basoOFW ovecF

_polynomial of Thaa prduct ofF naear gnh}no‘nlals

T Y2V inear véaintedimehaignal overE, 3B boasia of V.3 dhe
/| matnxof Twet B1ainJoedan Canealcal Form <=2 charactenshe

o tosed 2 every tineaf transformation has a

Z]'ordar\ Cavionical foom 1insome basis

A dmgcnnlmhl&ﬁmmmgjj_\(_mm_lnf_]_u_m_pmau cAof

diormnct monic ithear poly Nomials

37a.| Fheld = either chacF=0 o¢ Bnonmc 3 chatF=p s
333. | Eheld,chafF=0= pnme subftetdof ¥ |D\Dom0m\'\l(.']"0 d}l
334, | h:)>F nonzerp homomocphiom , kiEfieado=2 hinyechve
3%5. | FcE feid exyenaon = Evectacopace aver Fand [g: Fl=chmeE
J3e. | F e charfF =P =3 1fj=p"
— 3FF | parreducble with coefficients inFieid = Ik g fieick Exrens0n
RSP S UV [ (- ol 200 o 7 L ¥ S px) had a coot
. 378. ?Iwue ofdegice n dEK= =PV punrs root o€
oo o s A Ry KIx] = |, 45‘--1"‘”- bnalg of K ovecF o
_() 33 fra1sFa)
ES— §: o} £ % RPN algebmic over Faf@@=F1 and [F@): F] deqlﬂ(*u‘:)@
381, |FcE, d€E r:[a] = F(a)= 34 algebTatc over F




Q
383l Fepck = kel = [ ellE F] _
I93.{FcE finile = FCcE olgcbrmc - =
38Y.1Fcp, k=346 E | a algelbraic overF | D Keantams Fand (5 a
| SubSieido f E S
385 {@c Aalgebraic B
386. | FCE, @i, dn €E D F(sh,..,dn) 15 the composyitm of EE@),..., F(¥a)
| and Bty ..., Ra)= FC3a) (Bn) e =
387 {:c.g finite. = Fc B finvely genecated =
_..<3_8&_4< }: Sinireexrensions = Cek:E1s ¥ FILE:F] with equality <= o badis
U E:: of E or koverFid hngany mdepententover theother s
| 38q. LR/i\E v min)s1 =) TEK2Fl=mn -
e Joer -
_ 390, | FcE ammple extenoion= FC E fimie\y gencrated .
391, |Fficrd, Fe FLx3 nonconotant = 3 spurting fieidot 4
393. | E sputhng hew of J(x)eFIx1, o)., o roots of 310 ESE=Fix,. “"EOT
393, |[Espitthng Sredof F < FIx] = E= F(R) wheee R= s Wit
Rg= srooboF $inES : P
384 _}£ spumng Sieid over F Ea\gcbrmcovc"? b
: 395. | Every Famliy 3 € KIx) hao a opnithn c\d . |
346. | ANy two splitting Seldo of o Saenly FEKIx] arc 1o omecphic over
=
397. | Esputhng heid of 30 e KEXd and d.csj'-_n 5 rekdln!
—398. | Eveny ficid k hes analgebrae Closuce € unique vpto K wormogp hiom
399, | K field. TFAE: o —
1) u.msgbcm_a_b;_c_ocd S =
_|2) everny nonconatant Fe kIxl spnrsink .
o 3) KeFalgebrate = F=K — Bop ey
- 4oD. | -algebraic.closure. o EX 100 ophtih Da_ilmpl_ai_xlxlmu._& kiten .3
. 4ol k=¥ = kalgd)rmcmly cloded oo
H403. §FcE aigebate S 1E|s | FCx3] i
_HO3 Every aigebraically eioned fetd o infinike
_Hou | Gfunte abenan Group, TFAR: S |



|)C7haoac,ychc. :)ylow p- sul:qmup Vp prime. 3 pliG)

2) Geyclhic

3)¥pame p 2 pllG], &

huda Lnique aubsmupol‘- ordcrp

Fhad, G finite subgroup of ru rhpicatve geou F*=F*30% = Geyclic

—Ho/. |

_U40G.|Ffinite Tield B Freyelie
407 | Ffinde fioid  xeF = X=X =
HOB, | KCE finile, E=K(x) Focrsome A€E S 3 finttely many inte cencdiaohe Sields
HO9. | K perfeck 3 every Finite extension \asumples ..
110, | KcF algebraiC TFAE ! = e

J
1) E dplithng Ficld o F gome Jumily T kl'.x'l

2) Every wreduubte- pPoty nomtal §(x) € KIx] hcwmq a foot n E :me-s

IhE 1e. KCE normal

_|3) Every X-embedding o E—E maps Etok

4) Eveny K- 13omorphiom ot E—E MapoEtLo €

—C/; yll, |Ke . KecEn = g-held of apolynomial §ekix)

419, | keFCcE  KcE algebralc & FCEaigebraic and K<Falgebraic

413, |FckE, Eoohrhnaj‘\ttd of FEFIxT, FIx)= e{x~a)N | (k- ‘“) "t e doninct

i E, :Focparable.@ ny=..=Ne=l .. Lo ol

iy | (5+g)7=§7+9”, (c§)/=c8’ VeeF, (59)'= q+3’3 =
—“Jlﬁh_f_ﬁu_hm__q_mmno\ﬁ £00F 410 20mME ex Nl hc\d <—-> Ay cg._s,o
... _tarcotob ¥’

W1Q. Fxnamblcéﬂb gcd( %, =1 ,n FLx]

4iF, | charE=0, te FIx)irrcducible = fseparable .

4(8. lehace=0, Fc Emsgb gg—)EcEﬁ;pgrublc L "
__ﬁﬂ;_fiﬁm_ﬁﬂwnm_lﬂiﬂjphmnﬁﬁmd i

430 | KeFcE . B/e geparable <= E/F and i separabie —_ )

Fheid JFeFix1 inoeparabie = chacf = p20 and Finfintte

_Qxcm_:ﬁmm fieid oc hmduﬂr,har QO ,every poly nomial i icagmb\_n

Lal,
e HAA]
. M@,
L/ Hay

tharF=0 , Emmnghmdai:zw;ie‘:
Fix(H) v aaubfield ot E

FCcE D Fec Fix(Gal (B/e))




;.fLH] Fix(H), q(K)-Go.I(_E/K) >

nyreX, e q(f(H))

DyKRe F, lA:jLS_LLA_).)

13) MisH2e X = $(n,) S5 0r)
M) Kiy2e F = gLra)é g(i)

Fl-tnda!!lgl!g .‘H‘\COTCn'! OG GQ'O\D Thcom E/F 60[0,0 ex ttno On with
Galmo_ngo G =

NIH-F and K S~ }S afe bycchon2 , 1nveroe foeach oyher
2) gUO=H=) [E: ¥ =14] and D¥'F1=1G:H)

3)ql)=H 0€G = g(oik)) HY=¢ 'Ho

Then H 96 < ¥/F 15 a Galoys exrension
In o cane Gat (%)= ©/n

O




Algebra Preliminary Examination, August 22, 2005

Score:

Print name:
Show your work, provide all necessary proofs and counterexam-

ples. There are 10 problems on 20 pages worth the total of 100 points.

Check that you have a complete exam.
1. (a) (5 points) How many elements of order 6 are there in the symmetric

Number/Size

group 577
Domnonftyc_lcTyPe Reprcoentative _“erder *_l SR
. | 123U563) 7 | -
Grl (13345 ) G "[;)5!:?IQD=QL{O

5+2 (12345) (0¥) lem(5,2)= 1O

Stlrt (12345) 5

:*3 (1234)(56%) fom (43) = 12

ar
qu Lii (1334) (50) I
S L234) .
v
O e (123)(450) lem(3.3)= 3
h—— e ——

TSRS ((“;;)((::))(m) lem(3:2)= 6 X3)al=35¢2:¢0

3rivicle] (123) lem(3:2) =G (i)al= o

araravi 2 T

= : l:'llpi (laxa‘-l)(f)(l) lewa(2,2) = 2

(1R)(31) -
Arlevlvlielv] (13) lem(z2,2) =2
Leleloletvlel ) 2 |
L

"“There arc 84H0+GOo t®@0 =900 cicmentaofborder G 1in ©3

X
lF]o

— —— — -
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1. (continued)
(b) (5 points) How
order 67

by (w) thereare 3 conjugacy ClodS€d 1N 3% cono1o g of
clements ot Order @

IFf They have

many conjugacy classes in S7 consist of elements of

Since 1IN Sn elemento are cony ugake
NE daMme cyc(cﬁ-ypc

O



@

2. (10 points) Show that a group of order 48 cannot be simple.
(Gl 4= 24.3
Then Nalb) =i (mod3) and divides ib
So nzlo)= ‘)?)Hl 8: 10

A N3Ce)=hi, il
And N 2(6) S 1(mod2) and dwvides 3
SoNa2(6) = 13
) PeSy23(G)

Now suppaoe that N3LG)=4 ogndltt

Then 160:NGIPY =Y

Constder achon of G on ©/he(P)

Then we have homomorphiom M6 o/, 2 Sy
I is mjechve jihen ML)} =48

But aloo $lo)s Sy = W) uY = 2M
But YB42Y

»¥ notimjechve

A Rerd #3143

Butalso Kerf+ G omce acnonofGon S/no6ee) 1o nortTivial
oince Ne(PY#+ G

M G has a nontrivial, Pmpcr nocmal Suda rouP, nqt‘hel\l mery

A G notSimple

So agsume that N3LO) =1k and n26)=3

Let P,P’e 3\/&3(.(7)
Then IPAP/I= 13 Bylagrange Sice POP!< PP’

Jo PNP/= 315 or P=F' .
Then G hao o Cytiic IUbgroupo of order 3 each having
elcrmentio of order 3
Thatio 16°2=32 elementS
And lct @, Q7€ Sy22(6) '
Then lQuarl= 1@ Hia - 1en@t = 31-1anar|

But 10 Q\|IG bylagrange but Q¥ G'= IQNQH +10
o 1QNQ’1¢Q

Then |QUGY | = 32-1&RAQ' = 33-8 =24

sowe Nave 32+ 24 = S ejermentd

Cootradietion omece 1GI=4YQ
“Atlecot one 0F N3l0), N2(6) Muot be 1

Then 6 hao avnique 9y fow 3or 2- subgroup
A G hao a nocral noatrivial,proper gubtaroup
A G nhotoimple




(com.inued)
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3. Let G be a finite group with subgroups H, K < G. Consider the

restriction to K of the left action of G on the left cosets of H
(a) (4 points) Show that the stabilizer in K of the coset H =

in G.
1H is ANK.

The srabitizer MY o¥ Hlo KH: ?hek‘h,H: H%

=Irek|RH=H]
=TheX|\RENH S
= HOK

(b) (3 points) Show that K : H NK)<{G: H|

Noiethat \OH\K\= \K: KHl b\/ Orbit Stablizer Thr

= |k:Hak| by (a)
And ‘OH\K\‘- \OH\=\6‘-GH\ Againby 0
Angd CJH“—'%%GG\%'H:HS:S)SQ:(J\SH
So lonlklejonl=166nl\= )G H
L1k okl s 16 R

cot S\»Q,b\\\'tel"‘
-} - Jqeblget

{=n
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3. {continued)
(c) Conclude [G: HNK) < [G: H][G: K].

l6:Hak = {6k | k: nak| € 16 k|6 H] by (k)
A6 HAKL £ 16:K11G+ R

o
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4. Let A be a real, symmetric m x m matrix.
(a) (5 points) Show that the eigenvalues of A are real.

Let vbe elaenmveetnrof A assoaated With ege
N val A
Trcn AvorY JTHrEmE

Censder (Vv*AV)* = yxp+y = V*ATV = VFATY since A re |
L

VR*A v since Adymmettic

(V"Av)“‘:v-r/:\v
So (W¥AV)*=vtAVS (AVIV)T=AVTY D Aviy=AvTy
AA= A
“hreal
s Theegenvalueo of A are reql




4. (continued)
(b) (5 points) Show that eigenvectors corresponding to distinct eigenval-

ues are orthogonal.

Let Ay, A2 be dishinct exqgenvaiues
Andiet vyva be ther corcegponding ewaenvcmo ()

Then ohow Vvy*Va = 0O
AVitva= Avit Va = A(v,'va)

Rutoince Asymmetmic, Avieva = (Avi)TVa= viTATy,= ViV AVa
= Vi*Avag

So Avi'va=Vvi*Ava = v,* AaVa = Aa(vy'Va)

z )\x(\l\‘\fn) ‘:)\Q(V\'VQ)
s /\I(V"VQ)_ A‘Q(\!\'Yg): O
. (A‘*’\l)(\l-'\la):o
Bui M—XAa# 0 ance AnArdidting
so Yy'Va=0 O

SNy V2 Qf"rhoSO(\al
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5. Let Cjo.n) be the real vector space of continuous real-valued functions
defined on the closed interval [0,#], and let V be the subspace of Clo.n)
spanned by the linearly independent functions 1, cost, sin ¢, cos? ¢, and sin 2t.

For all f,g € V consider the expression B(f,g) = fo"(t + 1) f(t)g(t)dt.
(a) {2 points) Prove that B(f,g) is a bilinear form on V; first define a

bilinear form.
Let V be a vectoropace OVerF, A biulincar formon V ioafunchon

Jivxv=F 3 (v,w)— ﬁ(‘4'1\’”*) and

1) S(Vn‘va)w)= Flviyw)y 3'(\‘3-"")) &(V)WWW‘A)‘-' Flvyw)r Fv,wa)

) Fev,w) = cFviw) ;) Fivyen)= cdiviw) vy, W,ViyVa Wi, Wa€ V,cef

B(§ird2,9)= §8 (L+)E(0)+ S2(x))gthat = I (t+1){ Suibrgle) + Fate)glty)elt
= 15 e+ ) ()AL Sg(tﬂ):?z(t)a tt)dt=- 8 34,3)1’3(31.9)

Siatanly B(3,q1¥g2)= BlSig0t B($H1ga)

And B(ediq)= §B it cdiblgtidt - ¢ ST (e Sleiglt)at =cBF1g)

Similany 6(5.03)= &B(}:g)
B(ha) bihncar Jocmon V

(b) (2 points) Give the definition of a symmetric bilinear form. Is B(f, g)
symmetric?
A bn\near E.orm 1S Svmmc‘i‘r\-c \'j' &{V1W)= &(W'V) V YINE V

clearny B(:?.a): 5(3‘5‘) ValeV
.~ 6{5,3) §ymmetnc
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5. (continued)

(c) (3 points) Give the definition of a positive definite real quadratic form
and determine whether the quadratic form associated to B(f, g) is positive
definite.

The quadrahc form aasociattd to QA oy mmetric buinear
Form <-1-2 on V over F 10 the funchon q-'v—*]:
3 q(v)f<vlv>. o 13 Pooive definite | a}(v):o W v=0
q($)= B(§F)= 18 (eri)F2(v)1dt
Note Since %= 0 | [TrrNifztidt=o
So B e+ §2t)dt =0  (E+DF2(L)=0 Hf t=-lor §3G)=0
Put te 1o, ] so i §2)=0 ff §-0
L B(5,$)>0 and BIRF)=0:ff =0

2. 8(5,5‘) poorihve definlte

(d) (3 points) Is there a basis e),...,em for V, for some m > 0, with
respect to which the m x m identity matrix I, is the matrix of B(f,g)?

@



O
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6. (10 points) Find all possible Jordan normal forms of a complex m x m
matrix A with the characteristic polynomial (z2 + 3)%(z + 5)! if the matrix

A + 5], is of rank 7. No proof is needed.
rank(AsET) = 7 = nwiliry (A+5T) = |

00 the JCF hao 1 Jordan blok of si1ze U Sor
e eigenvalye - §
So m(x):(xifa)a{xrs)‘{ or Mmix)= (K2*3)(x*5)q

And the nv
avanant Sacioro orc (x2r3)2(x o) or [(x2+3),(xZ2+3)(x+L)

AHL9CF s . 3o —
S O
W3 o
! —ci3 or
oo
O ©o
50
J
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7. (a) (7 points) Prove that the kernel of the homomorphism

& : C[z,y) — C[t] of polynomial rings given by ¢(z) = t? and ¢(y) = 3 is
the principal ideal generated by the polynomial y? — z3.

merd= Tﬁfxnj)e Clxyl | O(30xy))= Om{tﬂ
Show I-(grd):<lja_x3>
Let fecyr-x3> = Fxy)= ) (Y2~ %2) o
Then ®5xy) =p(amiy?-=2)) = dleenoy)- By = dreen (-t
. feker@
Y2-x3> ¢ hecd
Let §eKerd = OIfxy)) =0
6o Cb(czjqc,;xtyl%o = %¢(Oe,dxz)¢(yj)=o
j C%OC‘J taé-tej:o % chQé}JtQéf‘3\]: o
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7. (continued)
(b) (3 points) Determine the image of ¢ explicitly.

By (@) Im &=} %qc,jta”:";l | aeie ]
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8. (a) (2 points) Give the definition of an integral domain.

Keommutanve Vm@ 16 an m-}-ggra\ daovmain
If 1t hao no Zeco owisors, e 1f abeR 3 ab=0

then a=0 of b=0

{(b) (2 points) Give the definition of the characteristic of a nonntrivial

commutative ring.
The thoractertotic o f R 19The o mMmalles t INTT

3nL=0. If no suchnextofd then t’hcrmg
has characdenonc O.

gcrn
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8. (continued)
(c) (3 points) Is there an integral domain of characteristic 6? Explain.

Let R \Drcg(‘aldorna\n
Juppooe ¢harR=(

@' l=0= (2:3)-1=0 =) (2:1)(3'1)=0

= 21=0 or 3:1=0 Swince R \m‘egraldomam
But tho contradicto ™wimaiity of G

i 3( lntcgrql dovma inof thar®

(d) (3 points) Is there an integral domain with 12 elements? Explain.
Juppooe R mhcarq,l domamn with 12 elements
Then R Sield ance R fiintre

Bat 12273 ¥ P“ $or p pPMc,; N70

contracitciton
x 5’7’%!0%9“@\ daomnoun of occler 12

O
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9. Determine the irreducible polynomial for 3 = v2 + /7 over each of

the following fields.
() (3 points) Q(v/7).

x={a+{F
A={F =12
(x=¥3)2= {37
AZ-2aFx+F =2
A2~ QT x+5: 0
And BIFe@URF) S atalg e Qs (F) =) e QUEF)
=D 3F+IEC QUG eF) D NI CD(T{F) = (Te ©(F +{F)
raeiE T
~ROGEF) = QE,33)
And we have FXXNEED)
gﬁccﬂ(m)) Bsarb® abe@ =3 2= a2+2ub{T +Fb2
G = 9:;9_;_&?3"_{)_"@@ 'mpoootble
%o Irelld, @(r3) = x2-2 = [QWE.F): Q)] -2
" [@(ﬁ?ﬁ)o’d)(@ﬂ:’l and so \rr(sfirf‘%,@(ﬁ)):xa_ﬂ—; 5
(b) (3 points) Q(v14). o

O)

Nate that irr (7, @)~ x*-2 S [QUE: Q=2

Q(7,%)
Y\ T\'\en 1@(61{7): ( ] =l{
©(E) QT GWF)  Andter (fin, @)= x*-14 = [QUR): @=2
N fleEE): @ ()= 2
2
Q do XQ(Cirﬁ):@({“;)]__g
A= yar{g
»2= 4y 3014y

x2~-afg-q4=0
SAre(FHF, @) = x3-20u -9
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9. (continued)
(c) (4 points) Q.
x={asg
X3 =a4a

x?-q
= (g

2
(Lm0

URTIN -1 A
AT TENe)

XH-18x%+35=0
Note that by rahonal root\-to\’,on\ypooolblc rooto are ¥, 15,5295
And none of ¥hcoe ocerootd
4 x4 -18x2 25 hao no rooio in @
Juppose x4 -18x?+23 = (x’«ax+b)(x2rcx1—d),Onb\c!dco .
= x“r(01c)x3t(qcsbrd)x7 +(ad1bc)x,fbd

THen atc =0 =) CE=IE O
acipid= 1% = a2=1drb+d

adtbe= O 2 a(d-b)=0O = a0 or d-b=0O

bel: a5 3 d: \
A -1@ruly
\f azo)md:-n%%boa—g’:,.g:-;b%tgbras:o-%b- Brilt ¢ @
~a%0
00 c\:b
cdsbstd

fd:b=5, then 02:29 wapodoaible
If d:b=-5 then 0?=8 Impodstoic
WM -{8x? 4125 irceducible ovel QR

Slre (8447, Gﬂfx"\—\sz a5
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10. Let ¢ = .

(a) (5 points) Prove that K = Q(C) is a splitting field for the polynomial
z% - 1 over Q and determine the degree [K : Q]. Use the fact that for a
prime p, the cyclotomic polynomial zP~! + zP~2 4 ... 4+ £ + 1 is irreducible

over Q. _
1+ .
Notethat +herooto of x5—\ are f Jor 052« §
And the opllﬁ‘lhg Freld of x5-1 10 the omaiiedt extension
of G tontaining cach of +he above roots _
¥ %3 - fely V=T
Then h=®(C) bonmn& fietad For othcCe S

and @(S)c Q@ (§9) ve

And Lh:Q)=dis)=y
SR @Y= Y
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10. (continued)

(b) (5 points) Determine the Galois group G(K/Q) explicitly and up to
isomorphism.

Let o€ Gol,(Kj@)

Then 0(@): Cc For Sorne O<c< 5

5o wehave Ov:l, 02t §6% 0687 oy: (—CY
-'-Ga\[l/\/@)g Cy

O



Let q be a qtnt:“a‘\'ol‘ of G since Geyeho

e

Then Iq l %cd(lsl,[lzgcd(g.cl Vr-l_, )G ———
We worﬁ-'?'o Findeach clermarnt o f order @ 18 wewani each < lerment

a" ¥ aqed(w,r)= L
J J

S0 +he qeneratory 0f G are q,q'5
J = N |

. 6 hao 2aentrators
N

b. Anagwer thevamec auenilion dor cyclic Sroupb of order 548,_00d 10

1612 S and % 3c.ne.rcﬂ‘oi‘

Thegencratoro are 7 9 ded(S:i0) =4 e a,9% g3, g"
! J = Ch ol e el

S Ghoo ec.ncrafors
If 161=® and g generaior

The qancrodoro arcq 3ch(8|r) Lie a,g% q% q?

o J

. 6haa ¥ qencrato rd

1F101=10 and q gqenerafor

r )= 3 9% 51
The generaio e are g Sscd(*ol 221 1c s WA S AP - FAPRE) SRy LN Y

LG hao chcrcm)ra

- — <

C.Howmany clementd of aeyche groupof ordern are Stncramb :

of G2

F 16~ and q getnetaioc

The %cntroch)t:b are S > occl(mr) i
. @ hao (b(n) qcncrccl‘ors

253

O et .66 peagrevpioomorphiom. Prove 1hat X' 19 also
- antoomorphiom.
i\__. / Q!tarl\; Since ¥ bljeﬂ'l\lb 5 1 also bjjc.chvo

50 ohow ¥ Nompraorphi Do

Lc.f XijC GI
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gince M sufjecive 101be G 3 x=Ste) and y = Plb) > a=‘l°"(x),b=‘f"(?,

Then ¥ (xy) =" (9 () ) = T (Viab) = ak = ') ¥'y)

\?-' }'\O\‘\\_ oerp ngwn

+ M 1somorphiom

10, 1 Prove that : GLaOR) D GLa (iR) 3 M(A)= (A7) ' 15 cn a utoraor phi oM
Let ABEGLnIR)
Then H(AR): ((AB)T)™" = (BTAT)™ - (AT)'(@T) "= $(AYY (B)
. hemowmarphiam
R [0 0 T 1 . o 1 = L — =
Taen (AT)'=(BT) ' AT- BT = A-@
.‘.‘?m\)c chive
Let Ae Gln (1R)
Then A:[((A™)T)) ' = M ((A)T)
B ‘?auchcﬁvo O
A M autororphiom
L2
N f.to._\u'__tha.LZLh) o0 normal subgroup of G
Let o ;Qe 3_1((:_)__%_@;;__&}__6
Thc,n 3"23\’\ Q q%h Since 7€ ZC0)
. zhi Hz_=_h_zﬂ<};} hq 2q
.'%"‘1%6 Z(6)
Lt 72CG)aq € 2C6B)
;CO) ho‘fma\ n G
3Q.flei ¥: 066" be asurjechve homomorphiom, e

0. Asgume that Groeyehe. Provethat Gincycelic

Geyclic = G6=<q” jocoome ge G

Nowlef 3;_(}’__ - = N (\_..2,’_

Jince ‘PQuQcchva q = (%) Jor scome xeG

But Geyelic = x-_& forsomeneZ




0 %l: \l’(a):‘{’(sn) =t|’{c5)}" gince Y homomorphiom

L G=x(a) > = e
~ Geycelic

b. Asoume thai & abelian. Prove that G/abelian,

Let aib€G’

since durjcchve o=M¥(x) and b=9(y) forsome Xy €6

Then cb=Y¥X)Piy) = (xy) since ¥ homomorphiom

=4 lyx) oince Gabelhan

=P (%)= ba

S~ Glabehan

235

Ja. Rrove thalihe celatnion xpon}u%a&- 'j:nxrl nNoa %roup Giloan :quatcnm

reiafion on G,

S xoy 1 3ges 3 Q_lxg“'y
i i £ ] \‘ 7

Nore VN refiexive dince |"'x 1= x

Let xay ™ g”'xazy doroome a€G = x=aY8™ = (@) 'ya ' Soroome o €6
S [ [\) ’ N i J N T d R

Jo yM X

SN SymmetTic

Finally let xvyand y~ Z

Then q"xq=j and ‘..;‘yl\=?. foroome gn'ﬂeG

Then Z= h'yh= \\"q"th s (3':-0":( g\'\

S XA

S drgnoviive

LM equivalence retation

b. Degeribe the cicmenko @ whooe conjugacy ¢lasa ¢onorot of a

alone

Then Vq"aE‘l:a, VgeG




10| let x€G 3 ixl=mand yeG' 3 lyl=n.Whotiothe order of Giy) in_

CLICI
Let f=1en (rin) = d=mp=nNg §or dome p.q_ei

L Thern Ouy)™ = ( ‘D.yQ) = (x™F m\")= (™), (y")*)~ (1, 1)
" l(wa\l»Q
Suppode 1 <R say Wkipdl=r

: Then rianor g common mulhiple of m,n

| WL0G suy Cnot aauihpleofea
Then (3, 1) = (xy) 7= (17, y") —
o x=1
Contradichion amnce rnot muittiple of m

, 2 |(X\\5)\=_\9‘-‘-_l e man) S

l Miac Lj—

o Cormpute Aut(o) fo r Qg (thocquaternion qrou p)
__Nort thad Q8 T% )7 oot ouffices to define where z, RN S T

to dererMmiine an aufro mocphi & m

Then we haye e=2%z7, 51 tR  3—a%e, Fg,tR

Now nore that t—g = 1 2 a YaeQg virce automomhioms

_jare mnyjechive

Arnd atoo f 'z—"’b\cnnd\‘-—’)»kl_,’thch é-}-%-h-h”‘"j kR—1 \Mpooalblt

oince (ki 11|

Sowe have G thotcea of wiheve foocng z anathen only Y

choicea of where To_dend 5 and cach ol thepe 1o clc crly an

_automorphiom

»JAut(G)Y) = Y= 2Y

A

A_"\_LOLI'ft—"cJ. Gz ¢ ?i—"h ‘AOWO‘Z([) o, (R) = 0’-(61) 01(5)0',(1)-1 =-R

But 020y ()= Uz(c)-'-‘"c

J
L AUt(0) non-Abehiar group oforder 74




.....

11,

let HEG. dhow that the doubie cooets H%H arethne leftrcoeets

%H fHo normcll,.huhf H 1o not noaaal then there 1o a

double cooet which propely containa aleft pomet

Asoume H normal and ohow HSH=%H VaeG

H%H'-‘- (% H )H 2.0Yc Hnormal

= aqH
J

~HaqH=qgH
) v
put tahe G633 aned H=~0)7

Note thal H not norma) amece Q HQ‘ (23)}'”23) ?1 “3)? ¢ H

.

And (23)hH=1023),(132)F while Hi23)H=3(23),(132) (123),(13)§

L (23)HE B (23




O




Arhin [

e

h t3

AFfind a bagig forthe space of m‘,mm;mc NXN Mmatneea.

Let Bc:} benxn mainx 2 bei=bie=] and atlotherentmes are O

J J
Thzn\cf33=§eﬂlczéi

Irnow that X3 1va vasis $or the opace above

Let gc:-,Bz']::O

PEv £ 2 ) | m—— —

Then 0O =2 (‘__c=o VC‘

~ 8 Wwnearly independent

Now let A be qa nurmmtTHr_ nxn modrfx

Then AT 50{181 otnce Ocf Qe
4 —d

~ A€opan 53 N
de zﬁ baOia iy =
34 .y
g :
__L_cmmmoml_&om@&mfmmmum_mmﬂd
{

brigisctn 02 1(AY.(3)

13 13 | ! F v q | ! Vo (-7
3ajlo "_‘O:A;LL‘S 1o 134 '_‘[ 3/y

EHR R EITEHTA R SR

-t V2] B =

& PE 3/ -y

(heth: Let v=(2|) 7

-\ \

[\;]5= B]-‘V= ;1312’ 2|

1/2
And PIv1e P[ﬂ"v~i';’f.,-?4:1[ LLJ L‘fa

2 PIvIg-[vlg

=P8 [3 4 -';/qz

id c,‘ncuj_%; of basio matnx from E te i

_Lr._ﬁ_and_ﬂ_b_nn:c.};&m Fog __m_m_jhar_tbr._hnnﬂr.uf Raoio mathx
Jrom B to B’ 1o P= [B'] [B]

let P e th cof x_from B to ﬁ’__.
Then P“]B* {V]nf Yyve EMsow

50 P[al"= 1B

L P=[BI'[e]""




(’A/x

S—

Mise

2.|ley Vbe avectorspace over an infimite Hield F. Prove that V.o
cot+heunion of finnel, many properoubopaced. -
Ssuppooe V=M VE where cackh Ve Properoubspaceot V and n=t
| a8 minimel Duth thaf_this equ ULt
Then V# UVe = ngj ;‘.-)LV"
| let ve Vn\:‘:j.v"‘ and w4 Vn
Desine - Jvttultce F_}__--__
o gince ud Vo, u®0
o And since Finfinite, Sinfinde I
We have 55\/2_9‘\/“ »
80 sorme Ve muor Contain infintiety elementy of 4
| Suppooe J anotherelement from & 1n Vn beorded v
Then dteF 3 vrtueVa o -
S50 tu=vVrtu—-v €Va = ue€Vn k):
P | ctenvradichion
;. Nn doco not contain Miinuely many elcment> of )
Then some Ve contaihy infinitely mMany elements of 5 Jorc<n
_ter vathu,vrtoue Ne @ Litts n
Butthen talvrtiu) =+ (vtiau) € Ve = (ta-t)VEVe
' ve Ve
| __Contradithum o1nce \(e\/n\:glvc .
| il .',_V_n,o_LumuggLi:l_ruELy_ any pioper du0apaced
; 7. | Let AeMn(R) Prove that 3it) potynormal nwhich hda Aas a root.

Notethat by the Cayley-Hamufon theorem ¢ (x) the charactenshe

polynomial of A annihilakes A
aclAY=0

s Jelx) polynomial hav ing Aad a root




( J (‘,hap?'tr‘-{

Prove that rankK(AY=rank(AT) where Ae Maxn (F)

rankK(AT)= dim( Lol AT)) = ¥ baoio vectors for Col(AT)

= B aow vectors Sor Row (A)

And we Know Bow(A) = gpan(ry, ... tm) whereré's arerowg of A

And note that the nhonzero rowg in rref(A) are uncany wndependent

L Ohe nonzero rowd i reef(A) arcabaalig Jor Row(A)

L XYank({AT)= ¥ nonzero rowd inrref(A) =+ \eade 1'% inrred(A)

ranK(A)= dvm{ Col(A)) = ® baow vectoro For Col(A)

And Cof(A)=opan (Ciy---,La) Whrre ¢ coluMmno ofF A

4 Thenonzero columns Nrre§CA) arc o busls Soe ColtA)

rank(A)= ¥ nonzero Columo in rce§(A)

And the nonzevo Columna in cres(A) arc \WMeany \r\dgp_c_ogg_rj

. rank(A) =T leading L'oinrre §(A)

( ) L roanK (AYTrank (AT)

4.4
Peove that A€ Ma (IR) hao at ltast onc rfeal ergenvalu e

_Looerdee theehoradTndNoa equation of A - e(X)

gince Ao 3x3, ¢ 1o acube po\ynomwqu

And cublic polyhomiald must have at teas!t one real root

becauoe Complex MO0 Must ¢dome n pairs

_JMMnmmﬁsmm%mmcﬂ_ |

Nove that A AT are gieniiace
S AR have same e\gcnvaluco

do not nccessunly havethe ocame eigenvector s
7 U g

—

Batthey
| ©
Tate A=|.23
-1

AL-A = iZ Acia\‘:’:’)ch]=(z\-i)(/\'-3)‘-% Ahag cigenvaluea AhH3
() Conaider Az 3 ‘
e ) o 1o (o o )

-2208 - éo 33‘“"‘ 00\0‘\=‘$x=0—" tk‘fgll -

S Ahao elgenvector ml ao20ciatcd with Z=3




@

V2
| Rut A'* [0
-ATE [o )\313‘ clx) = (AVUA-3) = '\ana:.Lwaluca r=43

AT -AT

Conoider A* 3

2 _Z‘o *—4[\ o ?,\a X-y= O A=Y = tl:t :
+ AT hao eigenyvecior '] csseciatcd with 2 =3

A ALAT have diffcrent cagenvectors
g

let PEMA(R) & PT= P2 Wwhat ate the possilole crgenvaluco of P?

P-(PT) =(P2)"= (PT)*=(P*)2- P"

OF PH_P:O

n The polynomiol x%—x annihilgtes P

Then m(ﬂ\xq*x where mix) minimal r)o\\,/nor*(ual of P

Nore thai every QL%@Y)VQ_(\.AC of P 10 arook of ¢(x)

Hence every f_\gcnv_gjg_r. ot Pio aront of mMX) since mix) c(xh

_have thedume conls 2

Soevery cigenvalue 1da root of x M- x g since A Ox ) | xH - x
"\T‘rc

~ And x"‘*x— X(x3-1) nog vroots x= 0,1}, t."5
Q‘“— 'h':.
R

. The podsible C\qer\valuca OfY Pare 0,Vv,e7 3

4.6 |Ler Mobe the bio i raarnsx, Mz [S15], Prove that Mo diagonalizable
L A\Darc d\a%mahzabm. - -
(D) Asoume M_qlagona\\?.‘ab\e_ '
Then the minmal polynomial ,mix) o € M gphts into n_o_m_c_ggm
faciors
[E—— But mx) = lem (Malx), MD("‘)) whichia monic

0 mMa (x)JwQ\_Q(x)_‘_m (=)

MAGRY, ™MD Cx) 3purints nencepeated factors

S AD d!aemC\\it_let

———] ..C_:'_).A.D_Q_LLm_t._A_._D_A_&Lg

onalizabie
Then 3P,Q 2 P /\P QA'De dlag’oncp\

AP

ﬂ deqOha\

Take R= {&Q '
Then RTTMR- K_%ﬁz‘ﬂ

H\{ o




o Mdia a‘yOh(x\lZCLblC‘

HMise

Y,

Let A1BEMR (L) andlet C=ABR-BA Prove that 1f € commuita with

A then € 10 nilporent.

trace (C)s frace (AR -BA) = tracc (AB)~tracc(BA)=0

s irace(C)=0 M

Solet C[x)7(x=Ad.. (x An) be anchamc,t-cnohc, potynomiaf of C

Then O = trace(C)s £>\c '

)

— H.lProvethot alineacaperamC 60 o vectol WLMM
— jtan have at moor ndifferent eigenvaluco

Let dmV=Nn , T:VV hnearoperator

Let An.-, Am be dioninct ecrgenvaluco 0fF T
Al
And Viy-.., Vm corfrres poadlncLe\qthvecmro

J
Then Vi, Viea Unearty indepeadent
r

L gn

_there arc at moat n different cigenvalues




@]




Artin

tha prer G

letGbea p-group and let S be afinite getonwhich G acts, Assume
thai pX [S|.Piove that there 10a fixed point ofthe achon

Suppasc here 1o no Tiyxed pm\n'l

Theno JOx| 1 Vxe X

But {S]= Elex\ = ,‘%SIC’:G"‘ where X cire the repreocetative s

Jor cndtinet orbhits

So cach term Of ¥he aum mauot be o power of D ounce

hone are 1. and ke rauat cwilde, 1Gl= pr Yocsovae ¢

. pilsl

tenTtadiction oirce QXIS\

fdrete 1o o fixred gglrd'

Let G bea group ofordern and je+ F be aficld. Prove that G

lo (oormoPhie Y0 o nubgroup of Gla(F)

Since 1Gl=0, G 10oomorphic i a bubqroup of Sn by Cayley'so Thm

1t sufficen I® Ohow Sn 100marphic toa auquuo oF GlnlE)

(D=c

Define F:Sn—=GLn(F) 2 (c)=A where A"( io c{wx-\c,

Cicarty thwo 19 anloomotphiom to acuberroup of GLa(F)
. G 19omorphic to oubaroup o £ GLn(F)

s

tet+r H<G. Prove or dioprove. NelH)1o9a norraal au.bqroup of G,

Tame G = ‘63 H=<tI12)>

Then N(y(}-\)= <(1a)> whichio not normal since (13)13)(13) = (23)¢H

r.

A
L

s

Prove thet nogrous of order pg whefe Piq pame o Simple
16l=pq

0

hLOG 3ay p<q

_Then ng (o) =1 (modg) and divides p

Sonqglb)=1,p
4 !




But p<a =) pFiimodg)

"l nQI (6) = l
| /- Ghaga unique Sylow 9 Qubgroup

L 0O Nhao a normal subggoup of order Q,

A G noY Simple

I

Prove that no group af order 7224 1¢ awaple,

1Gl=224° 5.7

nal(G)z MimodR)and dwides 7

So Na(o)= L?

upposc N2€0)=F and let PeSyl, (6)

Then 1O INGIPY =F

_Conmarder Gac’nne on S/Noe)
Then vweger homomocphtom MO0 36/060p) = 97

If‘-‘l\mfch\,c then [T(6) )= 22Y

@)

Bud W6y< 57 D N |7t by lagrange

RBut 224) 7!

AMnot injechive

s wer®F 3ty

Alco KkerY = 6 oince action nonthwviedd Since No(P) F G

: ket 1o a nontrvial, propel ) notroal dubgroup of G

. O6net Symple

And 1f na(G)=t

Then G had o umigue dylow Q-pukqYoup

. O haos a normal_suhgroup of order 39

LG not s tmple

@©.9

LetGbe a qroup of order 30,

0. Prove that cithee the Sylow 5-sub3roup A oc Yhe gyiow

S-Oubamug H 1oyormal,

Le)-3Q=.2-:3:5




Nale)sItmod3) and dwicleca 1O

So Na(G)=1,7,.8,10

. n3C6)=1,10

Ns ()2 1mod S) and diwide 3 G

so ne@)=1, 4,306

ans(EYT LG

Juppoose N3(6Y=10 and N5(6)=6G

Let P Plesy®3(6)

Then 1PAP=1,3 by laqrangc omnce PP/« PP’

J
56 P=P/ or POP'= 51¢

30 _wec hove 10 sylow a-oubs,rg_.dpo each bg}una 72 clemenid of

order 3

Thatr1s 10220 e\tments

Lt Q,@.'ES\!Q:',((;)

Then (1QOQR= 118 by LagranQc on'\cc_gﬁ Q= Q.Q’
So B=& or ANQ’ = L§

Jo we have G aylow S-cubgroups eadnhaving H cfcmento of

arder 8

Sowntotal we have, 20t G -4 = HY

Contradichion omce 161z 30

. AY leddtone of N3(6), N3 (6) muorbe L

s Edher Hor K 19 nomal

b, Prove that HKK 13 a cyelie oub%t'oup of &

Nore That atrteagrone of H,K 19 normal by (G)

S MR=E s
And [HK\= J%%ﬁaf=-jf"'5

50 1HK|=15=35

n3(HK) 21 (mod 3) and dwvidea S

o PZ(HK) = L@L

A0y HK) =1

Ns (HK)z 1tmodD) and diwvides 3




| Sons(HK) = l)ﬁ

O

ERTGL N

S0 HK hag 1 Sylow 3-oubaroup hoving 2 c__lC.'QnChiO of order 3
= ALAAS A f 3

and 1 Sytow 5-gubgyoup having Y clements ofocder

That accounts fFor @ non-rdentity z1ements

Butthere are avih G mnon- 1de,_nhh'/ elcimenty Jeft

~let x be one 0F them

Suppodt Ixf=3, then 1<x71-3 and thus <x7 1o another

Jylow 3'6ub%f0uf>

Contradichon ownce Oz (HK) =|

Souany ixy+ 5

LThere are Belemenid of ocder 1S by tagfange
;o HK eyclic

Prove that A_o_l,umm/_mﬂmp 0f Sn ofindex 2

— OJ

Let H2Sn 3 |5n:H[=2

_”“‘C_ﬁ Anorymal 1inSn

50 °"/w 3\*&(4) ond SS"/H‘=’Z

S0 _every elerment aHe ¥/ hao order oHI<Q

AoH) %= 1sn/y Yo eSn 1e 02H=H Yoe8n

S0 0-2eH Voedn

Bufihenlook at oa any 3cyele in Sn

j03)=3 §°_,an: 0.‘33. Oz l'os=0s

& Ta = 0'3'4 ‘:{CrLz)z V_g_‘,a

~O3en Y Sc\’;cie_o Oa

_Buf An 1o generated bythe 3cycles

o ’l")é H

But {AnI= 1 H] svnce JOniAn]=2

So M= An

5 The oAy Qubgroulp af index 2 M 3n 13 An




3
Prove thatalbeG gentrate the dames group ad bah® bab

Show <aib>=<bab? bob? >

Clearty bab? (e b)ab?) €<caib> byclosure

And bab®= (0°b)(ab3)e<aiby bycloouic

. <bab? bab3> € <ab?

No wu bqb2€<bo_b2;bab37 (a]@] (bQ.bz)_le <bab2,bab3>

s6 (bab?)" bab*e<bab? bab®> by closure

- 5% b 'bab®e <bab?, bab3> = be <bab? bab3>

So b '€ <hab? bab®>

. k' (bab®)b™ € < bab?, bab®> = ae<bob? hab3>

L <aib?S<cbab? bab? >

L<aib?=<bab? bab3>







Artin l

Lhaopier?

—7'|

let A,G€ MnlIR), Prove that 1f xTAY = xTBy Vxiy e R? then A= 3,

xTAv=ATBy Vxye RD = xTAy-x"®y =0 VrxyeR"

S0 xT(A-B)y=O Vx-g& R"

Let C=A-B s
So xTCy=0O V¥VxiyeR"
! —3

Since thioi tare Vxye R, 1+ muat bettue :h)rcére,j Vgl\}
Jo ec'Cei=0 = Cii=0O N,

J J J
=0 =
L A-B=0
LA

Q.| Provethat ATA 1o pooitive semi-definite Sor any A€ Mmxa (R), .
xTATA% = (AOTAX = (Ax) (Ax)= SAx|Ax7 = O since +he ovandard
dot product 'o positwe definite,

AXATAX 2 0 Vxe R° .
2 ATA pootive Semidefimire
Tty
10, ] Prove thatthe detrecerminant 0f a hermian matrnx 1o real.
Let A be heeminan
Jga A¥=A
;. det(A)= det(AF) =det (AT) =det(A)~ £5gn(0)Toin,i ... Botnyn )
= ann(o) amnln...o*crr—n;.’n - m Tl
; det(n)y= det(A)
Aodet(AYe R y
y | g
S, {let A= 7'.1: . Find a real orihogfa_r)_QLmLTﬁ_x_E_S M&M_Ia.ﬂm:mi__

Note that dvmce A symamethic, 3 such e P by opectral Thearem




—'—7_

LI’ AZ-ZA—az

A
| det (A[-A)= \ s (A1) (A+D(X"3)
A El%tf\\l alueoof A are X=-13
2 -2 © 2 =2 0 1 1 o x T O --t el
o) 11 A=-1, { 2-20 —‘[ o _o olﬂ%.q]”’.::%: x %L 1 t]
-1
Eigenvecioe for A=-1195 N71 = -
i B
_._T_Q.K.C._.__:_’[LV_\.’.[ \//Jr—- since ‘\/“ (-mflz-(f o
2 -2 O 2 -2 o i -t O X=Y=- .\ A=t [ |
1£A=3, -zzo_"ooo__‘OOc:"‘:’ Ty g7’=*~'fz'_['c:{l
=
..Elqcnvccﬁ:r JocA=3 1o v= \.‘]
Viz
| Tcme. WA iz = =
'-'?— =
e et P 22
vz &
- r"‘Z £ z ey {2
-z iz, - z ! i 3 T
- \rz:___{_z_\lc’..,a a2 % B S
.;i ;%;:ol. o ‘R o Tz ' |
Nz = '
E— . = O %; 2
2 1=
=z O 2 - /}
N _ 2
P == PT N
2 =
. r 12
- ; Por*l-b_g.%?r}_cLLmnce P l-_.rET = PTP-T
To|tE = -iz 2 -
- And PAP'- (f_ Z '\ 2 {_2 r2_ = - Dra%onai
2 1z 2
T a2l ] {3
10. | Prove that forany square matmx A, KereA = (Im ATt
Letl xe herA=a Ax=0O
et yelmA*=x y= A*z focseme &
And x-y= x ATz = x ATz = Ax:Z2 = 0250

o xe (IimAF)*

ket ASUMAT)

Now ler xe(mA*): andicty elmA* = y-A+z foroomcz

Then 0= X-y= X-ATZ = x¥A®Z = Ax- 2

go }\x"z—:o \dz

(T

CAxAx=0

4 AxT0 ownce arandard hoamidian poduck poo tive dtéimite
r Xe herA




L OmATIY S e A

L RECAZ(lmA*) *

7.7

dhowthat facany nocmal matnx A herAs OmA)*

lel XERKer A=) AX=0

tet ye imA = y =42 fordome =

Ficol hole that 0= A%X"Ax= xTAFAx= xTAAT X 5ince A noram |

= A"-x.[\‘!‘x

#+ ATX=0 owree otandard hermiran proguct pootive definite

So x:y = X AZ=xTAZz =ATX'Z =0 - 2Z=0

s %€ [ImA)*

L AT CAE (ImAY)L

Nowlet X€(ImA)! 3 w.y=0 VyelmA

®

AX Ax* x®*ATAX = x*AATXx = X' AA*x =0 oince AATx eimA

/. AX=0

e Ker A

H{mA)L £ wecA

,’_Hc(Aa (\MA)L

Note that Preal =3 Pt=PT: pT

50 0how PPY¥= PEP e PPT-PTP

P oriw Sy MM ETTie = P-‘-PT and hence —P= PT

so PPT: ~pTPT = -pT(-P)- PTP

SRR T=sRT.P

. Pnormal

—C_lL_

r c operatonr T; TT* jahermuhian
61 ) R N P

A TTF hermihan




O

1.8 .
l. § Prove oc dioprove : Amatrix ﬁ_;g_g_;g;_w_o_y_mmgttlg_ﬁ_gsT_A_x_= O Vx_
(=3 AsoumeAokew oymmethe
- Then As-AT
And xTAx= X+ Ax
Buialoo xTAx=z -~ xXTATx=— (Ax)Tx = — Ax: % = > -Ax = = % Ax_
| o X A% ~ XA X o
M % TAx=s ~ xTAx ¥ X
4L xXTA% =0 ¥V
=) Asdoume xTAxX=Q Vx -
Then etTAce=0 = Ace=O V¢
And (_e¢+c")f,§( ectei) O B ectAec *céTAeJ teTAect c(TAe}‘ O
o 80 eéT_/_\g;fciTAcé =E) == )\c\'jjf Ae =0 = r‘\t"}‘-‘—AEc' Vc,j )
S AT-AT Ve
e | . AdHcw-aymmmemmic \ )—
LS.
—_ L] Determine theoy mmefTy 0F AB+B A ond AB-RA f
o, AiB3aymmeimnc
- Then A=AT B=8T
1 50 (ABTRAY = (AB)T+(BAYT- RTAT+ AT T = PA+1AR-ABIBA
L ARTBA oymmetnc
] (AB-BAYT - (ARDT-(RAYT = BTAT-ATBT = BA-AG = - (AB ~BA)
W AB-B A DMew-oymmeiic
- b._A:@ hecmhan -

BTAT1ATRT = BATAR = AB1 BA

L Then A’A"; R=p3*
30 (ABtBRAYY = (AB)YT+ (BA)TF

s ABTRA heminan

it

BYAT-ATBT = BA-AB T

h

And (AB-BAYT = (AB)T- (B AT

-(ABR-DA)

L AR-BA molthetmiihian




£ A;GQMW'Q\'Imﬁ‘lCmC
Then A=-AT @=-Q3°7

90 (ABTBRAYT: (ABDT r (BAYT = BYAT+ATRT = (~-B)-AY (-AY(-B)

* RATARB=ABTRA
A ARERA oymmmetne

And (AB-BA)T= (ABYT - (BAYT = BTAT-ATRY = (-3)-A)- (-A)(-B)

= BA=AD = - (AB-BA)

{AB-BAOKEew -~ OYyMmmetric

|d. Aoymmetric, Bonew "o ymmetne

Then A=Arahd B'—"‘ BT —_—

So (ARIBAYT= (ABYTF(BA) = BTAT+ATBT = CBIATACB):- - BA-AB_‘

= - (AQt 13 A)

;. ABTBA oKew- oy metric

And (AR-BA)T= (ABYT- (DAY » BTAT -ATRT= (-BIA- A(-B)

= “RATAR = AR-BA

4 AR-BA oymmemc
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Chonﬁt—rr 10

10,3 —
\la.is Zhio> 2 s xZ/ks>
Z/<107 = 2/“17 x Z/c 5> byCRT oince geal(2/5)=4
b.ts Zgr 2 2’/<z»\‘?"?‘/<ti7 e :
Elementary dactor decomponiion For Zlo> o 2° o
Eleh\t:hf‘avy Facror dccompoamoq Jor g’<:>xz/<q7 15 2 2
£ They havediffcrent elementary factor decomposmons anchence
arcin different 1somocphio melasses .
2 Z/en > % Flny x Efeyy
@B |letRbean 4 RUx) Suppode theloweotdegree af a

nonzcro elcment ¢6f I 1o n gandthet L coatrdalng 8 monic

polynamial §(x) of dc%m‘c N. Prove that T 1o pnr\r_LrQa\.

Note that ownce foye T, <fOO> ST

Now et g(x)el

Then q(x) =g (x)5(x) T T (x) w)th r(x)=0 or deﬂr(>0<dfc‘5(x)
Notewecanwrite ginthio nay 3Mce § monic and of

OmMallcsy dcq“Ct_ in L e quf'bO dcqq (x)

Suppooe o\eqf(X)< dr.'q $(x)

we hove that r(x) = q(x) q.(x F(x)ET dince q\fel\deql

L XY o

L =a N Tix) e <§x) 7

L TELFY

AT <TON7T

A I pancipal

Let TT9R 3 T+T=R (Reormutative)

a. Prove that TI=ITNT

ey c1€ LT




Then t1€T, T omce 14T t1decls
5
AEfETOT
v

SITETNT

Now let XxXeINT = xerand xe¥

Noje thot LER=T+3 =) 4-ctyiforoomecceX €T
= ——— =~ N

So x=L-x= (cti)x = eX 4% = EX4 X|
e J [V

BuicX€LT since xeJ and x1€IF vince xe L
J

. x€TT oince TJ 1ceal hence eloged under oddition

L InTe Iy

W TIT=INT

10. G

Le ¢ Rbconm*csraldomam Pcove that RIX] 15
doman,

an mrcgral

Let $60,g(=) € Rix1

And asasume f(x\gbﬂ——o

Then de.gif‘(x\q(x.} = O

2 .
So d_t'j:tzj_f(ﬂ rdegq(x) =0

2 _de%f('_x_\ =d CS3(0= O

'}.-f‘Lg eR

s Rix] hao no Zero diwv 00r9

s RIx] mregred domain

M19C

a3,

1 fmgu):o then3o+ceR 3 C3(X)=Q_

Let f(x)".ggx) € RIxT where R ng. Asoume f(x) F£0, Prove that

first note that 1{g()=0 the cqx1=0 VceR
goasdume 4x)y¥0

Then omce §00F0 and §x)q(x)=0 | g(x) zerodwidor

N O w dcqi(x\ch(x)= O , 90 dcqftx)'rdc%gw): O

5 de gl =deqaixl= O
J A




O

J0 FeR

~30

%

eR 3 Fa(x)
3(x)=0




l




| Artin

nhn‘m—cr 1 =¥ vz 2R S LS

i1.a
8,1 Peave that svery porae clement of aninicg ral domain tovreeducible
Let R be an intr gral domain andlet p€R peme,
Notethat OFO nonunifdinee pPame,
Aocdume p=ab
Then plgh = pla or plp since p pome,
If pla thenaspe = ab=pch =3 p:Pcbﬁ p-pchb=0 = pli~cb)=0
= p=0 or \"cb=0since Rmfcgrql domain )
But pF0, d0 lI—cb=0o |
Al=eb
fobumiy
Simtiagy 1§ plb, thtn a unit
_C"; L Either o unmit or b unif
f Lo pirceducible
1.3 H.l Prove ihat two nnttgr:r Roly nomiald ace reldfvely pome, 10 Rfx]
\ff thedeal they geherate n Zxl contains anmieger,
Let J.9 be intcger polynomiais B
(=>) Aooume ged (Fig) =1 n QLX]
Then L=g¥+ r; for gomc qre @Qix] ‘
Let § bccomchn denominatofr ofall fermo ing and ©
Then §=8a3 1orge <§,&7 n Z2Lx] gince 29 ) steZlx] e
'<5.%7 tontaino anm&‘C%cf‘ namecly §
(&) Asoume. <:La7 n Zix1 containn aninteger
Then 0= o.:f&bq for ooms< neZ, a;bCi[xl
S0 1="a"f+ nq
: qed($:9)=1 1 Qlx]
—C\,
T
e T

AT x4+ 33t 313

,Emm_tb;.pn)*a_n_molmm_d_umbla m QIx] =t




Note +hat 3]27,2'3 but 44213 and 3XL

Then X2+ 7xT213 \rrrducible by clotenNokeins with p=3

b x3+toxt12

Note that 31 but 3|, 12  and 94412

Then x3+rox+12 icreducible by clotens TN with p=3

¢, 8x3-@ox +|

. \
By RRT, thconly posabie rootom Qarc it t g &

L Bx3-6xrl doconot have a factor of dfg‘te. 1

L 8x3-6x+l itreducible in Qx|

d. x3tox?+ ]

By RRT, the ony poooibic Toota m @ arct T, F 3

O

Routine corn pufahon onowd that pone of theoe are roota

L X3 Gx2+F hasno Jacthor of degree i

LoX3tbx?+ T wrceducdoie in ©0xT

e.x5-3x4+3

N ote that 3X1L but 3|-3,3 and ak3

AL XS-3x4r D \rreductble by Eidenstcino with p=3

Prove thatthe poiynomial 1owcred ucible

o, X%+ x+ | n fF2

Note that (0)Y2+0+1 =140

and (N2 (VN +1=1L%0

AXTEX T hgono roota in {Fz

ox24ex+b wrreducible o §o

,_bn XZ.‘,l |n_“:?'

{ Notethat (0)2¥I=1 0




|

(Nh*+l=2 30 S = 5.
(232+1=5%0 - = o
(3)2+1=340 S5 A s A — =13
(4)271=3+0

(5)241= 5#0 s

(Y2+1= 240

. x2¢) haay NO Yooto lr\'W; G

Ax*4) ircceducible in fFz

Le +9 he poome andlctI?&A&Hn(?) 3 AP=T but A# 1. Prove that

= A

AF’ L= AP-T-=-0

L J(A)=0 where Fix)= xP-1\

By Caylc.y-l—iamm‘ch,m(x)[j-(x) where m(x) mimimm al polyno mial

of A

But AFT = A-T40

50 mx)X x-| >

a(A)tQ where a(x\* X =4

But Jxy= x Ptz (- I)(-;<‘J 'y x P 2r..i—tl

an ) [ XPTe x P2 e

Bur xP7'r ..t ) irreducible ownce P prime.

o= xP e

But deg e = ch mMixy=p=1 where ccx) Charactenofrc polynonial

o A-’.«P. |

...+ Qix 0o be abtmonicpolynomial in ZIx],
7/

et §x) = X"t Qna X"

andicrre B bea rational rootr of $(x). Prpvethat re 2.

22 - +qoeZ since !fcj[_l

RRT = only poadtole rmhonel foord arte 77

reZ o —

3. lletdd disnnctagua

ntc%x._ﬁ__prmr._ng_l’.ﬂl!r—)’i QRUEF)

Juppooc fa’e @ (Vd )

— L“ — —_— -



ThenVd'= asbyd = d’za?*+2abid+b? Fforape @

so (@ = ¥292-D2. @

Contradichion owxe dsquarefrce

NEd QE)

P OE)+ Q&)

O

&
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Chgpter 12 T

12.1
Fla, ket T=QnngM where ™M R-module. Prove that T<4R
Note that O€R and OmM=0 ¥Yme™
L O€Qnngh .

P F anngM € R B

Lttt xiye Qnng™M = xmM=ym=0 ¥Ymem

(xﬁq);r;: AMtYymM=0t0=0O VmeM

.‘.xr:‘eOtnnkl“\

Let :eR - o

(rxIm=t(xM)=r-0 =0 YmeM I

Lexe Qnap™M |

5L Oang™M <R
_O...- ]~ T=R ’

b, What 12 OGnagM where M-Z/33 @ 2/32 ® Z/qz? whataboout

Onng 2 ° ) .

Notre that the elementary divioor dececompodition 0of M 10 ©3,2%3

Jothe invanant factoro are 3,1 .

And QnngMid thelargrot mvanant Jactor

S Qnnz M= <137 -

And QnngzgZ:0 oNCe M=0YmeZ Jr-0 S
12.¢ 280

B.lLey Wi, ,WR beoubrnodules ofan R-module V.9 V=7ZW:. Asoume. |

that WinWz=0, (Wit W2)AW3=0, ooy (Wit ...+ We)NWR= O, Prage
that V= WIe-\.QWh

Showthat Wit rwkr= 0O For e We = we=0 Ve

Go by induchon on R

C\gqny True Joe h'-'* i

1t R=2, wehave it was O = wWa= ~w,€ W,

S WIEWIOIW?2 and ammiianNy w, e WiNnwea




But WiNwz2=0 50 wiTwWa=0

| Now _aozsume true Jor R-1 16 Wit Wr~1=0= W0 Ve

[ Now 1o ot oyt twrat Wr= O
Then We * = (wit...» u)gw}é‘.&\/\ll ot WeRAYINMWR

Bud (Wit it We-D)NWR = O

S0 Wu=0

Then Wittt Wi~ 0 = (1e-0Q Ve b\,; nduchdn

ot WR0 B WeT 0 Ve .

“ V=W, ® ... @ Wk

1. ¥

SJ,%anch_x_poamb\c Jordan Canonical forms $or a mattix whose

charactenahc poly Notatal 12 r.J.tL Ltra)? (e-5)3

Paaasible Minaimnal poly nomiala: m(t)- (£r2)2(£-5)3 O_

m{t)_ (L1 2)? (£-8§)2

m(t): (£+3)? (£-5)
v,
mE)= (£43) (1-9)3

Sty (£42)(£-5)?

?v\(t)r (£+3)(+—5)
SR

TeEat Lo T(2,-2)@ J(3,5) W oy O
— e

2.3(2,,2)8 T(1,5)® J(2,9) e, iy ’

3.3(3,2)07(1,5) 3 o 5

Ho T(,-)2 ©73(3,5)
5. 3(,-2)2 ®T(1,5) ® J(2,5)
G.J(V=2)* ® 3(‘15)_:3

20. | Find all pogsible Jordan tanonical formao for 8x8 mainces whooe.

mintmal polynomial ;3 x?(x-1)3

Posatole mvanant factors: U—
. X, %%, %% (x~1)3 = T(1,0)® 3(2,0)%® T(3,1)

2. %, %, x2(x=1N3 =5 7(1,0)?©T(2,0)® T(3.1)

CI S SR YAV | Ll T(2,0)%® J(1,1)© T3,




®

4. %, X(x—\)', x2(x—~1Yy3

= 7(1,0)%°©T(2,0) ® T(,, NOT(3,)

Cox{(x-1)2, x3(x=1)3

= 7(1,0)073(2,0)0J(2,1)® T(3,1)

A% =1) X (x=1), x2(x=1)2 = J7(1,0)87(2,0)0T(41)?® J(311)

A T(2,009T(3,1)?

. (X“I')J (x_l)i: x:r[x_..')S ﬁ T(2|O)®T(b|)®:r(2,l) © I(Bl ‘)

5

G

A R D RN el el i
! ,

q

, (x-l\,(x—(),(x—-i)' x2(x—1)3 2 T(2,0) 01(1)1)363( 3, ‘)

&
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thapter |3 . o EE——

Lei R he an nntr_?yraLo\o mMain COhTalnLn?) afieid Fan aaubnruj

and which 12 Ainitedicaenaocoal when viewed ao o vector

spuce over F. Prove that Rioaficld,

et dimeR=n

et oFreR

conarder 1,0,8%,...,8" whichio linearly dependent since there are

A+l elerentd inthe 113+ and dimeR=n

sn we have fotfiat. .. tdna =0 daticastonce §fc F0 N JeefF

choooe R to be omalleot Index 3 Jp#+ O

\ T -
DD CipQ V£ ‘jh*a’b-(lﬁ.&—?i a +~ v||+ ?{\;Qn R.) ’O

3k in .~ n-k
But Rinteargidomatn and 5‘R;0~h4‘ 0, s0 It T&*""‘ fr & =Q

J -h-
Lafdu-Rar) -

L unif

+ R heid

A3

e

let £n= e ™, Determine the irccductble polynomiaiover @ ($a) of

(o, f&







