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MAT 701 Real Variables 1
Final Exam
December 10. 2014

Choose 4 out of the following 8 problems. Only 4 problems will be graded.

(a) Let £ C R have measure zero. Show that E x R has measure zero in R2.
(b) Let A be the subset of {0, 1] which consists of all numbers which do not have the digit 4 appearing
in their decimal expansion. Find |A|.

. We say that the sets A, B C R" are congruent if A = 2+ B for some z € R*. Let E C R” be
measurable such that 0 < |E| < oo. Suppose that there exists a sequence of disjoint sets {E;},
¢ = 1,... such that for all 4,7, E; and E; are congruent, and E = U‘J?‘;IEJ-. Prove that all the E;’s
are non-measurable.

. If f: R® — R" satisfies a Lipschitz condition, then we know that it sends measurable sets to mea-
surable sets. With the same definition of the Lipschitz condition, is it true that if f: R® — R?
satisfies a Lipschitz condition, then it sends (three-dimensionally) Lebesgue measurable sets to (2-
dimensionally) Lebesgue measurable sets?

. Let f € L*(0,00). Prove that
(2) |J5 £(t) dt| < 23]|f]|2(0.00) and
(b) limyneoz™7 f§ f(t)dt = 0.
. Suppose that p > 1, £ C R® with |E| < co and that f is measurable on E. Show that if there exist
C 21and T > 1 such that
|{a:€E:]f(m)|>t}|$tgp forallt >T

then |f| € LI(E) for any q € [1,p).
. Prove that if 0 < £ < 1, there is no measurable subset E of R that satisfies

IENT]|

<1l-
||

E<

for every interval I in R.



7. If f € L'[0,1] and a > 0, show that the integral
Fyz)= (z —t)* 1 f(t)dt
{0,z]

exists for almost every z € [0, 1], and that F, € L'[0,1].
8. Let f be a real valued function on the interval I = [a, b].

(a) Give the definition of absolute continuity for f on I.

(b) Suppose f is absolutely continuous on I. True or False. If false give a counterexample. Do
not prove if true.

i. f is uniformly continuous on I.

ii. f is differentiable at every z in the interior of 1.
iii. f' € L'(I) and f(z) — f(a) = [, f'(t) dt, fora <z <b.
iv. [{y = f(z): f'(z) =0} =0.
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