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Qualifying Exam Real Analysis August, 2014
Throughout m is Lebesgue measure.

1. Assume that £ is a closed subset of R. Prove or give a counterexample;

(a) If E°is dense then m(E) =0. — False
(b) If m(E) = 0 then E° is dense. — \~aAL

2. Let E be a Lebesgue measurable subset of R and f a measurable function. If f > 0
on E ae. and [, fdm < oo, prove that

lim /f”"dm:m(E‘).
E

n--00

3. Let f be absolutely continuous on [0, 1] with f(0) = 0 and f' € L*([0,1]). For which
values of @ does B
lim 7% f(z) =0

=0+
for all such f7

4. Let (X, A, 1) be a measure space and f : X — R a measurable function.

(a) Show that E = {(z,t) : |f(z)| > t} is measurable in the product space (X x
[0,00), A x L, u x m), where L is the g-algebra of Lebesgue measurable subsets
of [0, 00).

(b) For p > 0 prove
J = [ o te 5@ >

(c) Prove that if f € L? then

Jim (e /()] > 1) = Jim Pl /()] > 0 = 0.






Real Analysis Qualifying Exam January 2015

Instructions: Please use the bluebooks provided for your solutions of the 4
problems below. You may use without proof any standard results from your
courses.

Problem 1 Let u* be Lebesgue outer measure on R. Show that there are
disjoint sets Ey, E,, ... satisfying the strict inequality

(B <Y w (B
k k

Problem 2. Construct a function in L'(R) that is not in L2((a, b)) for any
non-empty interval (a,b) C R.

Problem 3. Let S be a measurable space and F a sigma algebra of subsets of
S. Let v be a positive finite measure on F and g a finitely additive real-valued

" set function on Z Finally, assume that both v + g and v — & are non-negative;

finite, and countably additive on F. Prove that ; is a signed measurc on F
wal ‘\?m*ia\t.ion is absolutely continuous with respect to v.
f \

, \
l'\ Problem 4. /LJt the f,, be Lebesgue integrable on R such that |f,(z)] \, 0
. a.e. Also assuine that the series }_ 7 | f»(#)58 an alternating series for almost

“every z. Prove that
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