Measure Theory Problems Worth Knowing

Foland
\/2.1.4 If f: X - Rand f~!((r,00]) € M for each r € Q then f is measurable.

/215 X = AUB, A,B € M. Show f is measurable on X if and only if f is measurable on A and B.
\/ 2.1.8 If f : R — R is monotone then f is Borel Measurable.

/ 2.2.15 If {f,} C L*, f,. decreases to f pointwise and [ f; < oo then [ f =lim [ f,.
/2.2.16erL+ and [ f < co. Show Ve > 0, 3E € M such that p(E) < coand [p f > ([ f) —«.
/2.4.85 Show fa = f in measure < Ve > 0, AN € Nsuch that u({z : |fa(z) — f(z)| 7 €}) <eVR > N.

3.1.2 (a) If v is a signed measure, E is a nullset & [v](E) =0
(b) If v and p arc signed measures then v Lpy & vt Lu+ v Ly & 1v1 4

328 p«pl e bt <y + " <yl & v <y

Bass

\/ 13.3 Let (X, A) be a measure space and let p and v be two finite measures. We say g is equivalent to v if
4t < v and v < u. Show u and v are quivalent iff there exists measurable function f that is strictly positive
a.c. and integrable with respect to usuch that dv = fdu

. 13.5 If uis a signed meaure on (X, A) and |u| is the total variation measure. Prove there is an f (real valued,
measurable wrt A) such that |f| =1 a.e.(u) and du = fd|u|.

Midterm 2012
/ Prove f, /" f and fi € LY(u) then [ fo /[ f

i f € L(m). Fix a € R. Set F(z) = [ f(t)dt. Prove F is continuous.

Prove or Counterexample: If f, > 0 and £, £ f then [ fdu < liminf [ f,dp
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Real Analysis Qualifying Exam ' January 2015

Instructions: Please use the bluebooks provided for your solutions of the 4
problems below. You may use without proof any standard results from your
courses.

‘A’roblem 1-Let u* be Lebesgue outer measure on R. Show that there are
disjoint sets Ey, B3, ... satisfying the strict inequality

w(UE) < X w ()
ko .k

Problem 2. Construct a function in L'(R) that is not in L?((e, b)) for any
non-empty interval (a,b) C R.

\/ Problem 3. Let S be a measurable space and F a sigma algebra of subsets of
§. Let v be a positive finite measure on F and u a finitely additive real-valued
set function on F. Finally, assume that both v + i and v — p are non-negative,
finite, and countably additive on F. Prove that u is a signed measure on F
whose total variation is absolutely continuous with respect to v.

Problem 4. Let the f, be Lebesgue integrable on R such that |f,(z)| . 0
a.e. Also assume that the series 3 oo, fu(z) is an alternating series for almost
every z. Prove that

/_:gfn(z)dz=i/

nmlY"

fulx)dz.



Complex Analysis Qualifying Exam January 2015

Instructions: Please use the bluebooks provided for your solutions of the 4
problems below. You may use without proof any standard results from class.

/ Problem 1. Show that Yoo, 12" converges absolutely for |2| < 1. Also
show that there are infinitely many z with |z| = 1 for which the series diverges.

Problem 2. Let f(z) be holomorphic on C except for poles. At 0o assume
that f has a removable singularity or a pole.

() Show that f has finitely many poles on CU {oo}.

(b) Let p;(z) be the principal part of f at the jth pole, 1 £ j < N, show that

N
f2) =Y pil2)

i=1

is constant.

/ Problem 3. Let f be continuous on C and analytic except possibly on the
unit circle, |z| = 1. Assume there is an entire function g such that f(z) = g{z)
for jz| = 1. Prove that f = g, and hence f is entire.

Problem 4. Let f,, be analytic in the unit disc, D, and have positive real
vV part: R(f(z)) > 0 on D. Assume that the f, converge pointwise on D to &
function f having R(f(z)) € 0 on D. Prove that f is constant on D.



Real Analysis Qualifying Exam Solution January 2015

Instructions: Please use the bluehooks provided for your solutions of the 4
problems below. You may use without proof any standard results from your
courses.

Problem 1 Let p* be Lebesgue outer measure on R. Show that there are
disjoint sets E;, Es, ... satisfying the strict inequality

w(JE) < w(E)
k 1Y

Answer: Let E be the usual nonmeasurable set (intersected with {0,1]),
whose rational translates are disjoint. For rational numbers g, € {0, 1) consider
the translates Ey = E + g. Then the disjoint union is contained in [0, 2] while
the translates all have the same positive outer measure, therefore the left hand
side is finite while the right hand side is infinite. (Note that translation invari-
ance of outer measure is used. This can be shown readily from the definition of
outer measure using coverings by open intervals.)

Problem 2. Construct a function in L!'(R) that is not in L*((a,b)) for any
non-empty intervat (a,b) C R.

1/Vz 0<z<1
0 otherwise
oo For a countable dense subset {ry,r2,...} of R consider the function f(z) =
>r 9(z — 7}/2%, f is clearly nonnegative, measurable, and in L' (the integral
of f is dominated by the sum of the integrals, which is finite). For any interval
(a, b) there is an 7y in the interval, and f2(x) > g*(z — ry)/2%*, integrating this
inequality shows that f ¢ L%(a, b).

Answer: Let g(z) = { then [%_ gdz = 2, while {*_g%dz =

Problem 3. Let S be a measurable space and F a sigma algebra of subsets of
S. Let v be a positive finite measure on F and u a finitely additive real-valued
set function on F. Finally, assume that both v + ¢ and v — u are non-negative,
finite, and countably additive on F. Prove that g is a signed measure on F
whose total variation is absolutely continuous with respect to v.

Answer: Let A, B € F with B C A. Then

WB) = 5(v + w)(B) - 5(v - W(B),



hence
W(B)| € 30+ W(B) + 50— (B) < -+ W)(A) + 50— W)(A) = w(A)

In perticular, if B,, € F,n = 1,2,... arc pairwise disjoint and A = Une; Bn
then

[=.] o

z |u(Bu)| < Z (B,) = v(A4) < oo.

n=1 n=1

Thus g is a signed measure. Also, if 4 € F,
|l(A) = sup{|u(B)| : B C A, B € F} S v(4).
Thus v(A) =0 = |n|(A) =0.

Problem 4. Let the f, be Lebesgue integrable on R such that | Fa@)| O
a.c. Also assume that the series 30 | fu(x) is an alternating series for almost
every z. Prove that

/.

Answer: Let B the sct of full measure on which the series is alternating
and on which we have |fu(z)] \ 0. Define f(z) = £02, fu(x) for z € B and
f(z) =0for z ¢ B. Then fis meassurable, and by the alternating scries error
estimate we have | f(z)| < |fi(x)], so f belongs to L. Let Sy(x) = Y= filz).
Again by the alternating series error estimate and the Dominated Convergence
Theorem we have

S fa@dr =Y / " ful() da.

n=1 n=1"

/ : |f(@) ~ Sula)l dz < / : funa(@)| dz = 0

as n — 00. Thus S, — f in L!, and we conclude that

i / : J;(x)de.

=17

[: f(x)de = lim /_ : Sa(s)ds =



Qualifying Exam Real Analysis August, 2014
Throughout m is Lebesgue measure.

1. Assume that £ is a closed subset of R. Prove or give a counterexample;

K \0’('a) If E¢ is dense then m(E) = 0.
V(b) If m(E) =0 then E¢ is dense.

/ 2. Let E be a Lebesgue measurable subset of R and f a measurable function. If f > 0
on E ae. and fs fdm < oo, prove that

<z |

im [ Y/ dm=m(E). .|

n=0c E

/ 3. Let f be absolutely continuous on [0,1] with f(0) = 0 and f' € L3([0,1]). For which
values of a does

i s V=
'.rl—l)t(!]]-f- * f(z’ L

for all such f?

4. Let (X, A, u) be a measure space and f : X — R a measurable function.

Y (a) Show that E = {(z,t) : |f(x)| > t} is measurable in the product space (X x
[0,00),.A x L, x m), where L is the o-algebra of Lebesgue measurable subsets
of [0,00).

~/(b) For p > 0 prove
[rpdu= ["outa 1@ > tat

"YY¢) Prove that if f € L” then

lim Pz | f(2)] > t) = lim Pp(e: |f(z)] > 1) =0.



Qualifying Exam, Complex Analysis, August 2014
Notation: Throughout the exam A denotes the open unit disc in C.
/ 1. Find a conformal map from the half-disc D = {z € C: |z| < 1,Rez > 0} onto A.

2. Let D be a domain in C containing 0 and f : D — R be a continuous function such that
f(0) =0 and

f(z)dz=0
8R

for every closed rectangle R C D with sides parallel to the coordinate axes. Prove that
f(z) =0 for every z € D.

/ 3. Let D C C be a bounded domain, 2 € D, and f: D — D be a holomorphic function
such that f(z9) = zo. Show that |f'(z0)] < 1.

\ \4. Let f,: A— A, n > 1, be a sequence of holomorphic functions such that f, has a zero
') of order m,, at 0, where limy—oo My = 00. Show that {f,} converges locally uniformly to

zero on A.
r’}o\( VY a,’lj )

rf‘\’\

N
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MAT 701 Real Analysis Qualifying Exam August 2013

Problem 1. Let f be a measurable function satisfying

2
T
f(z)ISH._x_‘, -0 < T <.

a. Prove that

n—x

lim /ao f(nz)dz = 0.

b. Is it necessarily true that

e x
lim / f (-—) dz =07
N g n

Problem 2. Let f be an integrable function satisfying _fol f(z)dz = 0. Prove
that there are intervals 7 of arbitrarily small positive length such that

< /;f(a:)d:nzo.

Problem 3. Formulate and prove a version of Hélder’s incquality for products
of three functions. It is sufficient to obtain an upper bound on I(,l f(z)g(x)h(z) dx
for non-negative measurable functions f, g, and A in terms of suitable L” norms
of the individual functions. It is permissable to use the usual (two function)
Halder inequality without proof.

Problem 4. Let C be a closed set of positive Lebesguc measure and f(z) =
d(z,C). the distance from the point x to the set C. Prove that there exist
points x at which the derivative of f vanishes. Give an example of a closed set
of measure zero for which there is no such point z.
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MAT 701 Notes

Definition: Let X be a set. AC P(X) is an on X if

NXeA whelz  Set
(2)AecA=>Ac A Complemends
BYA,BeA=>AUBec A unons  (Liade)

o0
ACP(X)is aif (1), (2, and Aie A= JA€A 0dd w  counlable e as

i=1

If A is a o-algebra of X, then (X, .A4) is called

Lemma 2.7: If A, o € I 15 a famuly of o-algebras, then ﬂ Ay s a o-algebra.
ac’

mlerstcbon  of o’-alﬂ{ kras
N A 9— a'aeb\"o\

Definition: Let C C P(X). Then

o{C) = ﬂ A (A a o-algebra)
ccA

is the(a-algebra generated by C) It is a g-algebra by the previous lemma, and is the smallest o-algebra
containing C, i.e. if C € A and A is a o-algebra, then ¢(C) C A.

If X is a topological space, let G be the collection of open sets of X. Then o(G) is called the(Borel o-algebra

denoted B or B(X).

Proposition 2.8: Let X = R. Then B is generated by each of the following collection of sets:
C1 = {(a,b) | —00 < & < b < oo} SQm(a.-\ors of Pocel Q"Alﬂebf‘a, N
Co = {[a,b] | —00 < a < b < 00} (alf Sejme“’h /' nlecvals  and fans
Cy = {{a,b] | ~00 < a < b < o0}
Ci = {(a,00) | —00 < a < o0}

Definition: M C P(X) is called aif

(WA EM, AiTA =AeM mcmms/decreas-ng
(2 A eM, A LA =2 AcM n M

[Note: A; t A means A; C Ay and A = U2, A;. Similarly for A; | A.

065‘\”3&- SQ‘\'S CO"‘\J'C"SQ ~+o G Se.].

Theorem: (T he Monotone Class T heorem!) Suppose Ay s an algebra, A is the smallest
a-algebra containing Ag, and M 1s the smallest monotone class containing Ag. Then M = A.

Smaflest (—alﬂebt’a and  Smallest wionctore  Class Co()—l»o\.,q.nj
A, awn equ.va/enf—‘



Definition: Let (X,A) bc a imeasurable space. A on (X,A) is a set function

2 A=+ [0,00] such that

(1) {0} =0
(2) A; € A, A disjoint =» p (U2, A;) = 5572, u(Ay) Counttole Q,clc\\"'l\/"lj

and (X, A, i) is called

Proposition 3.5:
(0) Ai € Adisjoint = (U, A,) = 31, u(A:)
(i) A, Bc A AC B= p(A) < pu(B) inclgon
(ii) Ai € A, A=UR A = p(A) < T2, () ﬁw’/ﬂ =rly
(iii) Ai € A, Ai T A= p(A;) / p(A)

(iv) Ai € A, A; L A, p(A;) < oo for some i = p(A;) \ p(4)  nzed cne o e -(\\r\,J& -(or
decrersing Case
N

Definition: (X, A, ) is u@nite measure spat@ if p(X) < o0, Itis @measure space)if there exist
sets B; € A, p(E;) < oo and UZ | E; = X.
meu\s“(m

¢ p
R [\ Definition: AC X is ail' there exists B € A, u(B) = 0, and A 2 B. The measure space (X, A, i) is
" L\bv if A contains all of the null sets of X. a Nl et need net be In
v
2

S Definition: A function p* : P(X) — [0, 00] is called nnif

(1) p*(®) =0

(2) AC B = 1*(4) < w*(B) % pufer measire
(3) i (U1 40) < T2, (A

Asct NC X is for ptif p*(N) =0.

crcors £ dfj cnt.

<

Proposition 4.2: Let C C P(X) be such that § € C and U C = X. Assume
CeC

€:C— 0,00

salisfies €(0) = 0. For E C X, define

0 e walled d{Reaces 1o
‘ w(E) = inf{z ¢Cy) | EclJc, Cie c} iw;k

=1
TS ————S

P - -

E-

Then p* s an outer measure.

Definition: Let g* be an outer measure on P(X). A set A is if

|,¢*(E) = p (ENA)+pt(En AC)!

f()t(_‘ all K C X.

\

L\s of sets surren

O

sar



Theorem 4.6: {({Caratheodori) Let A be the collection of p*-measurable sets. Then A is a o-algebra and
i= p* |4 1s a measure. Moreover, (X, A, i) is a complete measure space.

Definition: Let o : R — R be a right continuous function and € = {(a,b} | ~c0 < a < b < o0}. Define
€:C — [0, 00) such that £((a,b]) = a(b) — a(e), and define m* : P(R) — [0, 0o] such that
Sureand € by
} smallest ntecuals pesible

m'(E‘):inf{ZE(Ci)‘EQ Uci ciec 2 Sim  Up thew lenngls
i=1

1=1

Then mg 1= m* [y, is calle@ue-stieltjes m@ where M, is the collection of all m*-measurable

sets.

Proposition 4.7: B C M, for any a"&ore\ Q"-a.\ ebca & contaned in collechon of all
o wheos wialle seds.

Lemma 4.8: Assume [c,d| C UE_,Jx, where Jx = (ax,bi). Then

7

a(d) - a(c) < 3 albe) - alax)

k=1

Proposition 4.9: If I = (a,b], where —co < a < b < oo, then

m*(I) = a(b) - ala) = {I)

Definition: If o = idg, we write m := m, and M := M, and call m@)esgue measure.)

Lemma: Fora <D, .
ma(@b) —al)—al)  nawal 15 leFF open, vghkC Izad,
mo((@h) =a(-)-al) Yoo others  Just take
ma(la, b)) = a(b) - afa-) #s lnnids,
mq([a, b)) = a(b-) - a(a—)




k}’i
o)

(3 “\ ’

27 sn

J\,L “\
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Proposition 4.14: Let A € M and e > 0. can Sv(rowd ar bt{'ﬂtfy ’ag:c.
io Yy an cpen set

There exists G C R open such that AC G and m(G\ A) < e Pd"‘ ~ C‘é LS'E’

There erists F C R closed such that F C A and m(A\ F) <e & d(b (- | C—/;,'-'.e e Seime_
'

There crists H € Gg such that AC H and m(H\ A) =0 St ‘2{’ s de

There enists K € Fs such that K C A and m{(A\ K) =0

where\-éaw Athc  set _a[ )c_ountg.{)ig intersections of open sets and.iF{;Izs the .it‘:_é_gf countable unions of closed sets.
In other words, if A € M, therc caist H K € B such that K CAC H and m(H\ K) =

Theorem 4.15: For z,y € [0,1], define 2 ~ ye==z — y € Q. Then ~ is an cquivalence relation. Let A be a
sct consisting of exactly one element from each tqmwlence class of ~. Then A 1s not measurable, so m* is not
a measure on P(R). This 1= H\( \/ <pd-. Bes\— 461(‘4'?17)9 e nNnon

Le\oesawz mea sU mb\,e so !

Definition: Let Ap be an algebra on X. A function € : A — [0,00] is :1 if
0

(1) €0) =
(2) Ai € Ag, U, A; € Ag, A disjoint = £(UX A4;) = Y72, (Ai)

Theorem: Assmnc Ay 15 an algebra and € is a measure on Ag. For £ C X, set (*)
pr(E) = inf{z (A ) A€ ApEC UA }

= 1=1

Then
(1) n* 1s an outer measure
(2) n*(A) = £(A) for all A € Ay
(8) Buery set in Ag is p*-measurable
(4) If € 1s o-finite, then € has a unique cxiension to o(Ag)

Definition: Let (X, A), (Y, F) be measurable spaces. Then f : X -3 Y is{.A/F)-measurable)if f~!(B) € A
forall Be F. /fy Y
(CEDPACED

Proposition: Let (X, A) and (Y, F) be measurable spaces and f : X = Y. Let C C F such that o{(C) =
Then f is A/F measurable <=>f'(C) € A, VC &C.

Proposition 5.6: Assume X and Y arc topological spaces and B(X), B(Y') are thew respective Borel sets. If
[ X Y 1s continuous then [ s B(X)/B(Y)-measurable, v.e. f 1s a
@,\»\mvw

?\X‘ \o\&
‘N\




Deﬁmtlon@ = {—o0} URM The open sets of R are generated by a basis consisting of sets of the form
(a,00], [~00,a], and {a,b), where a,b € R such that a < b. The Boret sets of R are denoted B := B(R).

Proposition: Let C = {(a,| | a € R} (or {[a,o0} | a € R} or {{~00,a) | a € R} or {{[~00,a] | a € R}). Then
o(C)=B

Definition: Let (X, A), (Y, F) be measurable spaces and f : X — ¥ measurable.

(1) If (Y, F) = (R, B), then f isé-measurable)

(2) If further (X, A) = (R, M), then f i{(Lebesgue) measurabl
(3) If A= B(X), F = B(Y), then f isBorel-measurablgand is called &{Borel function )

Proposition 5.5 The following are equivalent for f : X — R:

(1) f is measurable

(2){z| f(z) >a} € A, Va€R

(3) {z| f(z) <a} € A, VaeR ok of Yhis

Wil @ <acavecr | 5 30 SRy
(5){z| f(z) 2a} € A, Va € R Yheu “need to J

Proposition 5.7: Let f,g: X — R be measurable and c € R. Then f+g, cf, fg, fVg, fAg are measurable.

Proposition 5.8: If f, : X = R are measurable, then

sup fy, inf fp, fim Juy im fy
- n n =

are measurable, where
(sup fu)(z) := sup fu(z), (inf fu)(x) == inf fu(z)

Wn-f,1 := inf sup fin, llm lim f, := sup 1nf fm

m m>n n m2n

Proposition 5.10: If f : R — R 1s monotone, then f 15 a Borel function.

2
e
o0&




Definition: Let (X,.4) be a measurable space. If £ € A, the function x g defined by

) l, z€FE
NE\L) = 0, SL'QE

is called the@€haracteristic function of £ A s is a function of the form

n ‘L
§ = a:XE, LA
3 ;‘F 'g‘/

where a; € R and E; € A.

Proposition 5.14: If f: X =+ R is mcasu{rg)le and f > 0, then there enists s,, > 0 sumple such that s, /* f
powmtunse for all z. e &~ .
3- ca 0(\5 .
{pe " Clves fonlh
measv‘ \, s S P '
‘1

Theorem 5.15: (Lusin’s Theorem} Let f : [0,1] = R be Lebesque measurable and fiz € > 0. Then there emists
a closed set F C [0,1] such that m{[0,1]\ I") < ¢ and f |F s continuous.

/Altemate version:] There ezists ¢ continuous function g : [0,1] — R such that m({f # 9}) < e. Further,

g sup = “f“sllp \9\(- Yz, v ‘f
MeoSVE cor e | 00
gd‘\('tlb 9“" f gk \,\(\\) b
co* . .
Definition: Let (X, A, i) be a measure space and let s be a simple function

n
s= Za,u,-, (Ei€ A, a; € R)
Then s takes finitely many values, say by, ..., b,,. Let
=s7'({b;}) (€ A)
Then

m
am—

s= bixn,
F il T

with b; all distinct, B; disjoint, and' X = UJL, B;. This is called thc@ical decomposition of s.)[It is
unique|. {

P
Define thelLebesgue integral of §to be
m

/s dj = Zb_,u(BJ (where 0 00 := 0)
\‘\0‘_’ \‘0 \\04\7 j=1
¢ Q

1 f‘woa\q,
6\{“

O



Lemma 6.A If

n m
5= @XE = 3 ciXp;
1] i=1

where E; are disjoint, D; are disjoint, and X = UL | E; = 1 Dj, then

Z aip(B) =Y cip(Dy)
i=1 7=1

Definition: If f > 0 is measurable, set

/fdpzsup{/sdp

If f is measurable, define f* := f v 0 and f~ :=(—f) V0. These are nonnegative measurable functions. If at
least one of [ f*du or f f~dpu is finite, set

[rawi= [ rrau- [ ran

P e R

Proposition 6.3: If0< f < g, then /f dp < /g dye.

0<s<f, s simplc}

If A € A, then sct

05“‘\’

Consequently, for A,Be A, AC B,/ fdp < / g dit and / Sdu < / S du. 5\ (3(\2"
A A 4 B
74 £ q‘O
Ifsz(me<c<oo,then/cfdu:c/fdu. Q
If f 20 and ji(A) =0, then / [ =0 even of f =00 on A.
A

Iff=0onA, then/ fdyp =0 even of u(A) =
A

Definition: If [ f*du < oo and [ f~dp < oo, then we say f if’integrableand we write f € L'(p).

Proposition 6.4: If f € L'(;), then

[ 7] < [ir an




Proposition: If s and t are sumple functions, then
W“
\\

/(s+-t)dy=/sd,u+/tdp é

Theorem 7.1: Monotone Convergence Theorem)) Let (X, A,pu) be a measure spuce, and let
Jn i X = R measurable ST U= N < J2 < ..., and set

= ‘@s“f)

S PN
Then
ffn du/‘ffdu (1)

Also, of fu measurable, 0 < fi < fo < ... almost everywhere (and f,, — [), then (1) still holds.

Theorem 7.4: LErTcarity of the intcgm?)]f f, 9 ure nonnegative and meusurable, or 1f they are integrable, then

Juroran=[raws [

Remark: /If[ d,u=/f+ d;t+/f’ du

Proposition 7.5: Assume f,, > 0 arc measurable. Then 7\/“ u\"*
e L hrq
n’\}\' : o”"
6"m ~ ?b\c,
/an dp = /fn du \‘( su?®
n= l Me“/

Theorem 7.6:If fn > 0 arc measurable, then 5 ?03‘\'\\'{

/ tim fy, dye < lim [ I dp @

Also, if f,, measurable, f,, > 0 alinost cverywhere, then (2) still holds.




Th 7.7: (Dominated C Tl HAss ble, fn — tunse, and <g,
eorem 1 @na e lomn:’rgence heoremMAssume f, measurable, fr — f C;H uise, an Slr.:pl Ml <g
where g € LY (u). Then f € L' (i) and sbhle
need [msb ;
== an
ad b ‘
Jim=nau=o b 4 ®)

Also, if f, are measurable, f, — f almost everywhere and sup|f,| < g almost everywhere, where g € L'(p),
n

then (3) still holds.

Proposition 8.1: If f : X — R measurable and L‘ fdp=0,VA € A, then f =0 almost everywhere.

ervhner need “)05"4'\"c a
ac wmsble.

Proposition 8.2: If f > 0 almost everywhere and [ f dyu = 0, then [ = 0 almost cverywhere.

Corollary 8.3: Let R — R such that f € L'(m) and fira €R. If Vz € R

[ 16 =0

Then f = 0 almost cverywhere (unth respect to m).

Theorem 8.4: Assume f is Lebesgue measurable and integrable, so f € LY(m). Gwen e > 0 there exists
g € Co(R) such that __\\e
e ¥

mmgd(“ = e
Ak oS vy )
%ch*'m?, f‘-:ffp}“"*’ /If —gldm<e
O‘C"n}‘fz}éev‘ o o e¥ of Peints where fi‘o
S
-

where Co(R) = {g: R —» R | g continuous with compact support}.

Definition: Let ~oo < a <b < co. Then ¢: (a,b) » R is {a,b) if

(A + (1 = A)B) < dpla) + (1 - A)p(B)
Va,f € (a,b), VA € [0,1].

Fora<z<y<z<hb,

oly) —o(2) _ o) —olz)  plz) - pz) _ elx) — oly)
y-2z2 - xz=-2 zT—2z ~  r-y



Theorem 8.A: Let (X, A, ;1) be a measure space with u(X) = 1. Let f : X — (a,b) such that f € L'(n) und
¢ :{a,b) = R conver. Then e

' then

(\S ‘Q/OS ?C’S )

awe
V\eqval'b w(/f d;t) < /(wf) dpe ‘E‘:G:\(ni 6‘)/,47

' \ nl"i v

Definition: A function [ is if m({x | f is not continuous at x}) = 0.

Theorem 9.1: Let [ : [a,b] — R be bounded. Then

oD A

g\ Cl-‘,\
clas o o v .
f € RI <= f s continuous a.e. (m) ¢ € {Cm

In this case, R(f) = ff dm.

Definition: Let (X, A, 1) be a measure space and fp, f : X ~ R be measurable.

The sequence { f).converges to f(almost everywhere) written f, — f a.e. (), if

e
The sequence { f,,)w written f,, % f, if @4\\*(

\/\/‘\(—\/\/“\ -

n{z!|fu=fl>¢€}) »0asn —rooforalle>0

»
For 1 < p < o0, the sequence (fu)@written fn ESS f ol

f \fu— fIP dpp =0

Proposition 10.2: Qe
(1) If fu = f ace., then fu 25 f of p is finite. /
«—— Lp

(2) If fu 5 f, then there cxzists a subsequence n; such that fr, — f w.c. /A

{
v Chebushevs
Lemma 10.4: If0 < p < 0o, then for any a > 0, pu(|f| > a) < _ﬂfa_pdu_ \X

Proposition 10.5: If f, — f i LP, then f, & f.




Theorem 10.8: Assume i 1s finile, € > 0, and f, = f a.e. Then there ezists a set B € A

such that p(B) < € and fp, = f uniformly on B°.

Definition: Let (X, A, u), (Y, B, v) be measure spaces and set

n
CO:{U(A:’XB;‘) ’ Ai€ A, BieB, i#j= (4, xB)N(A; x B;) =0, nZl}

=1

Then Cp is an algebra, and define A x B := o(C) tlle@roduct a-algebr%

If E € A x B, define

s:(E)={yeY (z,y) € E}, ty(E)z{xGXI(a:,y)EE}

the of E an of E, respectively.

If f: X xY = R is A x B-measurable, sct

S:f(y) = f(z,y), T, f(z)= f(z,y)

Lemma 11.A:
(1) sz (E°) = (sx(E))¢ foral EC X x Y

(ii) sz (D EI) = D sz(E) forall EC X x Y

i=1 i=1

(iii) 5z (ﬂ E,-) = [ s=(£) for dl EC X x ¥
i=]

1=1

Lemma 11.1: forellz € X,y €Y,
(i) If E € Ax B, then sy(E) € B and t,(E) € A.

(ii) If f 15 A x B-measurable, then Sz f is B-measurable and T, f 15 A-measurable.

Definition: For E€ Ax B, definch: X - R, k:Y - R by

Mz) = v(s:(E)), k) = nlty(E))



Proposition 11.2: Assume p and v are o-finile. Then for all '€ A x B,

(i) h is A-measurable and k is B-mensurable.

(i) [ h(z) p(dz) = [ k) (dy)

Remark:

h(z) = v(s2(E)) = / Xou(y(¥) ¥(dy) = f Sexe(y) vidy)

so (i) can be rewritten as

/X /; Sexe(y) v(dy) p(dz) = /Y /\’ Tyxe(z) pde) vidy)

usually written as

jY /y XE(z,y) v(dy) pldz) = /y /Yxf.(:::,m p(dz) v(dy)

Definition: For £ € A x B, set

(wx )(B) = [ 1(a) uldo) = [ vlsa(E) (o)
= [ o) vidy) = [ ntey()) vic)

Then g x v is called(product measure:

Theorem 11.3: {(Fubini’s Theoremy Assume i, v are o-finite. Let f: X x Y = R be A x B-measurable such
that "

(a) f 20, or

(b) /‘(xY fld(xv) <o (ie feLl(pxv))

Then
(1) Sz f s B-measurable, Va.
(2) T, [ s A-meusurable, Vy.

(3) g(z) = /Sxf dv = /f(:):, y) v(dy) s A-measurable.

(4) h(y) - f]},f dj = /f(:v,y) n(dz) s B-measurable.

(5) /Mfd(uxu) . /Y /Y J(,y) v(dy) plda) = [Y ]Y F(w,y) p(de) vidy)




Proposition: B2 = B! x B!

Theorem 11.B: Let o, 8 : R = R be increasing and right-continuous, with LS measures do,dB3. Then

< 0\\“02('/\ >

/(n.b; o(z)B(dz) = a(b)B(b) — a(e)B(a) - -/(n,b; Blz—)a(dy) \,\V\OJ) ¢

Definition: Consider (R?, M x M, m x m). Then Ma = M x M are the 2-dimensional Lebesgue measurable
sets and mp = m x m is 2-dimensional Lebsegue measure.

Theorem 11.C: Assume (X, A, ;1) und (Y, B,v) are complete, o-finite measure spaces and f: X x Y — R 15
A x B-measurable such that

(a) f>0ae (uxv)

(b) fxxy |/ dnXv) < o0

Then
(1) Szf is B-measurable, for a.c. x (11).

(2) T, f is A-measurable, for a.e. y (v).

(3) g(z) = / Sy f dv = /f(a:, y) v(dy) is A-measurable (set = 0 when not defined).

(4) h{y) = /Tyf dp = /f(m, y) n(dzx) s B-measurable (set = 0 when not defined).

) [ 14G=D) = [ [ rto0) vid) utaa) = / /x F(,9) wds) v(dy)

Theorem 11.D: Let f : R — [0,00] be Lebesgue measurable and let E = {(z,y) | 0 < y < f(z)}. Then
(a) E€ M2 (€ M x M)
(b) [ f dm = mqe(E)

Definition: Let (X, A) be a measurable space. A function p: 4 — (—o0,00] is 1f A rr‘j
i) () =0 ,V"

i) 2 (U2 A) = 52, 1(Ay), A; € A disjoint ol

Definition: Let y be a signed measurc on (X, A). Asct A€ Ais af w(B)>0forall BC A

such that B € A.

Similarly, A € A is if p(B)Y<0forall BC Asuchthat B€ A Aset Ac Ais u(nu!! sebif
#(B) =0 for all BC A such that B € A.



Proposition 12.4: Let p be a signed measure on (X, A). If £ € A and p{E) < 0, then there exists a negative
set F C E, Fe Awith p(F) <0.

Theorem 12.5:(! Halin decomposition) Let (X, A, 1) be a signed measure space.

1} There exist E, F € A disjoint with £EU F = X, E a negative sct and F a positive set.
2) If E', F' € A is another such decomposition, then EAE' = FAF' is a null sct.

3) If g is not a positive measure, then p(£) < 0; and if —y is not a positive measure, then p(£) > 0.

Definition: Two measures i and v on (X, .A) are {mutually) singular) written p | v, if there exists a set

I2 € A with g(E) = v(E®) = 0.

Theorem 12.8:( (Jordan decomp@}\ssume it is a signed measure on (X,.A). Then there exist p*, ™
positive measures, ' L &, and f = p* — p~. Further, this decomposition is unique.

Definition: |jz| = p* + o~ is called the(total variation measur@of i

Definition: If g, v are measures of (X, .4), then v is ébsolutely continuousyvith respect to s, written v < g,

if 12(A) = 0 = v(A) = 0, VA € A.

Example: Let {X,.A, z2) be a measure space, f > 0 measurable, and define v : A -+ [0, 00| by v(A4) = [, f dpu.
Then v is a measure and p{A) = 0 = v{A) = 0.

Proposition 13.2: Assuine # is finite. Then v <« g if and only if for all € > 0 there exists § > 0 such that for

Al ACA A <d=vid) <d o iornale Loem of et

Lemma 13.3: Let j2 and v be finite measures on (X, A). Then cither
Dplv

or

2) there exists € > 0 and G € A with p(G) > 0 and G a positive set for v — ¢




Theorem 13.4: ((Radon-Nikodym)Let u, v be o-finite measures on (X, .A) such that v < 2. Then there exists
a measurable function f with

v(A) = Lf di

for all A € A. The function is unique up to a set of y-measure 0.

The function f is called tl)e@dfon-Nikodym d@ of v with respect to sz, written f = j_:: It satisfics
f20ae. (). And if v is finite, then f € L(u).

Definition: Let v be a signed measure and g a measure. Then v € v if [v| K pand v L p if |v] L p.

Lemma 13.A: Let v be a signed measure and g a measure.

Dvps= [p(Ad)=0=v(4)=0, VAc A
2) v Lyt <= 3A a null set for v with p1(A°) = 0.

Theorem 13.4%: Let jt be a o-finite measure and v a o-finite signed measure with v < . Then there exists
a unique function f such that

u(A):[‘fdp VAe A

If v is finite, then f € L'(p).

Lemma 13.B: Let v be a signed measure and j & measure. If ¥ « g and v L g, then v = 0.

a.h&a\o&-eg Corhinugus + va)a]‘j_snﬁmr = O.

Theorem 13.5: ((Lebesgue decomposition) Let ;i be a o-finite measure and let v a finite measure. Then there
exists a unique pair of finite measures vy and v, with v, < g, vs L g such that v = v, + v,.

Proposition 14.1: Assume £ C R" and E = U,¢;B,, where B, are open balls of bounded diameter. Then
there exists a sequence By, Ba, ... of disjoint clements of {B, | @ € I'} such that

m(E) < 5" i m(By)

=1




Definition: A function f € Ll (m) if for any zo € R" there exists r > 0 such that f[},lzo) |f] dm < co. In
other words, f i{locally integrable) This is equivalent to fi. |f| dm < oo for all compact K ¢ R™.
For f € L}, (m), sct

1
MI@) =sup— /B Ml

Then M f is called the{Hardy-Littlewood maximal function.

Properties of MM f:
(N0 Mf<oo
() M(f+g)<Mf+Mg
(3) M(cf) = c|Mf
(1) M f is measurable

Theorem 14.2: If f € L!(m), then for every 8 > 0,

m(Mf > B) < %" f /] dm

Theorem 14.3: Let

fr(z) = .

: — dm
(@@ Jow?

If fe Llloc(m), then fr = fae asr O,

Theorem 14.4: If f € L} | then

loc?

1
m /[;r(x) |f(y) — f{z) dy = 0 ac.

Definition: If M — 1, then x is called ao[ E.
m(By(z))



Theorem 14.5: Let f : R — R and f € L} . Fix a € R and sct

loc*

Flz) = / " fyat

Then F is differentiable and F’ = f a.e.

Lemma 14.6: Let a : R — R be a right continuous, increasing function and v the associated Lebesgue-Stieltjes
measure. If v L m, then

. V(Br(m)) .
S m(Be@)

a.e. x (m).

Proposition 14.7: Let ¥ : R — R be increasing and right continuous with L-S measure v. Then F’ exists

dv
ae., F' € Ll (m), and F' = d_rr(: a.c. m. As a consequence,

/bF' dm < F(b) — F(a)

a

Theorem 14.8: Let F: R — R be increasing. Then F’ exists a.c., F' € L}, and for a < b,

/ ' F'(z)dz < F(b-) — F(a+) € F(b) - F(a)

Sam» \£nt! Y £ &S a
‘M" \ ‘jl 1%
r’nwl"‘/ =t \Q<
P g")ts\



Definition: Let f:[a,b] =+ R and fora < y < b, set

k
V f(y) = sup {Z F(@) - flain)]

1=}

Then V f(y) is u.of f over [a,y]. Say f € BV if V f(b) < co.

Set

a=2:()<“'<1‘k’—'yvk?2}

k
P(y) = sup {me.) ~ fae))t

i=1

a:.‘ro<---<a:kr-y.k22}

R
N(y) = sup {Z[f(w.-) = f(ai-1)]”

1=l

The functions P and N are called the uld éegative variations)of f over [a,y].
0.

Note: V f(a) = P(a) = N(a) =

a=:r0<~--<a:k=y,k22}

Lemma 14.10: If f € BV, then f(y) — f(a) = P{y) — N(y) and V f(y) = P(y) + N(y).

Definition: A function f : [a,b] = R ism written f € AC, if Ye > 035 > 0 such that

k k
D (b —ai) < 8= ) | f(bi) — flai) <€

=1 =1

whenever (a;, b;) C a,b] are disjoint.

Lemma 14.12: fe¢ AC = f e BV.

Lemma 14.13: Let f € AC, so in particular f € BV. Then V f € AC and hence so are P and N.

Theorem 14.14: If F € AC, then F' exists ac., F' € L'([a, b)), and

ﬂdadl . T
ﬂ/\ lv% 1&/ ;o\ls [ Pow=Fe) - 1 e

U€ Ior .1ll @ < x < b. Conversely, if F exists, F' € L'([a,b]), and (*) holds, then F € AC.

v

> check AC Chwel




Assume f € BV on [a,b] and f is right continuous. Write f(z) - f(a) = P(z) — N(:::).‘ Let pup ~ P, uny ~ N.
Then V f(z) = P(z) + N(z). Let v~V f,s0 v =pp+py. Let g = pup — pun.

Theorem 14.C: v = ||, or cquivalently, up = pt, uy = p~.

Definition: A function F: [a,b] - R isif F'=0ae.

Theorem 14.D: Let F': [a,4] — R be right continuous and £ € BV. Then

F(z) — F(a) = Fy(z) — Fy(z)

where F, € AC and Fj is singular. This decomposition is unique if F,(a) = Fy(a) = 0.

Note: If a(z) = / a(t)dt, B(z) = / b(t)dt for a,b > 0, a,b € L'(|c,d]), then
c [

o _ d_
[ a(e)b(z)ds = T(d)B(d) - / B(z)a(z)dx

If o, B8 € AC, write a(z) — afc) = / o' (t)dt. Then

c

o d
/ a(2)f(z)dz = o(d)B(d) — ale)B(c) - / B(z)a (z)dz

Definition: Let (X, A, ) be a measure space and f: X — R. For 1 < p < 00, define

= ([ 1re dﬂ)%

For p = oo, set

[lflleo = inf{M | u(lf| > M) = 0} = ess sup |f]|

For 1 < p < o0, set

LP={f] “f“p < oc}

For 1 < p < o0, let ¢ satisfy % - {—'l = 1. Then q is called the conjugate exponent of p. If p = 1, let ¢ = o0o; if
p=09, let g =1.



Propaosition 15.1: {{Holder’s Incquality) If p, ¢ are conjugate exponents (1 < p,q < 00), then

/ ol die < 115 llglle

Lemma 15.2: If a,b > 0 and 1 < p < 00, then {(a + b)? < 2""((1” + ")

Proposition 15.3: (g'[inkowski’s Inogiui];ii) If 1 < p < oo, then ||f +gllp < |Ifllp + llgllp

Define an equivalence relation ~ on L? such that f ~ g<=||f ~ gl|,, = 0, i.e. f=gae Letl? = L?/ ~. For
' e LP, define ||| F|||, = || fllp for every f € F. Then || - |||» is a norn on L”.

Theorem 15.4: LP 1 < p < 00, is complete.

Proposition 15.5’: If 1 < p < oo, then Co(R) is dense in LP(m).

———

Definition: Let 1 <p < co. A function H : LP -+ R is aw if

(i) H(f +9) = H(f) + H(g)
(ii) H(cf) =cH(f),c€R

If in addition | H|| :=sup{|H f| | ||fi|, < 1} < oo, then H is called { bounded linear functional.

The sct

(L") = {H | H is a bounded lincar functional on L"}

is called thc@ of L?. It is a vector space with addition and scalar multiplication of functions and
[|-1] is a norm.

Observation: If f € L? and ||f||, # 0, then |Hf| < ||HII|| f] .



Lemma 15.A: If H is a linear functional on L, the following are equivalent:
(1) H is bounded
(2) H is continuous
(3) H is continuous at one point

Theorem 15.8: For 1 < p < o0,

1 £llp = sup { [raau tally < 1}

Proposition 15.10: (1 < p < o) Let g € L? and define H € (L?)* by Hf = [ fg du. Then

I1H#1| = ligllq

Proposition 15.B: Simple functions are dense in L?, 1 < p < 0o. In fact, for any f € L?, Ve > 0 there exists
r simple such that |r| < |f| and ||f ~ ||, <.

Corollary 15.9%: If 1 < p < o0, then

1}y = sup { / fs dp

[|sllg €1, s simple }

Theorem 15.11”: Let 1 < p < co and fix H € (LP)*. Then there exists g € LY such that H(f) = [ fgdp.
Then by Proposition 15.10, ||H|| = [|g|,-

Definition: Let U,V be normed linear spaces, A : U — V a lincar transformation. Then A is an isometric
isomorphism of U onto V' if A is bijective and norm-preserving, i.c. ||Au|| = ||ul.

Thus for 1 < p < oo, A: LT — (LP)* by g — Ay, where Ag(f) = [ fg dp, is an isometric isomorphism.

Proposition: Given (X, A, 1) a o-finite measure space. Let M = {v | v is u finite signed measure and v < ji}.
Then M is a vector space with norm the total variation norm ||v|| = |z|(X).

In addition, L}(1) = M (an isometric isomorphism).







JANUARY 2013 QUALIFYING EXAM IN REAL ANALYSIS

Notation: m stands for the Lebesgue measure on the real line. The spaces L"([0,1]) are

understood with respect to m.

1. Suppose that f: [~1,1] — R is a function of bounded variation. Prove that the
function g(x) = f(sin x) belongs to BV ([a, b|) forall ~c0 < a < b < 0.

2. Let (X, M, pt) be a measure space such that for every set A € M the measure ji(A)
is a nonnegative integer. Suppose that {f,},>; are measurable real-valued functions on
X such that [y |fu|d; — 0asn — co. Prove that f, — 0 a.e.

3. Suppose that f € L*([0,1]). Prove that the function g(x) = |f(x)|**! is in L}([0, 1]).

4. Suppose that { f,} is a sequence of nonnegative Borel measurable functions on [0, 1]
such that ful fa(x)dm(x) =1forall n.

Which of the statements (a)-(d) follow from the above? Prove or give a counterexample
to each.
(@) Theset A = {x: f,(x) < 2 forall n} is Borel
(b) The set B = {x: f,(x) < 2 for infinitely many values of n} is Borel
() A#D
(d) B# @
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QUALIFYING EXAM, Measure Theory, August 2012

Problem 1. Let f: R — R be given by f(x) = 2. Let m be Lebesgue measure on the Borel sets
of R. For the following statement, prove OR provide a counterexample (with the details showing i’
is indeed a counterexample):  For all Borel sets £ C R, if m(E) = 0 then m(f(E)) = 0.

Problem 2. A sequence of (Lebesgue) measurable functions f, on R is said to converge almos'
uniformly to the measurable function f on R if and only if for cach ¢ > 0 there is a measurable se:
E C R such that m(E) < ¢ and f, — f uniformly on R\ E.

Give an example of f,, — f pointwise alinost everywhere but NOT f, — f almost uniformly.
Show that your example works.

Problem 3. On [0,1] C R sct g(x) = v/T. Define f on [0,1] by f(3) = & forn =1,2.3,...
1, 1

f "—0"?— =0forn=1,23,..., and otherwise f is linear. See the figure where the first fev

linear pieces of f are graphed.

08

0.4

™
~

\ f
N2 of

]

Toe T T T d
¢ 0. LR LK 23 1

(1) is g absolutely continuous? Why or why not.
(ii) is f absolutely continuous? Why or why not.
(iii) is g o f absolutely continuous? Why or whv not.

Problem 4. (i) For a space X with measure ;2 and pu(X) < oc, prove that L7 C L* for
0 <p<g<oo. (ii) Supposc that X contains disjoint sets Ey for k = 1,2, ... with0 < u(E;,) < 27"
Show that L? is not contained in 7.
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MAT 701 Qualifying Exam January 2012

Instructions: Please use the bluebooks provided for your solutions of the 4
problems below. You may use without proof any standard results from MAT
701, MAT 601, and MAT 602.

Problem 1. Let f, be non-decreasing functions on (—oc, 0] such that f, = 0
in (Lebesgue) measure as n — oc. Proofl or counterexample: Necessarily f, = 0
almost everywhere on (~o0, 0] with respect to Lebesgue measure.

Problem 2. Prove that any function f € L7([0,1]?),1 € p < o0, can be
approximated by a finite lincar combination of functions of the form h(z)g(y)
with h and g continuous on {0,1). More preciscly, given € > 0 there is a function

w(z,y) = Y hi(z)g;(v)
i=0

with f; and g; continuous on [0.1] for j =1.2,...,n, such that ||f - ulf, < e.

Problem 3. Let f be a continuous real-valued function on the real line that is
differentiable almost everywhere with respect to Lebesgue measure and satisfies

f(0) =0 and
I'(z) = 2f(z)

almost everywhere. Prove that there cxist infinitely many such functions, but
that only one of them is absolutely continuous.

Problem 4. Let z and v be measures on the same measurable space. Assume
that g is finite, and define a set function gy by

uo(A) = sup{p(A N B): B is measurable and v(B) < 2}

for measurable sets A. Also define a set function A on measurable sets A by
MA) = p(A4) = po(A). Prove that both g and A arc measures, and that A has
the property that A{A) > 0 iinplics v(A) = oo for measurable sets A.

0u
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Qualifying Exam Summer 2011 Analysis

(1) In Euclidcan space R" with Lebesgue measure m, for K € Nand some 1 < p < oo let f, fr € LP
with fi — f pointwise a.e. as k — co. Assume that || fi]|, < M < oo for all k € N. Also, let g € 1.7 where
1,1
1yl
P q
(a) Prove or provide a counterexample to the statement: ||f|, < M.

(b) True or False, explain your answer. For all R > 0, for all § > 0 thereis F C {z € R" | |[z| < R} =

B(0, R) with m(F) < § and fy — f uniformly on B(0,R) \ F.
(c) Prove or provide a counterexample to the statement: For all ¢ > 0 there is a 5 > 0 so tlrt

1/q
(/ lg]” dm) < € whenever R > Rj.
JIzI2 R
(d) True or False, explain your answer. For all ¢ > 0 there is a § > 0 so that for all EC R* it m(E) - §

then / lg|? dm < e.
E

(e) Prove klim /fkg dm = /j'g dm
v = OO

(2) Let |fol < g € L! and f, = f in mcasurc as n = co0. Prove f, = fin L! as n — oo.

(8) (a) Give an example of continuous f : R — R and F C R with m(E) = 0 so that m(f(F7)) # 0, m
is Lebesgue measure on R.

(b) Let f be an absolutely continuous function on the interval {g,b]. Show that m(f(E)) = 0 for all
FE C[a.b] withm(E)=0.

(4) For f a positive measurable function on the interval [0, 1], which is larger(assume all the integra's

make sense)?
1 1 1
/ fdm / log f dn OR / flog f dm
0 0 0

Prove your answer.
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Analysis Qualifying Exam
August 2010

You must justify your answers in full detail, and
explicitly check all the assumptions of any theorem you use,

Assume that f, fi, f2, - € L'(R) (Lebesgue measure), and that as n = oc (i) f, — f pointwise on R
and (ii) [|falli = |[fll:. Prove that for any any mcasurable sct £ C R, lingof = / f. é ﬂ(f
E E

-

. Let f € L?[1,00) (Lebesgue measure). For each of the following statements, if the statement is truc,

prove it, while if false give a counterexample.
(a) If f is continuous then f(xz) — 0 as £ — oo. (Do not assume continuity for parts (b),(c) and (d).)

(b) |fl]—=0asn— 0
[ryn--1]

(c) vn |/l —0asn—00

[nn1)

(d) liminf /n Ifl=0
n—oo [nn+1]

. Let f € L?(0,00) (Lebesguc measure). Prove the following:
<

(a) ] A : f(t)dtl < 22| flla for = > 0.

(b) lim z~ /2 / : f()dt = 0.

. Define

1 3in(L) f0<y<a<l
0 otherwise

f(m,y)={

1 p 141
Prove or disprove: / / f(z,y)dzdy = / / flz,y)dydz.
Jo Jo Ja Jo
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Real analysis qualifying exam  Jan. 13,2010

I. (a) Let f be a contintous map of a metric space X into a metric space V.

True or False. If false cither give a counterexample, or make the statement true by
cither adding a hypothesis or modifying the conclusion. Do not prove if true.

(1) If X is compact, then so is f{X).

(ii) If X is connected, then so is f(X).

(iii) If f is one-to-one, then f~!: f(X) = X is continuous.

(b) The Cantor set C < [0,1] C R consists of all sums z = 372, &+ where the n;
are allowed to form any sequence of (s and 2°s. Let f : C — [0, 1] be the canonical map
defined by f(x) = § 370, .

3=l 2
Prove or Disprove.
(i) f is onlo.
(ii) f is continuous.
(iii) f is one-to-one.

2. Let {f;} be a sequence of Lebesgue measurable functions that converges pointwise
a.e. to a function f on the interval [ = [0,1]. Let F € LP(I) and g € LP'(I) where p and
p' are dual exponents, 1 < p < co.

@Ifp> 1|/, <1(7=12,...)and [, fig = [, Fg,prove that |, fg = |, Fg.

(b) Show by exarple that the conclusion of part (a) is false when p = 1.

3. Let f be a real valued function on the interval I = [a, b].

(a) Give the definition of absolute continuity for f on I,

(b) Suppose f is absolutely continuous on /.

True or False. If false cither give a counterexample or modify the statement so that it
is true. Do not prove if true.

(i) f is uniformly continuous on 1.

(ii) f is differentiuble at cvery x in the interior of 1.

Gii) f' € L'(T) and f(r) = f(a) = [ f(t)dt,a <z < b

(c) Suppose f is absolutely continuous on I. Prove that the set of values
{y = f(&): f'(4) is not defined} has measure zero.

(d) Suppose f is absolutely continuous on J. Prove that the set of values
{y = f(z) : ['(4) = 0} has measure zern.

4. Let Borel functions f € L'(R) and g € L*(RR) be given so that f(z — y)g(y) is a
Borel function on &°. Prove that f:’:o |f(z = v)g(y)ldy < oo for a.e. z.
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Qualifying Exam Measure Theory
8 January 2009
Show ALL your work. Write all your solutions in clear, logical steps.
Each problem has the same weight
Good luck!

Problem 1. Given () < py < py < oc construct a Lebesgue measurable function
S on R so that f € L*(R,m) if and only if p € [po,p1]. (m denotes Lebesgue

mecasure) L (O‘ancx ?3 ‘87

p—



Problem 2. Let s be & measure on X with 2(X) < o, For [ measurable on
X show that pl_iﬂo 1/l =1 ll



‘/.\‘

1
Probl 3. Let Mf(r) =35
roblem et M f(r) ’;‘iﬂ m(B(z,7)) JB(z,r)

Littlewood Maximal function of a function f € L'(R¥,m) (a) Show that there

are finite positive constants ¢ and R (that depend on f) so that M f(x) > W

for all z with |r| > R. (b) Use part (a) to show that if A/f(z) € L'(R*,m)
then f=0ae.

| f(y)|dm(y) be the Hardy-



Problem 4. Suppose f, are ieasurable functions on (X, ) aud that |fo] €

g € L'(u). Show that if f,, = f in measurc then / Jdyi = ]-i_l’l;o / Sndp
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Measure Theory Qualifying Exam Fall 2008

Problem 1. Let £ ¢ R with m(E) > © (i.e. F has positive lebesgue measure).
Show that the set £~ E = {x—y |,y € E} contains an interval centered at 0.

Problem 2. Let g be a positive measure on X and f measurable on X. For
0<r < p<s<ocshow that || fll, < max(l|f]l.. If]ls)-

Problem 3. Prove that a positive measure 2 on X is o-finite if and only if
there is an f € L'(du) with f(z) >0 forall z € X.

Problem 4. Let | < p < 20 and suppose that fi — f in LP(R,m) as k — o

. - 0 ,z<k
(m is Lebesgue measure on R). In addition assume that gi(z) = . ’ o
T 2R

for k =1.2,.... What docs the sequence figy converge to in LP? Prove it.
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Analysis Qualifying Exam

You should justify nontrivial steps, referring to theorems when appropriate.

1. Fix p € (0,00). Give an example of a function f ¢ L?(0,1) such that f € L7(0,1) for all » < p.

2. Let f be a nonnegative measurable function on {0,1). Prove that |||, = || flle as p — o0, including
the case +00 = +00.

3. Let (X, M, 2) and (Y, NV, v) be o—finite measure spaces and let KX (z,y) be measurable with respect to
the product o—algebra M x A/. Assume there is a finite constant A > 0 such that

f |K(z,p)|ldv(y) S Aforallz € X
Y

and
/ K (z,5)|du(z) < A forall ye Y.
X

Fix p € (1,00) and f € LP(X, M, 1) and define
(T)w) = j F(2)K (z,)du(z)
;

Prove that |Tf||Lee) < Alf Logn

4. Let ¢ : {—m,m] — [~1,1] be measurable. Let 0 < 7 < 1 and prove that

[T At Tt dt
IJFa‘/_,l—r(ﬁ(t)‘/.,l—qb(t)

Evaluate the right-hand side above for ¢(t) = cost.
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Real analysis qualifying exam  Aug. 22, 2006

1. Let E' C R denote a countable set,
(a) Coinpute the Lebesgue measure of E.

(b) Construct an E that is a G5 set (countable intersection of open sets).

(¢) Construct an E that1s not a Gy set.

2. Give an example of a sequence { f,} for each of the requirements below or show that
no such sequence exists. L' denotes the Lebesgue integrable functions on R.
()0 < fu — 0in L', but {f,} does not converge pointwise a.e. to zero.

(b)0 < fa — Qae., but {/,} does not converge in L' 1o zero.

(©)0< fn— fae.and [ f <1 but fg L'

3. Givenap > 1let f € LP({0,1]) with respect to Lebesgue
E C [0,1] be measurable. Put v(E) = [ fdm.

(a) how that v is a complex measure absolutely continuo

(b) Let g(z) = ([0, z}) for each z € [0, 1]. Prove
1.
lgll> < (5)" I/

4. Fersome 1l € p < oolet T @ LP(R) — LP(R) be a continuous linear operator,
Suppose || flip < [[Tfi, forall f £ LP(R).

(a) She & there exists a real constant C independent of f so that

W1l € Cllfllp
for all

& eaTisl: L.

(¢) Shew T has closed range., i.c. whenever T'f, — gin LP there exists f € LP such
that T = ¢
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Measure theory exam Jan. 28, 2006

1. Let P denote the o-algebra of all subsets of R and define a measure p by p(E) = 1
if0 € Eand p(E) = 0if 0 ¢ E. Let m denote Lebesgue measure and M the Lebesgue
measurable sets. Let f denote a real valued function on R.

(2) Show {p, P) is a o-finite measure space.

(b) Which is true and whlch 1s false and why?
(i) If f is Lebesgue measurable, then f is p-measurable.
(i} If £ is p-measurable, then f is Lebesgue measurable.

(c)Show that if f € L!(p), then there is a.e.[p] a unique Lebesgue measurable function
g such that
[sdo= [ sap
E E
forall E € M.

{d) Show by example that g is not a.e.[m] unique.

2. Let  be a signed (or complex) Borel measure on R such that Jul(R) < oo. Let
E C R be a measurable subset with u(E) # 0. Suppose for all z € R and all Borel

subsets A C E
#A +z) = p(4)

Prove that 4 = Q.

3. Let L! denote the Lebesgue integrable functions on the interval (0, 1] with respect to
Lebesgue measure and let || £|| denote the L* norm.

(a)Construct a sequence {f,} C L' such that |{f]] = O, but {f,) converges at no
point.

(b)Construct a sequence {f,) C L! such that f, — 0 at every point, but || f|| = co.

(c) Suppose f € L', f, = [ a.e.,and || fa]| =+ ||f]l. Prove that f, = fin L!.

4. Letl < p < oo and let f and g be Lebesgue measurable functions on the half-line
[0, 00).
(a2) Show how 1o use the Fubini theorem (Fubini-Tonelli) and the identity

iOW = flzy) (Iy)
to prove

L[ 4 gteae < colsiplol
where p’ is the dual exponent to p.

(b) Can the Fubini theorem be used to get the same type of result when  + y is replaced
by z - y in part (a)? Why or why not?
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QLL 2005

Measure Theory Part

1. Let {r,}%, be the rationals, f(z) =272 for0 < z <

1 and 0 otherwise, and set g(z) = > ou 27" f(z — 7). Is

f(z) measurable? Why? Is g(z) measurable? Why? What
is the set of points of discontinuity of g7 Is g integrable?
Why? Show that g is not in L? on any interval.

2. Let p be Lebesgue measure on the borel sets of the
real line, and define v(F) tobe 1 if 0 € E and 0 if 0 ¢ E
for all borel sets E. Is v a measure? o finite? Compute

3. Define L? (Lebesgue measure). Is L(R) C LI(IR)?
Why? Is-L3(0,1) C L}(0,1)? Why?

4. Let fr — fin L?, 1 < p < 00, g — g pointwise and
lgrlloo < M for all k. Prove that figx — fg in L*.

Complex Part

1. Let f be an analytic function on the unit disk and
f(z) is real when z is real. Show that f(2) = f(z).

2. Let {f.} be a sequence of continuous functions on
the closed unit disk that are analytic in the open unit disk.
Suppose { f} converges uniformly on the unit circle. Show
that {f,} converges uniformly on the closed unit disk.

3. Suppose that f is an analytic function on an open set
containing the closed unit disk, |f(z)] = 1 when |2} = 1 and
f is not a constant. Prove that the image of f contains the
closed unit disk.

4. Let F be a family of analytic function

flz) =2+ Zanz"
n=2

on the open unit disk such that |a,| < n for each n. Show
that F is normal, i.e. every sequence of functions in F
contains a subsequence converging normally to a function
in F.
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Analysis Exim 29 January 2005
Measure Theory Part
1. Let f(z) be the standard Cantor function. Define g(z) = f(z)+z.

~0 Show that g is continuous, increasing, and 1-1 from [0, 1] onto [0, 2].
A OﬁﬁbUse g to show that the image of a Lebesgue measurable set under a

o

continuous map may not be measurable.

2. Consider the real line with Lebesgue measure. A sequence of
measurable real valued functions f, converges in measure to the mea-
surable function f. In addition | f,| < g for all n where g is an integrable
function. Show that

tim [ 1= 11=0

3. Suppose that 1 < p< g <7 <oo and that f € L?N L". Estimate
the L9 norm of f in terms of a product involving the L” and L™ norms.
Something like || f|l, < [If[12}{f]l;~® where 0 < a < 1.

4. Let f be measurable on the interval {0, 1] (Lebesgue measure on
the real line). If the function g(z,y) = z(f%*(z) — f*(y)) is integrable
on the unit square in R® show that f is integrable on [0, 1].
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14 Ochober 200
Measure ‘ﬂ\eut(}f"

1. Define Lebesgue Outer Measure |- | on R. Show that there exist
disjoint Ex C R for k =1,2,... so that

oo
]Uz?.:[ Ekle < Z IEkie
k=1
2. Define convergence in measure. Construct a sequence of functions
on [0,1] C R that converges in measure (Lebesgue measure) but does
not converge point-wise for any point of [0, 1}.
3. Define what it means for a set function to be absolutely continuous
with respect to a measure. Let f € L(R,dz) where dz is Lebesgue
measure and set

B(E) = /E fdz

Prove that ¢ is absolutely continuous with respect to dz.
4. Let fi — f point-wise a.e. with |fx| < gx € L' and g = g in L'
show that fi — fin L'
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