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MAT 601 REMARKS ON 2.4-5: PERFECT SETS AND
CONNECTED SETS

Bonus Theorem 1 from 9/26. I overstated the result, claiming it's
true for an arbitrary set £ C R (it can’t be for many reasons). The
correct statement is: every closed set £ C R is the union of a perfect /
set and an at most countable set. ’

Proof. Let 7 be the set of all intervals I with rational endpoints such
that EN [ is at most countable. Let C = | J;,(E N I); this is an at
most countable set. It is also open in E.

If z € E\ C, then E N N.(z) is uncountable for every r > 0, for
otherwise z would be contained in some interval 7 € J. Therefore,
(E\C)NN,(z) is also uncountable. This shows that z is a limit point
of E\ C. Finally, E\ C is closed in E and since F is closed in R, it
follows that E'\ C is closed in R.

Summary: £\ C is perfect and C is at most countable. 0

(Note that the assumption that E is closed is used only to show that
E\ C is closed.)

Bonus Theorem 2 from 8/26. Suppose that K; D K3 O --- are

nonempty compact connected sets in a metric space X. Then the set /
K ==, K, is also connected.

n=1

Proof. Suppose to the contrary that ' = AU B where 4 and B are
nonempty, disjoint and open in . We have A = U N K where U
is open in X. Let V = X \ U; this set is also open in X. We have
V N K = B because on one hand, V is disjoint from A, and on the
other, U is disjoint from B.



2 MAT 601 REMARKS ON 2.4-58: PERFECT SETS AND CONNECTED SETS

The sets E,, = K,\(UUV) are compact and nested. Since X C UUV,
the intersection of E, is empty. Hence, there exists n such that E, = @,
meaning that K, ¢ UUV. But the sets U N K, and V N K, are
nonempty, disjoint, and open in K, so K, being covered by them
contradicts the assumption that X, is connected. a

Hint for homework problem 2. The key step is to prove that after
Ki,..., K, have been constructed, the set J,43 \ (K1 U--- U K,) is
nonempty. Here’s a hint for this step. Wors

Pick any z € I,s;. Ifit's nok@ in Ku, . .., Ka, done. Otherwise it’s in
exactly one of them, say K. Then there is a neighborhood N;(z} that
is contained in I+ and is disjoint from K; for ¢ € {1,2,...,n}\ {7}.
(Why?) Once you have this N,(x), the conclusion follows since K does

not contan any interval.
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672  Chapter 8 Intinite Series
of these require the melbods of this section, while others are drawn from the preceding scc-
tions (just to keep you thinking about the big picture). For the sake of convenience, we
summarize our convergence tests in the table that follows,
Test When to use Conclusions Section
| Geometric Serics E art Cunverges (v Tg_r iflrl < 1: 82
Lm0 -
diverpes if Jrf > 1.
kth Term Test All serics It llim a, # 0, the series diverges. 82
-
~ = o
Integral Test La where f{k) = a and 3 ond Sl dx 8.3
=) bel
fis m @ und{E ()=20) | hoih converge or both diverge.
A |
| peseries 3 I Converges for p > |; divergesforp < 1. 8.1
| tm]
|  Comparison Test Yaand 3 4, whn@; < b If 3° & cunverges, then Y- 0y converges. 83
| im) il hml =i
|
e bl
i I ¥ o, diverges. then ¥ &y diverges,
i=l tel
~ Rl ~
Limit Compurison Test | 3° ay and 3 by, whene ‘@ $acand 3 by 8
' tal k=l X tw] fwi
— N .
i a, b.@u and .l_l.l: e LL o o hath converge or both diverge,
Alternating Series Test | 5 (—1*1u where ag > 0 for all & If Jim oy = 0 and ey S o forallk, 8.4
i then the series converges.
Absoluie Convergence Series with some positive und some If ;: |ax ) converges, then 85
i negative terms {including altemating series) in}
w0
l 3 a; converges (absoluicly).
fr)
Ratio Test Any series (especially thuse iovolving For Em LY P L. 85
exponentials and/or factorials) fr :*
ilL. <1, 3 a converges absolutely
tm) S———
<
it L > 1, 3 o diverges,
o)
il L = 1, no conelusion,
Root Test Any serics (especially thoxe involving For lim J‘ lal=L, 85
exponentials) Bl
(L <1, 3" u; converges absolutely
=i
L >1.3 a diverges,
Pt
il L = 1. no conclusion.

= F.0, conrgs . ( ijm’d ? 2).
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Proposition (Theorems 9.2 and 9.3 in Rudin): Suppose that X is a vector spacs.

(i) If X is spanned by d vectors, then dim X < d.
(if) dim X = d if and only if X has a basis of d vectors (and so every basis has d vectors).
(i) In particular, dimR”® = n.
(iv) If Y C X is a vector space and dim X = d, then dimY < d.
(v) Ifdim X = d and a set T of d vectors spans X, then T is linearly independent.
(vi) If dim X = d and a set T of m vectors is linearly independent, then there is a set S of d — m vectors
such that TU S is a basis of X.

Proof. Let us start with (i). Suppose that § = {a1,...,24} span X. Now suppose that T = {y1,...,¥m}
is & set of linearly independent vectors of X. We wish to show that m < d. Write

d
k
n=» afm,
k=1

which we can do as § spans X. One of the o} is nonzero (otherwise 3 would be zero), so suppose without
loss of generality that this is a}. Then we can solve

d
1 of
=T — ‘&Txk-
] k=2 1

In particuler {y, %z,..., 24} span X, since z, can be obtained from {y1,%s,...,74}. Next,

d
Y2 = g + Zaéxk,
k=2
As T is linearly independent, we must have that one of the af for k > 2 must be nonzero. Without loss of
generality suppose that this is a2. Proceed to solve for

1 a) 2. of
2 = a%w agyl g;gwk-
In particular {,4,23,...,%4} spans X. The astute reader will think back to linear algebra and notice
that we are row-reducing a matrix.

We continue this procedure. Either m < d and we are done. So suppose that m > d. After d steps we
obtain that {1, %2, ...,¥a} spans X. So any other vector v in X is a linear combination of {,a,...,u4},
and hence cannot be in T as T is linearly independent. So m = d.

Let us look at (ii). First notice that if we have a set T of % linearly independent vectors that do not
span X, then we can always choose a vector v € X \ span(T"). The set T'U {v} is linearly independent
(exercise). If dim X = d, then there must exist some linearly independent set of d vectors T, and it must
span X, otherwise we could choose a larger set of linearly independent vectors. So we have a basis of d
vectors. On the other hand if we have a basis of d vectors, it is linearly independent and spans X. By (i)
we know there is no set of d + 1 linearly independent vectors, so dimension must be 4.

For (iii} notice that {ej,...,e,} is a basis of R".

To see (iv), suppose that Y is a vector space and ¥ C X, where dim X = d. As X cannot contain d + 1
linearly independent vectors, neither can Y.

For (v) suppose that T is a set of m vectors that is linearly dependent and spans X. Then one of the
vectors is a linear combination of the others. Therefore if we remove it from T we obtain a set of m — 1
vectors that still span X and hence dimX < m - 1.

For (vi) suppose that T = {=y,...,z,} is a linearly independent set. We follow the procedure above in
the proof of (ii) to keep adding vectors while keeping the set linearly independent. As the dimension is d
we can add a vector exactly d — m times. O
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Definition: A mapping A: X — Y of vector spaces X and Y is said to be linear (or a linear transfor-
mation) if for every a € R and =,y € X we have

Alaz) = aAlz) Az +y) = Alz) + Aly).

We will usually just write Az instead of A(x) if A is linear.

If A is one-to-one an onto then we say A is invertible'and we define A~! as the inverse.

If A: X = X is linear then we say A is a linear operator on X.
! We will write L{X,Y) for the set of all linear transformations from X to Y, and just L(X) for the set
of linear operators on X. If 2,6 € R and A, B € L(X,Y) then define the transformation a4 + bB

(eA + bB)(x) = e Az + bBz.

1t is not hard to see that aA + bB is linear. (aAtbD e L(X YD
¢ If A€ L(Y,Z) and B € L(X,Y), then define the transformation AB as )(——9 y -—72

ABz = A(Bz).

It is trivial to see that AB € L(X, Z).
# Finally denote by 7 € L(X) the identily, that is the linear operator such that Jz = z for all .

Note that it is obvious that A0 = 0.

o

Proposition: If A: X = Y is invertible, then A~! is linear.

Proof. Let a € R and y € Y. As A is onto, then there is an z such that y = Az, and further as it is also
one-to-one A"(Az) =z forall z € X. So

A l(ay) = A"V aAz) = A" (Alax)) = ax = ad (y).
Similarly let 3,12 € Y, and x,, 22 € X such that Az, =y and Axy = g, then
A-l(yl + 1) = A-I(A(n + Az,) = A-I(A(.'Bl +x)) =2+ 22 = A‘l(yl) + A-l(yg).
O

Proposition: If A: X — Y is linear then it is completely detérmined by its values on a basis of X.
Furthermore, if B is a basis, then any function A: B = Y extends to a linear function on X.

Proof. For infinite dimensional spaces, the proof is essentially the same, but a little trickier to write, so
let’s stick with finitely many dimensions. Let {z,...,%,} be a basis and suppose that A(z;) = y;. Then
every £ € X has a unique representation
n
T = Z b’ x;
=1

for some numbers 4!, ...,b". Then by linearity
Am—AZb’xj—Eb’Az, Z:b’yJ
i=1 =1

The “furthermore” follows by defining the extension Az = ijl b7y;, and noting that this is well defined
by uniqueness of the representation of x. a

Theorem 9.5: If X is a finite dimensional vector space a;u‘id A: X = X is linear, then A is one-to-one

-

if and only if it is onto.
: =
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The words complete and contraction are necessary. For example, f: (0,1) — (0, 1) defined by f(z) = kz
for any 0 < k < 1 is a contraction with no fixed point. Also f: R — R defined by f(z) =z + 1lisnot a

contraction (k = 1) and has no fixed point. Axm Tnod }mw, 15 {m OI—/IXZ f‘
f. Pick any'gp € X. Define a sequence {z,} by 2,41 1= f(z,). Pom{'

(@n+1,Zn) = d(f(Zn), f(Tn-1)) £ kd(@n, Tn1) £ -+ £ k"d(z1, T0). (1)

d{Tm, Tn) € Ed(miﬂ,%) o Y o {nn'

i=n

! m-1
(i < D Kz, )

f=n

=

Suppose m > n, then

Mmen-l

= k"d(z1,20) ) K

i=0

A290
K" d(xl,:cn)zv = kd(ay, 30— —— O
i=0
In particular the sequence is Cauchy (why?). Since X is omplet&)we let & := lim z,, and we claim that z
is our unique fixed point.
Fixed point? Note that f is continuous bécause it is a contraction. Hence

f(z) =1im\ f(z,) = lim Zpy4y = 2.
*Umque‘? Let y be a fixed point. { Abnime A ¢ ore g 1.&«] pun‘ R anc! 1&)
e d(z,5) = (%), F9) S kd(z,5). QE< 4
Ask < ligns means that d(z,y) = 0 and hence z =\y. The theorem is proved. 0
Note that the proof is constructive. Not only do we know that a unique fixed point exists. We also know
how to find it.
We've used the theorem to prove Picard’s theorem last semester. This semester, we will prove the inverse

and implicit functlon theorems
DO sa=ote™ o

Mg__p, ﬁg_at;pomms unmmb

Inverse function theorem

-
The idea of a derivative is that if a function is differentiable, thé
{which is a linear function). So for example, if a function is di r tiable and the derivative is invertible,

the'Tunction is (Jocally) invertible. me /
Theorem 9.24: Let U C R" :@ and let f: U = RUbe a W lo) functionl Also
W C R" such that 7

suppose that 29 € U, f(zp) f = Yo, and f'(zg) is invertiblel Then there ex¥t(oper) sets Vet | Q
Yy) is

:ru E V cU, V = Wiand flv is one-to-one and ontm
@ontinuously Hifferentiabl®)and *
/)= (@)1 dzeDy=#

£ g—w
Proof. Write A = f'(x0). As f’ is continuous, there exists an open ball V around\¢y such that !

Cige