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Chapter 5 Power Series
Section 3 Power Seri&s
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c
. _Fr_t P ’x
, 3
- J > 2e¥ 1 -
-T 20t 13 )
3 L
(d) 3Fme &
. A
3Rl _ 3
O ¢ = cos((3pm) #1800 [3?11‘) il

‘"' COSé/@’ne-rr) +i1sm(2 18T s
= cos(m) +isM(T)= -1



2O ; 2 - )
E ¢ = g"(costm (sinC)



2) Sketch each Of the Ffo (/Cpm)/l/ﬁ ﬁy wres and s
}mcgﬁ_c Under +he gxpon&n/ﬁa,ﬂ map W= e =
bwca+c the 1ma 1ges of Korizonfal and

(2) The vertical <hrip O< Re(z)<d.

1 <> e
O e'Y varies. |
(b) The horizonta | strip . . 5
-5, TDR
571 e
0T\ Tn(2) ¢ L
3 € ) \ o
ST - \
e < el <« @3 | i
" g 150 (8T 3
COS(%) + < e'd < COS(EI—T)TISH’\(3>
'|S'm('§é-r)
1.3 Y4, a3
5'1% ce'd < 5+ ’l_i_?

> LU

O b \\j——————-)




——tim——

3) Show that c% - 72

z=x-1Y AR AN AP O
e-é- _ exa""g = CX Ccon -f—'iS'm(:jﬂ
. = €"cos:j + 1 (st'm(j)).

marmres

= 0Oz )
€ 67‘6085 - |(€xshr}5>l

€ (cosy-isiny)
:6 6_?/

o .
4) Show +hat the gnlj penod_r ,97[ e anﬂq the
}WQ/fif/O/ff Cj‘e A7, that O gt o

in+eqrod e
MY B D
‘V/f‘z& Fhen :
2+A % 2
Supp oSt E = @ 4

= E:X%iﬂj A= QA+
:>€X"’"‘j Forib 6?.-H3
= etel-e?
8%¢O $inCe

= g1

o=kl KEZ | | -
since P°=1 and € S LT- periodic.

CX*"OJ 815 = CDSJ +I$inj + 0



2, ¢td.)
(o) The redtangle D<x<d | O<}){<’£

O [

L7
ti\

o

e’ «e¥ce”

‘ ; s

AR
(d) The disk [21< T

Z Y xdiqga

0 - -\/X + Y < 'T__:‘{?":
O |rcos © rrisin@l ¢
2 [r*cos*E )

':> )_é _ILQ
: 7]

) s






%{lf’&) ‘605/7/’) 'f" +J~/TOM JN= 0 _—} 'C“QJ

C%
M g the JE@’%DW%’? fyur@@
() The right Raff-plare : Relz)>0

/x"/,f _ Lag(z—) A\
(] 2
} - : -
et ,,/.'
P ,f’}?)_
\

HﬂW/ x> 0. \I/

> L03(2)= 103121 + ;arﬂ(i)
O -—OO<5<®O
-g - %/e< 2 +00 >>(>°

= VXL +Hy’ >\/g



Chaprer 1, Sectton & Exercises

1) Find oane %ﬁf 6052 ﬁar Fhe MW‘)/% w/%f?/'@é

qwumbers = Spe@f‘j% e oriricpal V. .
() X ‘
Log(2) = tog /] + i Arg(2) - 503(_13 - (o) ooty

/i\

& N
A Py ( f !
- o) ) /Z; )
) } Log(2)

€ogCa) = Gog(2d+ 135% m. , m= O, 21,22,

(b) * | _ -
Logli)= fogl il 7 1Arg(1)= 0+ 1T oy
i 2N
- /f > ’ —U/;‘-‘ } O
V2
W
209 (1)- 1L g o7 L mM=0,1 0,2,
(c) 117 | \
ng(%-‘zﬁ /0g Vvl + ?/?fg/l“)
— ‘ﬁ' .
’KOgTi-r_?Z_

}, /L%@)%%v
)

[T

AN

@og( 12)




Chapher 4, Section 7 Exerciges.

1) Find all values and ploT:

O (a) (1471)" = ( +hink = &loﬂaﬂ)i
. pilog ViR R Ag (A + iy

1(05c1+i ))

e‘. legva =& ~amm

O ) - NS
(6) (~2)*** (. ologl) )= Jerdregei
(1+1)(1 (8L +20mm))

_ r(1egl-1l+ iarg(-1))

S - _g-n' !
L3+ 22mm L _amrm 6‘1 (37, M) (SE+2Tm)
€

[

&l .

() 2-%.(= e.loﬁ(g"'fﬁ-)): 8_;!2_,03(2)

| _ i
- o 3 (log2+2TmL) 3 ~$/0g2 _ —mwml
- = g " €



(@) (14 193) 7 Lreglarim®

_ 6(1 1)10g(1+1V3)
_ 6(1-% oq( 1+113 i arg (1+143))

O
_ 6(1*1)009"\/18 + ‘:@'—HJTM))

+ (2TTm - og&-rIL,,Z—,

_ 6(03 2+ T
~ 6{105(2)—1' I +QW@€}C% flogfa.) +1n'm)

~
F-legt) -
¢

2

&

o g_,?__’f‘a

/Ojfl) +§-

2.) COMPW‘!’& anol /o/o-f

Cog [(_'LH)&U -
. | Doy 2 . N (1o Y3 4+ L0 910
(j+7)ill — 6/03(l+?) ) 6_1,;(39(17._02 63 ( 9 +
— ai 03"@ ~T _-4pm
"¢ Tee

- ‘03‘('1+;£);\.i: IOj[éi '(03’.?.. "L”rm] +|arﬂ(el“°3ﬁ"§

| L{UW\>
- QQ%,@_ B -

grm  +(20g73) + f2mm

Jis

>
~ (| T
Cloger- &

-4 mTm +Llog(1) + 2T M

Sinee 'Oj FANIE lojT/Cosgﬁ 13\;39_‘63



3) \Skeich  the m0fe of e Sector 7{040?/32<§j
wnder he W f(g)"z& for

%

f f% 4 3 2] +) 7
< ///,f’ ny ) 5;—@%/ s ald .)
B %/@/zi i 2arg .
j ONanaﬁ —8 6 8
[ s hl3T
0 2 « 72—-0.!'3% T
C ‘ LD . %a9%< %
J 3.0¢ 3109®° 3 -
O
(b) 2= -
/Oﬂ (zr) f/ gca) e:(,og[a{-ﬁﬁf‘ﬂ(&)}
Lo (2l ,—AgE
A
...__ ¢ rodivs & O
O<Mﬂ[6<a@







4.) Show +har (%U!J)afi‘quuo‘J where on  +hec right we ta ke
all  pesgbie proauds.
O (2= @/aiogﬁiw) _ eo\(ioyzm + iarg(zw))
(Remamer, arg (W) = quC%Pr arj(w))
- ea('oﬁl%” loglw) +iarg(z)+iarglw))
. eaﬂogtzl +iargz) paticgiw Tiargn))
AR A

5) Find 1%, Show that i+ oloes not coincide w ith

- 3.3 .y

1 ::2"“

Lo L. 1 . <3 -‘“ 5
= C,Lz) _ 87/09(2‘):éilogf’izf—fia*:j(’il)
[;& .-;,@oc?/ilﬂa.rdcz(i))_ e—-;i:wrn-

;(/Q?/e’mlﬂﬂ” arg (e™= mn))zéli &nn) zﬂfjfe"m"ﬂn)
e’

O

o =L -amn (H <o .
Arg ( ) O
4,(" - 2T n) mm ) ﬁ" il

= £ e, = 18

o)






1) Ectablish tne followiyg addirron formalad.
Cfa) Cos(zrw)= Cos(z)cos(w) =S (@ Si(w ).

(0S(ztw) = gIEW 1~ 21w e gt

2 * €
- . e
Cos(z)= €2+e™'"
2,
costzycos(w) = (5€7'F) (eiw, o)
7

-

B 6\1%6-‘& 'l'&e-'tw - e-‘r.’:e]w . e—'&e

< nC%)em(u)) (@‘2 e"%>(-etuo e#\u))

—t

O = QI%‘SH}J _ |% e “/U_ eﬂl2e\w o Q—k\%‘e_'lw
—4. ‘ ‘ .
= cos(z)ces(W) ~gin(@)sinlw) = aeazelw+;8 Zpdw )
P ) 4
= cos(ztw). v~ -



(o) 2in(21w) = SINZCoSwW) 4+ CoSZ SINW
S (Z+w)= @fﬁ'w))’ e'i(%ﬂﬂ) ) 6]%€iu}_ e—iie"“‘”
X i
Sin(A cos(w)= i12_ p-L T —-iw . : ; E ) . O
£ o eMe™™) _ gregrieite M et g
2 I
wslz)gin(wW) = 22472 @"_m‘_eﬂw; e et g o g
2 2.1 T -
o

D) resEINY = 28O ge eI ey g
t - - T
= S\'ﬂ(_'—?frw) v/ o ol

©) coshlztw) = cos h(2)cosh(w) +5inh@)snh(w)
coeh(z1w) = cos(Uz+w) = cos(iz+iw)=
Cosﬁ%)COS(jw) - S'!ﬂ(_!?ﬂg'rh(iw) O
= coch@ coch(w) —Lsinh@) 1 cinh{w)
= cosh(@)cosh (W) cidfz)sinh(w)
(Z)CQSB[W) 'fCof/?[-Z)fi‘ﬁ/?(W)

(A) cinh(zTw)=Sinh . |
<inh(ZzH0) =="Zé'm(i(2—f—d5))== ¢ [gm (i2) cos(i) + Sr'n(lb:’)
cos i%)]

= — [1sinh(2) cosh(w) + 1Sinhlw) cosh(z)]

S'ih}n(%)c&?lqﬁw) + Sinh{w) cosh (z)
L



2 Show that [cos(2)]7= cos? (x) %Sih/’)g(g ), where
z=xt1Y. Find all zeros and periodg & corz

O cos@)-= CQS(Xff&) = 0S(X) c@S(ig) - gmc‘%) &in (x)
= oS (%) cos h %) - 'lsmlntg\smcx )

2 |cos(z) ™= Cosa(xymh&(%ﬁgmh;‘(gf)smltx).
= Caﬁ(x)[itsmhq(ﬂ)] +smh>(y) CINHX)
= cos>(x) + iy H”“(j} [cos>(X)* SRR |
= o320 + cinh?(y). v

Zerogy ort phen (0&[X)=O}thlq(j):o

O - N0

= 1T n Bj ANINg
x= T+amh, a—hl

eloed o gled=0 g™ 1.0

- A 2 oH=14
| & gy ©
Lo 5,_._% 5. é-.)(@_‘:—o
%
J
omn period



Shob  £h 1n-(z) =
4) z gajﬁﬁfﬁm “(z) i (l—f ;i) w here bo‘é‘/’ S oles
of the 10ento) are & b /,7+g,7,,£7z€d as SobSefe of
Jhe Compler pleste . In Of&@/’ WORS  chow Had TanwW=2

& 2im s one of rhe Vb ot e (09ariOy
Seatored on  Hhe rIgAT.

et w= T4 ﬂ”'(Z).* /oj //’/2/
> Qo ,@%(iﬂ% )
1-72 ) LT )
= Tan(w) - 1w —fw
& — ‘ : .
A | e - __2___-——-———- ;LC&”’J- e—fw)
At g iw 4 P i C@ VR e“i w)

o eWe re Yz g e

=) eiw% +€_iw:¢ T 18-““5-— ie""‘“= QO o |

D Wz 1o 1Y - 1=0 O
S ez 41) + (2-1)=0

t+2

= Qiw = %ﬁ(L+%> ’Q’DS

14 L2
iL%)




2y Let wecos(2) and J=p% Show +hat SwivVod1 Show
that co&"(m):~i{og[wi"/wa.1]Jwm botR sidey of
the Loﬂﬂd\tal are fo be inferproded an sulblehs & tHe complix
O
plans x.
- j‘:e 12: (6104‘1;15-) _ e'”(e"sz_ 6‘5((,083( o &.lh\j3

. B -

‘faq:i
| A ) . o X \
W 8 +€ _ f-i'—f ) §g+i
& 2 L€
= P2 1= owd
= L% qwf-u

> £awf+i=0
5 9o van £VARP-4 weV wi-1
| ==
Qhow that oos*‘(w)-——‘z\o\q [uuiVuﬁl].
wand to Fnd #.

.QT%: Wi—\/wu‘"i-
D> 2= l.og[UuiVUUa—ll
= %:-’HOS [wi\/wa_’_l_l






Chapter 2, SeCtron X. Exercigts:
1) Find the derivathivel of the following fypctiond.

@» z*-1-f(z)
(=22

(b) Llz)= 314
friz)zngn-t

(& flz)= (221)"
o (&)= 2" a(zy=nz"
b(z)=2% 1 b'(#)=2Z

£7(2)= n (22D (a2

(d) 4

-1

1z =02
alz)= L a @)+ _;1%‘1
b(z) - 472 pi(z)=-1
LAz == D)= 4
(1=8)™ a=*
(e) zié\fgéf(%\

a@z) - ‘—;'-— a(z)= “:1%3
o(Zz) = 23+3 b(z)=22%
Lrlzy= -4 o

(27+3)°
) fl(z)= 2
<4 23+5

prdy: (231B) - 2(327)
(23+9)°




(6) az+b :JC(%)

Cz+d
giFQ%F-Cc%+d)&"(a%+d)C
(cetd)* - ()
(n) 4 -
v T
alz) > “A'%"i o) = ~at7= 2
23
b(z)=cztd  bi(e)=c
_{3/(%); - . C
(catd)’
2) Show that
n-1 42" %%I’L O

1422 +32%, sz - e

4 +2+220 225 izl = L7t
1%

- + Zz S N : - i ( n-+ i

= —nz" -z 4 -
. Z 4 f;_f;f?

- i \

-2 —
(1T~ (==




=172t open
CI"%)J' {1 -3 \/

O O
(J.+ Z+2% 27 —ﬁ‘_n)(j,—z’)_ -' '

:_{,+2+%a+ + 2 N
_ oz -z mpn-z"T

3)Show from  the defin & foo funchons
a=Re(z) opnd g'—'rl'm[%) are w7 CMV%‘*Q/X o i ble
7 Wpéi /OOf/Uf‘.

x=Re(z)= X+IY +Z-14 = ,3 O
QO 2 2
> Jf(?vus%)—f(-a-) _ (2482)4 (Z2+47) 212
Az D
—_— A% T T———
= [z <E AZ , nz = = =
o3 -5:4-3:—%?4—%_%:} OT+ A
I e T 2LAZE

So ot diff bk O



J: I.I'ﬂ(%): 2";2

al
Cp frroz)- 5@ (z+02)-(21242) _ 2-Z
T _— - .
AZ B a1 Al O
AZ
= % s AZ
_2\_ az -
_') [ ”% iy 2T a2
= ey - &=
52
= 4 _ D2
. a1 O -
> Not oHfble.

SoppeSe  f(2)= a%a bzZ +cZ 7, whee a,b,c afe Fixed
Aumbers. B differenticting b% Covd Show O

Coviplex
Comprex dﬁﬁf@m&bke 0+ 2 e bz =0

that Sz 15
Where 15 AZ) Olna,@d_ﬁc7

O Flz+a2)-F2) . i ofz=+02)” +b(%+&%3(%+a%)"
472.—20, A - AZF20 CC%‘I'AZ)L— O.%'—b?:’% C“Z

Qe . 0(EP+ 2202 H) +b (22 4+ 245 4 a2 T 402 42)

0 L o
o + qZPOEEEHEYY — Ao be3 32

—

Az S

R UA (9/{&* d02hz +a@>z)l 1] E\o-Z:QJr b&ézﬁ—ba%%ﬂoazé%

0 —b22]

O L/ y CAZAZ c{azz -2 o
PaX

eim oz + O AZ+ + + —\2
- = \OZ&Z 4+ b% bz)% QCZQ%
NZ220 = +d@i



—

daz t bz +bar +

— _— — —_ 0
lim bz AZ + 2CZAZ + claz)
—__-__-__-__'-——-_____

AZ20

®  hy et (B2 5D

o £(2)

AT

AZ

i h‘:ﬂ-
) "'*52 -2 D aAAE»"—')'O. w
0 : >

A2 0 = X, Y=>0

The On(gL sfve we hod  yay Az

So we 9&-( LAZ +~bz + lim
AZETD

So vhen  differentiable =
1S &”a’%ﬁc‘ wWhere

bz (42 )+2c3x3)
T Az T

bz +2c2=0

_ =2
f(2)= az?s T(ACE) Tz

— —
= O,%a — gcza +C%

C.
ch 2 ’—:O =) O/-f_ Va; b/

If 20 b,c=0



5) Show +hat 1P £ s anolync on D then g(2)- £r2)
is Om.o\,%a,ﬁc, on  tu refjected olowmamn

Df={2 zeD} and g')= £1(%)

O
If 92)=F(2) > 9@ = £(2). WS FC=) - £15)
N 9@ = lim Qzred) -qa
= Az—Do Az o
- lim f(£Eraz)- £3) o
820 P S ,E/(:?') v
F(z)= 1im FEE)-£(72)
;2 B220 ANZ
Fla): lim { (ath) —fro0 [ net core.- )
K20 h O



é) L@f %Cﬁ) bg a centinnoss C@/%/@&X —VQ,Q(AM/ ﬁ,,,cﬁgn
G thy AL 'W”f@f’mé [0,14), ard  olafim,

O H(z)= ,ié"b)i—d; 2e O\ L0, 2T

’ mpute (Lo

Mr taAive

(2= Lia HEFOD-HZ)  Lin

4

RO E-2) - RCO(L-2-22)

4220 ¢ 2z[t-g)[t-2-a2] ~
Clim DAL - wwz A HRWT +H (0 &2
Toerde J T A [EE][4E0T)

. N o oy &Y
O= lim A () TASAP

A%_Mo Lt-2l[t-2-a2) J‘C{:_;E_)T







Chopter 2, S ection 3 EXEICAE)
Y Aerivatives of 1he follewng  funetions:

1) Find the
(a) tanz = Sinz
oS %
2 i 2
=)0I1La coSz + Sin"2 4
N )= - _ N
G ) P —— =sec?z
(b) tanh(2)- Sinhz
coshz
3)3, +anhz * Coghzcosh%—-smhzs‘m h?
’ cosh>z
- - = sech”z
Cosh™z
- L
p (o) sec(#) D
= = CO8ZTO —-j_(—s-‘in%) _ 8Nz
> 4 (sec)= Co52¢0) - - sin2.
COS°Z -
=QecZfan %

2) Show +hat u=ginxsinhy  and V= COS XCOS hY ‘gaﬁsﬁg‘mﬁ
CR-equahmns. Do Yo recogrine the anelyhc FuncHon

£=utv?
CLE CDQXSth % = (08X gmhy v

ox a
/

U _ o _oV = xCoshy
S\Y\XCO&h\‘j = +Si 4

§= gmxsmhj + (CaSx cos I“J

=108 ().



3) Show +hat if £ qndf are both analytic on a

Aomain D +hen £ onStart.
:(,f,-f—u/ J J.b—_z u -1 O
= Y _ AV dU - -V

ax
- T = T = . =:> fal: _:w
()
N S :'@—\‘/ - @M: ::'a.y
QH oX X > 88 O =<

> gu=0-= Q' sconsiant

gv=0> v is conStant
= £ (Sconsiand, y  dtomein o) O
15 (,of}lffd/’?'f.

and i IF1 S e ~

oty [AI=CE s

S Qu-2U 4RV AV S uou LBV T
ax+ ax=© 7 ax 3 ax

QU‘BU#,QV -O u@_g_'+v
Y

24
= u%_,u_,_ 2V O

NG o

U u AV
ég TV@:O El‘i’her V"O\Ljor _'—*—\)V
SU0 = f |S Conimn



5. IJC \f: Uriv 18 anaUﬁC, +hen /Vu/=/VV/:/JC//.

AV LY
a2 X 2
O J
EA 1Y
a&' IX.

ule 2+ (B%Y = V(34 Y - (vl
=22y (247 - 191

6) If p= wuriv is analytic on D, then Vv s obtancy

b& rofdting Vu__.béj 90° T, r_)afﬁc,u‘af; Vu o nd
Vv are 'oH*hogonal
QU BM N BV 3V S
O < 22X ? 88> <3x: ‘5‘8)'—‘- SSUY)tax).{_ C% ,_a_i/l_

= oV av L QW Qu
X @x @x Bx

2) Ghetch +he vector fields V4 and Vv for the
Sfollowing Functions P=urv

Ca)iz =1X7Y R
u=ty .o, 001 AR
- ol - == - ¢ A\
DV - [81%
- i S =
() 2% X 5y~ 0

+hLAL .



g) Derive  +he 390&1/ Sorm &f the CauChy ~Riemann €qs
for‘ 74 MQK UL

U _ 19V aU_ _, Qv
2r 720 v 58 3¢ O

Cheok thae For ary integer 1y Che function
elre'®)s rcos(ime)
virei®) = rsin(mo)

Q“*%Py the CR- equations

Y=rcos @
H:r“S)f?@
Ju_dY ¥ . Qu 3
av° 2% ar " Byer
- ?_L_J_ cosHt Q}ism@

% Y ®,
U 23U 9% , AU Y _ Y (_rcind)+ 2V
36° 2X 96 595%- ¢ )2 (reas®)
a2V 9V 6) t a_y_.L(Co§@)
e {S\ﬂ
20 ax( 2
L - - NP LY (oSO
r 26 o

U /

- 4S5 NH 3V 2WJ = =

! 50 7 axco‘g@ o7
Vo IV res AV
(arr 8X609+§88‘n9

SNAYY
2B - I (0
oM O



U -1
= = mr™ T cos(mB)

1a
LY m

. os(m@)m = 4L -4

o8 2230l ? F’j—-—éf— mr™ eos(mO)= a———aur

U

57~ rUsinimé) - m
~ V

2 = mr ™ einme) = 71 2= - (i (M &Ym= 2

/{:-






Chapter o, Sectian 4 Exercised:

2) Let 0€C a+0, and Gt f(2) be an analytc branch of
2% on 0O\ (-09,0]. Chow +hat F1z)- af(z)
O z

f(%)zza _ 6&(03;_’-

= lOﬁ{-‘C%): a(OS%

=
F(2)= o

2 £1(z)= aflz)
z

3) (onsider the branch of Hz)VZE(L1-%) on C\Lo,217]

that  has poSifive  imaginary  part at #=2. Wha+
Ois £1q=z227
Pl = 2(1—2)
5 o P(z)P(=): 2(D)0 (LT
5 2f(2f ()= 2zt 1

Y= -2 +1-%2

> pr(zy= 2T L S1EXL
w2z
4Y Ton'(2)-= ___L 9[11“ %> 2 ¢ (-100,7t] 0Lt Led)

r 1-Z1 | f4- 12)0) — AR (D
3—%}—&” é‘)'@\‘ 1 +zi —"‘7 PR

O - é____ L + & +1 - :L
@ﬂ%)u.—r—z:) Y (i +%3) Az




5) Recald that c0s™(2)--1leq [z TVZF-1]. Soppose g(@)
1S an  analyfic branth g cos (), defined on a

domam D Eind 3“(2).

O
d d
= [cos™(2)] ’i‘fﬁ (1t L) a2))
T VZE -

- . T
22Uz 2 iyzmy

+) (et f(2) be a povnded Mafom“ic Aunction , defmed
on a lounded Aomarm D in ¥he Oam/p%cx K/M,
sl suppose that Fz) s 07° ~fo-one. Show
bt Hhe area of F(p) € Frer by

Area (F(D))= ff [ £/ 7] Axdy w
L

”

APMGC(Q)): \/f dudV o .
£CD) CA—

we need to ChARgE vaviolb|

o)

I ; AF |

’ ‘H\ ot J = SS - (2)]>dxdly.
b D



$) Sketch  +he ‘l/ma%e & the drele flz-11 €1} under +Haa
mep =z Comlowlﬁ e areq @P Hie kl/maagﬁ

£0z2)=2°
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Chapter 3. Section 5 : Exerciseo
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Chapter 4, Section 1° Exercises
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C hapter 4, Section 4. Exercised
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2i(z=a)e” j —— Mg, (@Mc&] O
IZ)=1 (2l=1
i
-1 4 2 Fea- (F-he?
=14
=0
= 3L | (B eF(o)- iCZ%e%*CZZ:'\be%)J
(22N E” z=0
- 2TV f__(:ﬂr} = 42Tt e
/b € /6 =



() dz
z2(z~4)e*
[2-1]=2
)

j

CAN ’“

o OS]
__> -—f _S_li__. d%
§ Z (22 )e? (22 1)e? 2(22)EeE %(i Lj}&}J
1z-11=2 Zl=€ l2-2| =% (.7,-+2\‘2
b:j CT
D f —u>e% - .';LTTL = ] a7t
- = -TiC
(zl=¢ (2= P AU
—I’C%)-L e
O =0
Z=0
dz = }%_- me
® [eme - toe)e-a” @ T
12 -21°¢ -
L
H(2) Jaae
W= o _
=2 AN
AT, /TT e\

ML, L
> PR + [
\} 2’(—2 4)8% 2 4,92\“
(21 =






R)Show Hat Q& harmowic function 1S C® ie. Chow +hayt
1+ has pqrﬁa( derivatves Gf all orcléno,

O jf/(%) Qu +1 22 chr}ﬂomc
2 ,
. 2\‘/ -2 ’9)( ?__U. =0
93 Qx /z, 93
<
f”(?.') — \\-«.

—

V (f A - infi)
9{_ Relf1(D) \Qx: Be (-1

L et u be O harmonic qunc;f'l‘on.

= Jv harmonic St L=u+iv IS aNaiy+ic

= {£U2)- U 73y
O Z) QX—}—:Q\\:J

= U v
ox Re (£ Cz?))

(—if12)) = v _1av
2Y ox

VN Re(-ifta)

Y
—> ’F//C%) ‘ Q_Z__L_J_
QX"" pa) P
= 81) = o "
< x> Re (f"(2) , -§~ Re (#€12))

= Rc&“""’(%}) A . Re (-iE™E)
Y



2xdY
£(=z) = _?-\-J-—‘\'\?'\é' = -2Y _i9v
2 X 93_ - ay axX
S £7z) s v o 132
" . 3&2 g_x

So ’a“‘; . Re LW z) + Re (£P(2))

{ors @-A«Q;f%ﬁ/‘a)



Chapter 4, Section §K: Exercises

i.) ShOW oo 'f A 1S haT‘VWOVH\C/JeunC;H‘Of) on (B
that 1$ bounded above, +hen w ¢ Con Stant

Hint: ExpresS U as +he real opard of an
analyric fnc. £ exponenfioye.

f=uﬁv
eP

v

U o .
=€ cosv + ’rsinv. = €7@

usMp , Rezo.

~1\/

Want o uge Liovville
6% [IS ana\jﬁc on The compicx P’Gnﬁ-

efl = | ev¥etV| = (evIV oSy Y - e
O Z M =) Bouﬂded'

e
= et j¢ congtant.
o etk
= £= Log L)

= U +\V = [0800\

=~ u= Rﬁ(;lo(‘j(.K)) which 1S Q c'onSJraﬁf?’.



@ Show that 1F £z) 1s an entire Function, and
There 1S o nonempty Mk  such thot Fz) does

Wt outadn any - vodmes On HAQ Sk, then 742(%) O
IS constant.

T

WHAT DOES " F(2) does not attain a1y va(ged i Th%
;37 dick © MEANY

0 C :
D for some (Oj sorme ?f : - )
[#(z) -cl>2p. ]\/
=> 4 s/ | 4
2-Cc 7
F P O
fci)-a>l= (fro-c)(0)-f= _-1)
(ftz)-¢c)” ($e22-¢)”
| j
howe jféa)’&7f)70)f’f2> exists bj
H2) entine |
= By Liuville, =— 5 conctant

(z)—C

> z2) i Conctart



4.6 ExerciScs -

w40 Lot L pe O UnL n faa  Compler plaid. Supposc J@) ic o os
C leX-VWf’d fuhbﬂ'oh o 6. Aombin D Haot WJ&JHC

on D\L. Show +trTLM :;PL%) 1S Mﬂaoﬂﬁc on 1D

A U &
Rotaie
ANo® —3 v roteted
[\ > R & £ 4 >R
vl D ted

> Poet) v a oS omplex vaducd
Fnc. on D ek 75 M&%ﬁc on DAL

S 55“6‘.(%9)) THES I wmpth—vm\wd
function  on o denravt D Haod 1S

owm)@hl on DA\

= By Thm, 2 (r 'Y y 75 anelyTic
on D (rotated)

> £2) s anelyrie en D



2 let R be a et SFuncrion on [a,b]. Show +hat

b
H(%)’Q%Lt)e“‘t%d't s an  etire funcien thar sotisfes
M@l e cerd seoariye. O

S analytic. ©On C

Lef fez)= hiv) e
D LU~ () (k) e TR

= Analytic G'OQH-TME: i o fntowrt o

b
So, b . ]
° % Thm, HE)- [elnetey e ts entive
O

Now, we’il use M-L es fiva e O
IR@ | ¢ (b-a) | phet2) SN il

- | %
RO ™| = hiey le 2] & M ety

TMIE T = M ety| £ gy pmox ALY Gl



#3 1 Let R be g condinuoces Funcion en a Q{b?fl‘fcrva,[
[a.b] o [0,60) Show Hat ‘oo Foypier trecu 45 m_
P Hez)= f'ﬁﬂf)e‘rt%dt' s Bounded fn the LHP

let ze | HP

= xelR y<o

=>l3).>.O_

, 60
= IH®) £ (o-2) | hdl et . 7 & &

| mox (1ay, Lb\) < oo
O S “1tCx+1u) .
é. 3 =C—|-bx€ldé
-1tx o ~( X
. _ e e :Q '
S ( C-—l’o(X:HU)l _ ' e__-‘_tx
- o

\II}

IHE@N € (b-a) |h()) 0 =0 <co






Chropter 7, sedtion Dr Exercised

Eg:-'éhow j—ofam W d‘%ﬂ/ﬁ‘l‘bﬂ "Dh_a,f—

T (-4
2B, 42 3@ B
az 5-(5_)'(*'56-3) = E(l+i)=i
- 24(2)=0
az
> (2)

P@ L 5@) 2@\ 4 4
32 a( aqj))- =(1-1)=0

o 2(Z) _ 43 , Dz ‘
- (3 Jra_“\‘ﬁ‘)"i( 1-1)=0
o 3 (2) - _
= s (E o221
0 2z z\ax  alip/ -~ —561 ) = 1

. . i

#2 ComPu’re gz(aa‘3+b%e+c{z:3)_ Uce +he resudt 4o debrmi

w\/wm,- o,%l—ybz—z-%ci?- 1S complex —di]fieereﬂﬁd.b[e nd s

(RN Qﬂd\nﬁc_

el -2 ). L[2 (R

Az 2\ ax 9('\3\)" Z(’;’:’i“' 95)

Q.(_,X"‘\S)z + b(x —\-'\5\ (7*"'\3) < C b.g__-‘ :3)7.

= o x* -\-’Z,K:)'\-\jl) -'r\D(_,XL"X\:-j XY +5’L-) N C.(Xl—)ZX\j
- A 2 b’?_.. )(2_2‘ CS__C')_

= oq?«@_xﬁ@wag +ox*+ oy’ re i "

(a- Y + ox* +loy” cx” - C,j”')

G )
= B S
) é—i-:, (Q%L-{-bZi .}-022’.) - _5 (/?‘ax

\l

_+-13ai +2bx +2(;x.——24\y\¢_
41 0x0 1+ (T2 ay) + ‘ICZb\H +,(—2X|o)\]l



T'i’(‘lqj)"x-/}}'(l{)y)- £ ] (—247c) +7(“2ij
:@)*@ +by+c>< -;‘jc - Xa —jay 'h!ay + AC

&
- 26X =Y + b(xTiy ) - ACCR-YY) 4 peaniy)
> 27 tha

let #z)= AP
Qx

ﬁna/%/ﬁc w hen %._.o_ So when 2¢Zibz=p

A X +bx + (b\(ﬂ — 1&3):@

dex +ba=0 x(2¢+b)= 0
bj—2%=0. ‘y—Cb-QC)""O
X=0 6r )¢ =-} D Cc=-b
5 O
?9=© or dc=b D c= \
=

If 2e=-b> c--b
Z

i
Otherwise, z= p,

From 3.5, compler difrbie at 2c5+be-o.



3) Show that the Jocobian g‘ o §moeth ﬁﬂ(}ﬁmb& g iven
T o)

LQF o5Z

@ F(2)=(wlx WD, VIxY))

20 3y
Ole/'f' ] ag\)/( ga\fj = Di Q_\i — 'QU a\/
% o ay Y 5%

95 Q'E'

-P_.m-\v
EEE R RS )
-Jfl[u;+av] +L[§\£—3U:H
F

E a\tjj i L[’:‘;z?"gﬁ
_




4.) ghow Hut+ I , ol 2

Xt a7 T 920

@ . 1,5 40D
2z z{3x% '33) @
2. jL._L§_3
ol Z aX 9:1
= © [ Q L2 (2 9
=2 - - 32 v V2 (2 i3

A2 4 2% ‘93) T a&('ax 9:1)

=0 _%E_ - c - Al 12
4 \2x? ;;x:{y) + él-L('__‘DJJX Lb‘g})

22272
) _ DZL’
= 7 meonic = 21 -p D -
(> % s Ko = oy
G ‘—9—9;’-70—,:0—9 L= v
ax*> ay* 2o )
QZR = %.?:-__L—)-—__ \ ———y‘é% w
Sinte _ P 922Z P



(b)) A u Rarpnotic & '19_}150 %ﬁc
)Lt % é@n%mwc > feel QA In %ﬁc

= need 9%h _
Q222
= 2
need Q‘ka 5—é=o_ e
Y

C@) SU QI_‘ R .
ppee Zh g CLMI%HC = CR e?m&(d

22 . 9%
92&&

= 2
= c?-—ll ‘0 =0 S Havimonic.
9} 9|j

—
—

O
[c) RIS harrmmc = Jh e w%ugm—ﬂ‘aﬂt}ﬁc

3z






5) With Az =dx-1dy, Show fr a smooth Fanction #(2) tlet

= &
oF -é-gd-z +§§dé’
O{f:—‘?fe &F
X 4.2 : _
};{id% a.g(a(xﬂd}) - _d;(ﬁ ng)(dx*'d\‘p
. Lr3f | OF ;
9.9%0'7‘*3;0‘2/ i%g/_?{%%zdg)
J _ .~
béd% ii_;f@(-ﬂ%)(dx—:d})
= 4
I(;‘féd% %Eﬂyﬁ_?fohf Ef_’o{
ELE )
© ">;°£cu+.‘?£ 5 |
8z Q—d";—fo{x +;Dfd =df






Exercises: 5.3 <%

F4: Sho
- w that The
igjﬁ@ opern  Lnk \i‘t:/jﬁb;r;&fn&d % fem=Zz" |
- < 1§ A +
1 whenerer A IS a "‘Oot}c%i h:/:;_c = %UA)I—?O:O;_%A )
Y

_7fC'Z'): Zo"-f 1!
7 4 a/
L

= L4
25+t L2, L6

o0 +._.
_ ESKZKJ w e
&M:i 0 UE K- | Jor ne )
1L g =nl Tor ne
> sup/iag - 1 |
= .
&mso'o!sm 4
] —

O DR=1.
>
(=) \IS
) analytic in [2)<a
2oy = T =5 e z .
iy = ngoi’" ’ 9\"!4' Zrn}gnl

?\C.d
=4 For ol kzooo o

ol
= rn{ f i
Z A

n=a
\Y
= | f(r)] = -
R b R
Elnzz_&r\n./__ /Zrnl)\"lf + Y T+ ,+Vﬂ°!!
n=o
/ \ | = If(r/\)[ - oo.

o~ B
0 T Hwnk






Chepter 5, Section 4 Exercisey

1. Hnd +ne

Qbow}

R.O,C . oL +hQ power seringg ex P andal

GQ. CCOII)J CIIO)) =
VAR

%

X
\

PRI



) Show +hat e ROC. B the powe. cerigy

ex Dar1d 1o, 2% 1
/0 " %Z 23 1 abod 2=2 i< V&

O
:‘—f'i - 241
=1 Z-Q‘-!-%-f—ﬂ_
Co om@aL MGl o iy (won-removab(c) s -
2%+ 24+1=0
o L
s —12V1-4(D)
;I'v./ 1 ——t - )
\ - 1;-‘ ‘-£+E:_\+’\r—gd
TR T T
o T — AEW) .
]L i+a3L p . — 1 -3¢
< 0O

dC(,D‘)O) s 34,2
CRB)VEEL E
AL>0), (-5, ;,L)) \ D—ii_—.‘[/—:f_ L

3
+ 4



_-’Ji‘l') QUWO@? that 702 Aag poncr gerity expansion 2 On 2"

Show vhat tf Az o an evtn Funchion, Hen Q=0

Cl?f n odd. Show that 1 Sz S At octdd Funciren,
thon Qn=0 For n €Ven

1) 2 s even, 7%60 FCZ) = Fez),
o0
= 3 An(-Z)"= Zanz"
n=o

n=c

‘—‘DH_Z @ (CB"-2") =0
[~s)

72, (2 Zamcc 2"y -0

op
> né’@m(c__z)lm—l_ &.1.}'11-1) -0
O S
2 D a2z 20
©
(2hd) -

Ll :Li?? ) WW? Zalf’)—f-rlz
n+

_as.n-w.. ="__d6{

!

! _—"@.

D Qants=0-

(Pom Cerinea =0 = Eack aL—O)
2) 044 & Siwular

O






| 14) et F pe a cowfrmouws Function on  T= §izi=1

| Show Hat # can te approx yated umjﬁw% on T
Q & cepuence oy polynomial nz < 2 La
an  crfension T ogtot o ofs. on 4, closed Ais k
Peled)  and amalyric ,, £ 1zred)

fint- To approximate Svch an  F confrcbn Forz)o mpr
r =mrt






Chapter S, Secion & Fxercised .
4) Expa,nﬂff the jfa«a,aWW\j ﬁwﬂ&f’ﬂ?m h /OOW S ey én
Opoud’ o/

(8) “— =#12)

2241
b ' = %9 = '752 ‘-2_'- Z 1)1:
145 12 (:\_ﬁ"‘) A
= K
=AY DR RS
k=p
2 f2)- 'Z o
%)= > (- l)“
\4,:0 E’J_K Z:__ lk—’r?.
OL2IEE
z23-4
-
g E(H) A - w( |
Z‘_ﬁ -1 4-wW? \—uﬁ)
= 3k
= w2, W
ta-=o
e
= £(z) = ——Zuo R
\e=c K=o

Y €(2)-= 6}«2:1
Y= £l €= T W 7w

O = ‘F(_%) Z l-'-‘ :



2D SUPPOSE’ j’i(%) 1S arLo_Q{-j*rTc at 00 5, with Serién

o

X 7 bk_

NEIEDH Ze bot 2% + a3 403 . miy L
k=0 z z*  z3 ’ =

Wiy, +he notation Floo) =bo
L/ (00)= by Show +hadt

Gk S 2 [#)- $)

2[?%)—5@(0@] = z]f(%-) - zf(oo) = boz +by + oa b_g,

Z 22

-kb%

- b_’l‘\’ D>
z TR

B Izi?ooC%EﬁC?:)— :ﬁ("@]) =by = £,

expanQOh

O

+ ...



Chaprer 5, Section Z: Exercises
1) Find the zeroes o 0rdert of zeroer of e fellowing

Lunctiona.

O

() 234 | (2+U)(2-0)
z3 -1 (z-12)(z+1)

z=tl , both of order 4.

(&) 4 1
z " T F@
= 24 +i
25 trL
24—-— -
I_eﬂ-‘: '_"i_
O + eam:,i

. an
DXL ZE 4 oue 20 L ovadly 4.

Ce) zosin(®).
=0 1 ordor 3 Zero.

220T , ne Zfsgs zero op orcet one.

() Cos(z)-4 |
f(2)=cos(2)-4=0 When CoslZ)=1 < K —>

= Z=3dmN L

O - (=)= -Sin(2)=0 for z=2amn

€£(z)= -Cos(2)40 for z=2un_
\ So douvle zero o+t Z= 1N,



6) Svppose Az s analytic on a olomedr D sl zeD
Show Hat ’f EP(z =0 Jor mMZ4 Yan Az) is conStat
on D \ij\\ro\;&

= O

Let g(2) = Fl=) - F(2o), Thic is awalyric on D
Zg 1S Q. Zero of g.(2).

WTS gz)= 0, If 2z, i1s wnot isolated, theén
bd the UNiQUEn<St printiple, qlz)~o0 =D Pz )=£(2,
= £02) 18 onStawnwd on D

I£ 2o 1S isolated, P FTSOC +ilok ()%

g'(z) -~ £7(=z)

g '(z)= o0
,l('ZD):O
gt O

= (1) N o =
972 =0 = D oz-zy¢ for 12-2,1< R

k=p

So 2, s not solated. 4



20 Determine which of +he fUnctions 1n the precedin

exercisSe are Qantj'}—HC atr oo, and de+ermin€ The
rderS of C\Y\k_lﬁ ZeroeS oF o0

Q) £(z)-= 72244

2%
QCUU)—_- \C(“éb)- G‘:. + 1 UJQ"!'J_
_33:- -1 I -w

3t0= 41

(9 £ (D= 2% in(@®

Flw) = %S'm("@)
L) = (i, Cos(F) (5 CUm - cos ()
w20 5w = w0

N o+ a,rm.id—i—ac_ ot oo
(& Lz)y=cosz-1
O glw )= cos(—b) -1 &

94(0) xo.
Not oanalytic ot oa



3) Show +t+hot +ho 2Zerpes of <m(z) R Han (=)
oxre oM cimple.

O

Zeroes @f ecn(z) are Z=nT , neg

Fiez- cos(®), but £n T)=cos(n) = T4 *0

Teroes o) 4Gy are zeng

F )= Sec*(z)= 4
Cos*z) ’ SO M0 zecrpey

Q) Show +hat £ e gralytic Lynction Frz) Los a
Zeo of order A af Z, | s F2)= D)"Y Ay 00

Funcfion 9B analytiz near gz, any Satisfy img
9/ (2)+0.

Jya)e (20" R, whens 2023 s anakyric avd R(Z)40

5/
ler 9lz)= (2-2)e ™ SR

> g2V (2-2,0" @ 00N L ooz ) hiz)

angtlrg Hc .
L1060 @D 1y r) #r /29 CH(Z)
- g/l ) (2-2)CV Ch(Z) +E°5

L foe b (2)



11y Show  yhat 1€ Fz) 1§ & Nonclonstant W@ﬁc FnC.
on a ddoriain D, +hen ‘e Mﬂﬁd cender  Frz) % any

spern Set w Open ﬁcon]cumvﬂ oIy

@,
IFF@to = oo ez =1 (e ™
4{:(\))
- _ [
= j}_ LY —s U open
St C.p")’(—?(%’)) = 4
@,
So o pen = open
I:]C + /(?;):O

2 If f=2D:=0 > _ N
2 p(%)-ag%) SE g2 analytic

O ez,

= ~ _= K
| I = 20 (2-2)" 4, 4 disk op

posive  rooliug ne o o
= 0
pen set

2 £ ako covers open ser



/]



Chapter 6, Section L, Exertises
1o Find ol pocgiple Lavrent exparngiond centered ad O Of
e followvgy LUNCHOND |

(OIFI

z3-2 2(z -1) ' REMlNDEP\ Whot are, UJQ \OO\ng for
in each region™

~

FC%)= Fc (Z)+ PJ_,L%')

At

whire TS analyfic fo,

lZ\<q
| p. \ z\>
‘I_i O<iz]< 1" 1 analvyic B | P
Need p_ analytic  For |17l<q
2 anaiyric for 2150
o |
jco('%): -_—j:' ’*‘——i ' = -4, 4 0o
O . Zz i -i 7 ‘—j-__—_i = —i__ Z%K—
4 ? /;ano\\d o o z =
Analytc _ k2 ‘
'FOI" lg'l‘;o 'FO( \%\41 _.']_%.- _i_ z _%2_# o
T fdizl <™ o
fzy s Qnal:j-ﬁc, for 121> 1 K=-y
So  f(2)-=
Z(Z-4) +O
= _i__. 3 o . (72
=1L 2 L@ =7 e
k=0 e =D



L focizic 1}
{:b: \z\> 0
‘Pj,: {Zz) <4
e | = :
ZI<L 2 ¢ g Gnalyfic, So
F2) - == - @r1)-a 2 o
+1 , S i = 41~ —Z)*
2+ B 1--3) 1 7-‘;:(0% .
Why? Our geometric serieq only works for
(Z2]c 1 Fr
T T1<izl<o0} .
(D s anatytic for 171>4
= [ L :
{_E_g,(i = QﬁWY‘l"’ﬁ Al CB% .
ko -
F2)=221 _ {- 2
Tl 1+ 7 17 %(f;z
1—
q [0’ :
= i—- el
| 2 Z("E—)L = 1- a7 Cnx L
=0 =0 ‘&K+J'

O



o 4 1
—_—
(- D) (224 (z-DC2+D) (-2 7+ 2)

L Tizcd]

Our function is anatyrc Theae,

So  fCE) = Locz) -

1= Alz+n (2-D(2+2) + B(z)(2-2)(2+2)

FC 22+ 0 (2+2) + D (2 -1)(2+1) (7 -2)

O =) 4 = A(Z7-2=2)(z+D + B(z>-3 Z+ D7+ D)
+C(22 - D) + D(z=0(z2D) .
P 1= Al 22 T—4z-4)
B (=23 -~ _72*—-4%- 40
. C(z3+2%1—%—lj
+Dlz3-22> -2 1)
= A+R+C+D =0
A "B +2¢ -2D=0
"4A-4p3-¢ -D=0
—Uh+4n -2¢ +2.D=0

= 2R +3C-D=o

W haterer. = SRS 31 1
& o]
IO S N PR T 1 2k { 22\ K
--> ( __%2. /-9_ [ - ‘2.2 = 3 z % - Ti z ( 4



T g4 cmie2)
|z > 4 not Osz-Q«jhg
iZl<2 net QMA—Q/j'rTC_
go (% =3 "—__d;_ i_. +% _i__
o 2 224 3 22
7 | N
Need) A 3‘%’1(- C &olvl’\-‘"ﬁ‘
Cor t2\7 > s for
rDV\/LQJ*"(C- < A
Can &2 AT Lozl
i 1= z
garlf/’l _Jf(Q k"Z‘f
= —4-.'1_‘_ A A
S esE ﬁ) L L
VR 2 -z
l'.‘-
Qo
= -1 4 Z A\ 0 o= L
2ESET 5L (%)
E=v
I ‘{ | 21>

"

=2
o



.4) S’uppose that Fz)= @) tH (2 is the Loirens  olecomporifia
of an  omslyric Ffunction Az on e onnule

® fA<izI<B) Show ot £ Fay i an eren
Zunchion, then H@ L Hlp) are even Functhona,
omd Ve Lourent Series eypowsion Of fiz) Koo
only even powen OF z. Show et L Arz) i
. odd  Function, thum £(2) 3 £ow ove odd
Luncioha amd Ehe Loiurent  Series  expaliion o,

ondy odd powers %

3'00627 i ¢ a,MLUﬁC For 1Z|>A

Fiizy s curalytic for 1Z[< R
O Folz)= Oiwé - }
k=0

+ 00 [
- . D () LAeE
Fo@) = L QeE

=60

K:.:.—OO

(58] oa
P2 = DOk B = T Qe = eay

k=-C0 k= —00

= Lo-2) + {51621: OZO O ~2Y + —Zapc-a‘

K=p k= —0ca

o9
h® By - Tacet y Taae
=0

oa
D 2 Ge(2-(-)") = 0O
K= —po

D FHl-B)= H @D powErs

| £,(-7) =f () Ongy vl
add S QW - «(2) O\’wn?w‘l e 2°- (B



5) Syppese fiz) s analytic on e punctured plane
D=C\3¢} Show fthat UL » A conafarnd < S,
F2)- L Qo o prioukive n D Give a formula
for ¢ in terma &4 oun ndcgred of ftz) ©



Chopter &, Section A Exercises

1) Frnd the sofoded W\WMH{\QA OF Vi ﬁp,aow,ui 74@
ad obeter mine whettier ey oe f“@m@ua@&, essential,
pleo. Determinc the oroter of Gy pole, amnol

or P
Uffnd Lhe pr-,y,cjpa,é /:Ja/’f ot e0cti /o@&
(a) _Z 2

E3-1)" Gz

2=14 are iscolatred <Singularitiel

5 % - i
W = )
2 D4 (,2+.1)Q(_i‘:-l)1 6 Sics

= Pole O-P Ord'er 2

. A

lirm Z
- Sy = G0
O z -4 C(2+D)(2-1) O

= poic @.P o rckan [

z Z

——____')..:

GA-1) (z-D(z+1)

Z

(o) =2e*| » . —
Eg‘“j_-___i . 2oh 4

z =14 Dotn Simple potes.

bz

cey € -2
z
2%
O z=p ' S )
220 Z O

2

=l 2€ = 7 D Kemovable,
Z7 o



(d) tanz =Sinz
coS Z

ZzZ= T
§+aﬂn

= Po e, synple

(e) 2*sin(¥)

=0, N
In"n S\n(E) — . A
Do  g-a S 52 Sin(E)
%‘90} =
|if'V] |
=20 Es%in(%)
Esﬁnﬁq\ SmSU\Qﬁkg
(F) cosz
CZ*%)C%HI)
=+ 1
S
- CosS{z)
\‘m oS8 _ 9—
?—)% Ca-%)(%—»g) O
= \im -sn(E) -4

——— Eal

25 @Iy (z-D) T

2 Roth  Removadble



2) Find +he radivs of convergence of the power

series  for tne  followg fLncerions, expandect
abovty the indicated point

O (Q) e -
) QA bou+ Z2=3+¢L
Zz -1 2z
NON  removable g NQU lacities:

-‘_*:u-

o

dCb) B'H.) _\/O +3 3
=3

Ce) z yaboutr Z=TVUL —
snZ

== TN €7 | notr removabdi€. EXcEPT
Z=0.

) > dLn‘LJ ™) = N{E-0Y+ em-0)
=V2T = A
O S R=7Yam

O




2) Consider thé FunctHon F2)= tanz W T Annudan §

$3¢1z1<4]. Ler ()= fol2)+ i@ be

decompasition  of (), So +hat () O
for 1z1<4 , and £45(2) 1S analyric for 271 >3 an

+he Laurendt

15 Qha\\j'ﬁc

vaonishes at+ o0

(o) Obtain an exphcait exprcssion for ISYED)

Flz) =817 w/ poles ok Z= %err

COS &

Cb) woeite down  the Serits CprﬂStOﬂ 'PO(—

L) X defermine +he lavrgest domain on

whnich i+ convergeés,

{:1(,%) = -'1..00 T Ne lQ’) _
“ \Cz C'Q% ' E;C TT%YL O

o
o

Convergeq for [2>F



Chopter 6, SedHon 3 ' Exerciseo

#2) Suppese that £z 5 an entire Junction that is not

Opolunom:
polynomial. What  jngl  of smauldrity can  Rrz) Lave
ok oo 7

Jw)= F(35) can be prmepsl or o sseruial.
Pre;\—xtj VYL UACA Wittt L aone i V\j@ﬂruﬁ«‘v‘j
Madby' negoative  exponands

= A 4
S Mce —-‘g not -entire,
O 0o
Co PC%):ZO\&CZ <
E£=o

S PE) 20 (20"

2Y) St Heox 1P @) 1S A wonconstont  emdinre
Funckon, thun €7 vas an  essenial < lar iy
At Z=00
Ciearly singulo\‘f"*:j?

@ SU‘OIOOQC revrrnovable, =)e)CC;_L)=Z by_%"

=0
| >R



Chapter 6,Section 3: Iselated Singulavity ot Infint,



Chapter 7 Secdtion 1 Exercises

1. Evaluare the Fo(louuinﬁ residues
A :
O) Reg [Zl++) ]
i 1
z'+ 4 C?:+Z|)CE-Z\)
Do Simple Polc ot 2t
4
.2_"3._}_4_ = a- 1 LA’M-Q)j‘hC o‘i 2\]

i N [Pr\(\ﬂ-ov‘jhc ot Z\](% 2\]

?:-T'Z\ -

‘%-"79\ [%*R\] = 04

———____

4y

254
4 =l +%34—t2 +2+ 1

Q ot 22Tl A-g + (analyric od %:1’)

2 lim 4L S YT S S - G
>4 24472712 o 5 -1




(d) Res [éms%— )D]

T

Sinz . |
25 = Pole of order 1
Removable e

SINZ  a.

—
—-—

5D ——;-:-*‘ (anelyric oX o).

Sing

e
im sz - -4
22— 0 =
4= O—1

(e) Res [60%3_5, D],

CoS% Oon. |
72 - > + O-1 + Qo t )
SEe. i
Az C;OS% = Q-1 ¥ 2G0T +- -
-SinZ
=

\fn/] - .
sp UEMZ) =0
i

O



' 2) Colewdate +he residur ot eack 1solated sm@u&avfg
W He W\w F(au/be @JO_ the \]—ooﬂawwtg )eunOh’OM

O 7

Z=0 " 1S aQn  eSSential  Singularity,

QCS[CEJO—J =
z mz"
€ _Z_'T
. Nn=0
z . < 4
eF=2 g = L+t 2
nN=g ' Zz Q_fz’a -
- Qo""q—l



3.) Evalvar
e tThe ‘lD | i
ollowing Integralg
- y vsing , residue
+he
Ca SiNZ
)§ 2';1 d=

|zl=1

Pole of =0

> Tz -
= arLRes [Sm%}
FAERY = JO]
= cinT
. az = ATl
(z2i=1

z%~1
(Z1=3
Simple pelec ox 2L
| |
—Dﬁ-————-—
= A
—2 \Z R ReS[Z o }
\ \=2 + 2T Ees(zf—— -H]
|
Re e
5\:2z|)1\= ] - ¢
27 |z-1 2
e
[265)'.2’2\ )“j]: f,%/— = _.___-»j'
az 1 +--1 e
= Zme 4 2T -\ Tee - O




59 Bj eghmq,&ﬂ,g Hie eELiionds o The Lavrerd
sefrfoJ prove ft.at ¢ 2, js &n isolated  singularift

O(ﬁif ,and iE (2-BIAE)DPO0 a0 2D, +un Zo
W removaldte

An= £ f(z)

-Z]TL CE—ZO)”'H o =z
1Z2-20/=r

[ = 27r

—






_. Cl\gffcr 7 Section KR Exerdses
i) -ghouooo US'rrLa vesid ue -Hau:ry a4

A
— A4
. = 4= at s only Pole 1N
Z +a (z -2+ | 9 pole Ve

Az
S A = QT QGSL%3+Q )QL] = 2L hm 4

=210
- QW - T
20t a
R.
dz B "
=
( oz ¢ TR
a r =
PR 2 .}.0\ \Rl—O_L >, O
1
. Ly
= * RO\ 5pe ® +Q 22
4
st Ay
=



1‘3 g\f\.OW Ug\\/ﬁ reS\dme -H/\,Lol‘;\j +Hot
e

-3 SEN
(x2+a%)? 233
._OQ ~

d= B ; N |
[ Gy = s o
2Vn

A -2
e p Q-1
(25 0>) (Z=apn* T

CZ-O:L)

+ Qo t-- -

= ""_—L—-—_——g_ = Q2 + 84 (3-ay) $Ge(z-a, )’
(z+at)

D g (z+a) 2 < Q-1 + (shuff)

D -2
(2+e0Y |g=ay = A4

oy Bos. 4w’
;—;\S\olezl__:uﬂ: i
o (z>+0%) O 443 2Q°3
2 t
\J’% ax + e 2
(X*+ a’-) > C21+ 01)
=iP) r)R
a2 -
| (& e Gy 7O
r'RC% 30 (R*-a )
xR o % i A
= j (x*+0%) 20



::‘D Using residue

' o
rheory, show ax
J jx4+1
N -
e
O ¥ X L 1 -
= > o z*+ 17 (2EEY
~ \ j
N — ~—
(2 ~YT) (=2+VT ) (=+
z441=-0> 2%=-1
A
24~ cos(40)+ 1sin(40)= 1’79
"D 40 =T
O S & -:II o pﬂ_n
_. e
4 [
5 z= €T 6@ ¢
A NS
are N DR. |
cos( %) T !S\h(qn) i
3T ™o
Cos(sn)*'sm( H‘) f+‘\

A
244+ 4

.
-09R

s oan (m
ﬁ-kﬁ'-‘.ﬁ“ﬁ\('ri'k

i

Ve
cos (&)™ 'Q\M(H’T)‘ "'ﬁ"‘"

cos (3&) * 1S (G =

V'L'U'?l

ulioey

~l 40

’Fiqrﬁ

l——’r,-
i R

—_————

e

~2\(

A
¥z

TR ’if,‘:ﬁ:l—a)_



(et —4\(—%&0) o e =
213 = Bir8 Y w/irg \2
aa T2

- (3B v 212wl 1 V3 .

= ' 4— -
Cﬁwﬁ ) +V2(4i-4) . :‘tﬁﬁ FAVR + 4VR[ - 43

Sl it —16-2 T
— Lg(\,ﬁ),zfﬂ-(_ _ - T L&ﬁ -
“/9"2/‘2 — . = % (Tl/wm,lc f‘éiocD
SIESPEUSNS
e -254+i p4 -1




/5 Uswﬂ residue theory, Show that f

_oaw
x4 +1 % AV
(@a) o0
(KQ
Lh'L’J 9(‘F+10\x: S x4+ dince even funckion,

%5‘.' _ 22 |
) @VE %4.}_:]_ a '&—--j;:—t‘—)(:& ( [-i—l

>
-R R
| —~omg—
Rec [ z- ) L7, 27 ] Chz
441 B =1 ‘ .
z ic 422 7—"—7—5“ ;’Zl“() | -
.. a .
Pnes[ = ) _i—‘ﬂ]" = =
7411 V= | 3] Y P — -1
7% Jz=-i o Gn fped
i o S
e B R BT
2m Y ReS = Loy - 2 ,LH—LH
- u-‘v .« 201 (-0
2. (ﬁ”!fz w—'\ﬁ-ﬁ) I G R GRD -4{2) 8
2 4
_
= oA AR
A2 1 A"
. R
( j ?‘4 - -’—‘i-_olx ¥ SZQ d
— \Z
5o Z% 4 = x4y 2450
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Chapter 7, Seetion 3 Exercises

1) Chow uvgi

an

! coS (&

) 2+coc() sleie lﬁ(i* 3)

z
2
=
2. dz § + + L O{%
LT
2 \Z1=1 4*%+§12
(z3+L)dz

feaAvdaag +Haeo l’j had

2341 Az
2
(21 R

& a? I~ :\_i 2(Z -(2+ ﬁ)) (2 - (-2(3))

b

M

_ § (/Eafﬂ_)d_%.

412> 4 1283 0 =

1Z\=1

z2+4 - h

QMW - |2 - 2R
[‘8&1-3\2 -HJ e SR

—

il

b e+ B3 +31(4-4v3 3) 4

¢~ 43

i

ot [

g~ 43
2T | —
I

/6L +8LVI+ /20 — 2573 +Gitt

-4
e 3

S 2473 ‘8‘112: -‘1‘3‘\:&3'1'1 _J 2=0
23T13)% 44

2 [(
. —_-‘___—_——'*“——‘-——--
B1(=2+13) + 31 (-2t V3) v T

J y
i *

TGN



)
Cos O _ 2.
f 24coSE 46 = lﬂ{i",@)




qr
i e o.yb>0
O aufbg‘me \/aa,_ba
10 & 2l L
61?\9: u—— . z
2t 2.1
z=e° _ s de-d=
d=z = 1€ 4© | =
_ﬁ;é‘j dz
L 2(0.+ o %—- - __§ - = 4 d= )
t%\=’\_( , (\ %(2‘& o ) '{'§ ’Z?_ua?rb#-b)
1Zzi=1 S 2.4
. \ =
z +2iaz — ¢ B2*+2i07 b

1Solated g\'f\%u&m"\ﬁfm |

I
D (Y R P

7% 2b
: = .42
. et 2iVaC=p  _ 1 'ﬂiﬁx
e
45 b
_ 1= 2
| _atNea=bt [+ =
_miRes qu — [____,E_C] }Wtzba £210 | o, v77)
O z2 +1 L"T"_
_LATY N e

S LATE o ———
4_/%(-(1;\/0/*-5_&2'{ 1 A Var-h?



4 Show US‘IILﬁ residue “Haa,orj

that
T
1+ Sin(6)
D=T-t w
db = -dt
0O 2T
_ [ -dt o ok
4+ Sin(r-t) E ey
27 (5
Sint = 7 - % dt =dz
: (%
yx
: A :
:§ dz Sswet= Z2-2 "5 _ ztozha
iz (44 F-22%1 — 4 g™
i —4%1}
::_4-& oz Y 1 - 1 Ck'iz
( 2 (B4 -2+ S -
Llil—l C ~4z L e
\play (2 ~Hz
4 Az
= %%’mﬂ_ - _1_-,\% -4zd=
___,._-———-_-_-_-___-_- -
— A 4 _ 2
e 4z - ="+

Poles: £V3-2-2

ng EYEWY ' 4z
- ?ﬂlﬁQe& o7 +A ) 3’2"@1 N am Res[?ﬁ evc L Wj
T
N i & S —— rrL
L
T {L__E,EL.__ = 2T N TV . \/ O
3-213 -3 AL

Y



Chept€’ 7 Secfion 4 Fxerciceo:

1) Bj }m‘eﬁrwf‘ﬂ’g oround e p%wa condovr,  Sheuw

ol x ““-1—_—' . o<« adl
[+ X IWELD) .

" ~0o —I’IOLS
@ 5 e 0 .
-a~\03(+l)4* —OoTT

f el dz = 2Tt Z'QJ;:J:_Q_ = i &

OWJ

N L+ 2
%——-_\. 1S &Mj Qx\\/\.ﬂu—QOw'(Tﬂ !V\B_
. ~QTCL
=AW E
O " ' <
= -q ra B . .
fx dx+J% gz ¢ [ xrer
| +X [ +Z& ="
: Mz R
G
+ g\____%_-—-da
| +&
¥e
H%q o\%(_ Eﬂl—g—-——-—vo on R 0a
=3 LTz R_ﬂ—
o > —“ouz~1
4 >-0+4>0
—a_ :
Oglpq Azl < lﬁe.e;-—-——DO ot T 70
o ) 1-¢€



-nia _ @

S 2me =

S

2T G

in(Ta) =

2

Cﬂia__ e-'n]

X-——Ok

AX
[ +X
+TTIO B -mQ
2.
q}‘— i}

Sin (o)



2) By negrating  around fhe boundary of a pie-giice

domain of aperture 2%) ghow +ha+
T
@ j lﬂrx EYSTYE S b>1

A
l




3) 8y mﬁ%mﬁhﬁ Qropnd  the létjﬁdg conerouy’, Show thuaou
o9

O X*(x+¥1) Sire(Ta)
O

_oafx_?oﬂb()
(BY K+ A - cos{ma)w > L/

¥ Sin (M)
o O -

ﬁ‘é/oa cof) -_5({ oaﬁa) “’(008 CG\)

\

»

> d_ 7<= e Lpﬂ(-a,) ) 0):{09(“))
o=

A\co, f\i )= 10§@) - M
| \E ; - 2> (z+4) (5008(z 1)
z=-1
fﬁﬂ@_dz _ ot oot ] - el ocyh 2] £ T7 ] O
z=-1

AD ﬁqC‘Z‘ 1) _Z.-La

8a|03(_1)+iﬁ.'lTr
- awéa(:w‘,tn) - i ERme
. )
LI (o S ' Son e’
. >§°~C><+_‘L‘) e e L)

VR
=3 .
00 az 1
P lo % g °GE 4= _SL,OQOQ*'Z '

Zz3(z44) x“(x—x j_) 28( 2+ YA T (x41)
s 3

Loq 2 a2
S :L?\C’—Z“') O




| §lo3= \ ¢ 2mRVI0g R 4

— 0 o R
C‘
re T2 1) RA(R-12)
o zs | o EVEERT o oo
' %G\C%-&-i\ 2&(—1—‘23
/\GE
(& e
fo%
Have 2T feaﬂ B fquxH)dx

) x elw-‘o“(_‘»(-i-\)

2T
g x 2> 1)
Q

. —a L _ log % S
= 2T LEe <l prma KQCX-‘-.'L;X XA 2“'0(&‘#!)
> 2™ cos(T®) _ ) g\o loyx } S
& F 2T Sin(Te) Leﬂ""‘t () x 3= 0
)

o0
2 ecs(Ta)= ~ EWW

(+ 2 en(Ta)(L- em\% S ;SLXM_D

e ,
,:m\O‘S T “ = T cos ('T(q)

= Plaex Q@%Pui&fﬂon, 9”‘

>
5 jog(*) ax = Ticos(m) codl
g XT(x+\) sin(ra)






Chapter 7, Section §- Exerciges
1) Use +he keyhole contoor undented on +e Qower edge of

the xS of x=1 fo Shew

<o
Loa X -(—\"3-
j_g’_ P - p<q<i

o X*x=1) 1. - cor(2Ta)

Zz2 (%" oo
O = LOOE 44 e — w1 Res \:;’S\%g:ﬂ)%” 1’X
N D
2=}
\Y &
oc. T +bunk. i + S ¥ S x’ﬁ/,—’—“(x-'l)
Ur R






/:Gﬁa/pﬁ?r 2, Gctun 2 Exercs’
1) Show Htar A2 +bz-1 fao O fosf in 0<x<d ¥ Four
’1‘01& in 1<zl

Finct we'll show 4 roots in  {Lelzied]

{—-
f(z)= 125
= Z f‘i.
On (21;"5\('%) '

-

[62-1] 4 [2zd =41 42°= 20215

|2:80-0n IZ|43 Ovur foncrion Roa S rosk

On 12121 - | b 55 = | J
22974] €. 2(25-1 = 1< p=(12]

O = On, 12154, 41 rooh
[ - ;—'f:'--.'f‘ ity h E
wab o y

- . 1
So then there are 4 ool in 'fl“’%“g‘},

I

Thﬂr‘eS one Toot N the unit circle.
b/t ~]<X<d,
But what 1 s regative 7
LA A TR ¢
. p(o)= -4 , )
O p()= 7 }—> since CAs, 0¢ X <

Werwve  occoued  For atl b roots S only 1 roof
m Q<X



X) S}u}w ot ‘159 m & N awe 7005&“/8 @m‘f%crg Elien

_ 2z > z" -
aocé)’j""er’-’Z’TJr-—-"fﬁ +3 =

g exastly o itegers %

ps |
L - I R e R

\



4) Fix o Complx mumber X St (Al<L For nz4  she,

Wet (2-10'e®-4 @, o zeroeo ASiSPying 12-11<L and
e Ot eroar U e right +Ralf-plane. Delerpne Hio
Mﬂo«%ry o e Zeroes.

AN L2 _ n 5
(% \) e ’9\ - C%"ﬂ Cl"‘%'f-%-k-%.!_.__)_?\
/r\

—
&

\‘I

SR} On | z—\1=)

’1%3

E-Ye?t=1e®=| L2 v \
e \C +cof®
= 1@ tTeT) - | dTioseting| e
> 4 >1=-Al
S N zeroeg sqﬁsﬁjmg Z-1]< 1
"p/CZ-): HCE—I)h—' 6:2 N C%_-l)ne?:
= % n-% (2
eCz-n"h r =0l oudy o U gt ol Pl
<
O Zeroel o'F F(=: 2= ! =1-n
8 .
o \rplaTy

£ = -A%0 n-1



5) For a Ffixed 9 gaﬁsﬁ,vﬁ (A< 4, Chow +hor Cz-)e® .

9\(%*’\)” oy n ZCros  in +o f“?‘qzﬂw.” e\aﬁfgﬂp(a,m/
WRICh  owe 0L Snwb 1P A+g O



7) Let  Frz) & gl2) be 4ty ric on D bdd s

ecfonsle ogly 2D L Sabih (Flz)rg@) < [Fez)] +
("h%)) en I D,

Shen M%ﬁdﬂm/omﬁ&%%@m@o
P D, Couyuhww U Y [ C.?'v

B\/ Bey ﬂ%) ~3c—z> +G02) Bas came 4
S Zero&d dy gz,

| £z ~9(=2)| = 1£02) 1 9(2) -2 geay)

O € IF@ +g9@) - 219N < 1Py +

19(2)] - A9E@) = 8@~ 192y
<
19 > (PERYtg @) - =) >






cChaptrer & Section 3 Ekerciges

2) Let S be +He ﬁ,w/(? st vrivalent Fnos Az

Cetred on flzied) ot Catih =0 & Pio)-
Show ttodt iF 4 sequence  (m X Con verg

Mf""VLa% ﬁ) j‘eff)/ 'fﬁ‘-f/ﬂ }£(§S

[et fkcg)éS, Then Vk, j—DKC-O)=O

kafo) =1
jk (2) UanQ.QLM in
fl%l<i}

- Bj Horwitz — £(z2) is wnivaleat or consTanti
I£ F) conssant, hent ~n

Fr(o) = £(o)s = {Co)=0°
O O > f()=0
£(7)= a
2 f()-o = £L0O)

@' ‘Fh"_)-p norr‘pmnj on ¥
D gwrgg:ﬂm&- 13 J6 -0

n-ca
£ g Analm e

—FCO) = ‘:\2;100 PV\LD)’-O —
una F

QQ{’ = — on |Z2l=r < 4
O o F Compact.

£z L:;T" ‘F’C@)‘" Oll g Fw) Ao
- o Cuy>
\2l=r




3 [

DOO'Pn/(D) - ,H’h
n-—-

i{
n—> co

‘Pn(LO)
AT,
| &=y

L

gmqr‘-#-!

et

1]

> 0

= £(0)-1. = not constant.
s umvalew by Horwitz

on Gmfj COquC+ Subget OF ?l%\/\i}.

e

12l=r
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: £w)
a7e



%g{fﬂaf&f’ £ Section 4. £ xerciets

1) 3 D bdd w/ pretewise Shooth bdry
Oﬁ’f‘ ’TPC%) be W&mor[afﬁw'c R 8,(,%) C(J/Lﬂo&j’('fc, ©n |
> g 2 g extend wmalyscaliy acrosc 9D, % Raec
o ID Tgws Haos

4 /
2t §9(%)_7P(%) ZW&%C% )

2D ﬂeC-&)
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My 1S orde. of £z QO =5y

Let  g(a)f 1
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O Sawfe | oq . Res [ AL E) )
£(z) 424 plz) 0 e
Say 7y 1 a gere of 2
> 3[?:) £ o f'. - \(\CZ? +0 T ay
L) X
CgmymylzogT wc%vg,ca)
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= 9wy o L W@, gg%)mg,‘ﬁé%) + Re)g@E
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O (z-2Z3)
> Res [SCE‘C/@) =2 - :\ (z—- mp W(Z3)
fz) ¢ MR g(z;)M;

L (%) Phaw




139 Z % 1S Q Fﬂz[e % 7@£%>_
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_ | o
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I o
hZ)
(= 2™
)y (272 )"

Wiz) (277

q(2) W' () (z-7)) - a@My hz)
h(Z) .
(z — %) O

f()
> Res [ Liif; : %5&: My qz).




3) Let ?_FKC%?I be a Sequence ©f Cl_,|_/}_gg|vﬁc Louncson
on a domain D jhoat  converqed ?WVWLM\j 0 (2
D ‘J‘EKQ%) Aol eatAn vodwe  w & waosd e Hiwg
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REAL ANALYSIS AND MEASURE THEORY
QUALIFYING EXAM
AUGUST 20, 2019

Notation: LP spaces are with respect to the Lebesgue measure .

1. Suppose f: R — R is a continuous function. Let E be the set of

all numbers x € IR such that the sequence

UG FUSE)FUSED), -

is bounded. Prove that E is a measurable set.

2. Consider the sequence of functions f(x) = kx* on the set [0,1]
equipped with the Lebesgue measure. Prove that this sequence (a)

converges in measure; (b) does not converge in L}([0,1]).

3. Suppose that f: [0,1] — R is a Lebesgue integrable function
such that

xf(x)dx =1
/M of (x) dx
Prove that

- 4 - >
[O,I]f(l) dx > 8

4. Give an example of a continuous function f: R —+ R such that
f € LY(R) but the limit lim &) does not exist.

XY=+t X






Qualifying Exam, Complex Analysis, August 20, 2019

1. Find all the functions g : R — R of class C? such that the function f(z) = z*—y*+ig(zy),
z =z + iy, is entire.

2. Find all the possible Laurent expansions centered at 2 of the function f(z) =

3. Assume that f is holomorphicon D = {z € C: |z| > 1}, lim, f(z) = 1, and r € (0, 1).

Find i\ g
et G5
zl=r \2/ %

4. Suppose that f is an entire function with the property that there exist positive constants
C, N, Ry, such that
In}a}};' e/ < CRY, VR > Ry.

Prove that f is constant.






Mathematics 440 & 508
Homework #10

XI.5-1. Let {f,(z)} be a uniformly bounded sequence of analytic functions on a domain D and let 29 € D. Suppose

Ans:

X1.5-8.

(a

)

that for each m > 0, f,"."')(:o) — (} as n — 0o. Show that f,(z) — 0 normally on D.

Let D(zq, ) be the largest open disk with centre zg contained in . We first show that f,, converges uniformly
to 0 on any closed subdisk D{zy,7) € D(z,7). Let M be the uniform bound on f,(z) on D. Then by
homework exercise V.2.12, | ™ (zp)] € m!M/r™ and hence

[Fn(2) Z: fn (= — 2| < Z ‘M(?z—rztﬂ)'".

m=0 ma=N+1

For |z — zg|/r < r1/r < 1 the bound on the RHS may be made smaller than ¢/2 for sufficiently large N,
{mn)
fu (‘0

- — {2 ~ z5)™ may be

uniformly in #. And then since f,, )(-u] =+ () a5 n — 00, the finite sum Z

m=0
made smaller than ¢/2 for n sufficiently large uniformly in z for z € D{z, 7). So f,(z) — 0 uniformly on

D(Z(), T )

By Montel's theorem, p.308, f,, has a subsequence f,,, that converges normally on D to some f analytic in
D. By what we have just shown, [ is identically zero on D{zg, )} and hence 00 in all of D by the uniqueness
principle (p.156). Since this limit is independent of the subsequence, it is clear that this means that the full
sequence fp converges normally to () on D. Otherwise, it would have a subsequence that does not converge
to ¢ for all z and, by Montcl’s thcorem, this would in turn have a normally convergent subsequence that
converges to a limit that is not identically zero But this would be a contradiction of what we have just
proved,

{One does not really need to use Montel’s theorem to prove this result. To give a direct argument, notice
that one can connect 2y to any z; € D by a finite chain of overlapping disks, with the centre of each being in
the previous disk. Then one inductively proves that f,,(z) — 0 uniformly on each of these disks. It iz then
easy to conclude that f,, converges uniformly to 0 on each closed subdisk of D and hence normally to (0 on

D))
Let {f.(2)} be a sequence of analytic functions on a domain D. Suppose that [ [, |f.(z)|dedy < 1 for
n>l.

Show that {f.(z)} has a subscquence that converges normally to an analytic function f{z} on D. Hint. To
estimate f(z) use the mean value property with respect to area (see Exercise 111.4.1).

(b) Show that [ [, |f(z)ldzdy < 1.
(c) Show that if [ [, |fa(z) — fm(z)|dzdy — 0 as m,n — oo, then [ [, |fu(2) = f{z}|dzdy — 0 as n — x.

Ans: Suppose that f is analytic in the disk |z — 20| € a, with ¢ > 0. By Cauchy's formula for the circle
¥(t} = zy + re®, onc has
1 J{z . s
ﬂzu)ﬂ%[,:—zndzpﬁ Filzo +re’™) di.

Multiplying this by r dr, integrating from 0 to a, and dividing by [’ r dr = a/2, we have

feo) == [ f f(z)da,



Ans:

X1.6-3.

Ans:

where dA = dxdy = rdr d is the element of area. This is the mean-value property referred to in the hint.

(n) Using the above, we show that {f;(z}} is locally uniformly hounded in D. If K is any compact suhset
of D, let § = dist(/,®D). Then each point z € K is contained in the closed disk D(z,6) € D so f,.(z) =
?.li’-' ¥ fb(:,a) fal€)dA. So

1

1 1
IS oz [ [ @laas o [ [ s s

Since this bound is independent of 7. this proves the local uniforin boundedness of the family {f.}. By
Montel’s theorem, a subsequence of {f,} converges normally to an f analytic in D. For convenience, denote
this subsequence again by {f,} below.

(b) Let Kj be the stundard sequence of compact subsets of D whose union is D, defined by
Ky = {z € D|dist(z,8D) £ 1/k and |z| £ k}.

Then [ [ |fa(2)[dA < [ [ [fa(z}|dA < 1 since the integrand is non-negative. Since K is compact, we
have uniform convergence of f,, to f on /(i and hence [ | W, [f(2)]dA = lim, oo I w, [fu(2)|dA < 1. Now,
by a fundamental property of integrals (monotone convergence), we have

_/_/;U(z)id/l=k115:°|cff,(k|f(z)|d/l51_

(c) If [ fplfu(2) = fun(2)|dzdy — 0, then given ¢ > 0 there is an N = N(e) such that f [, |f.(2) -
Fm(2)| dz dy < ¢, for m,n > N. By the sume argument as in (h), letting m — oo, we can conclude from this
that [ [, 1f.(z) = f(z)|dedy < ¢ for n > N. This shows that [ f, 1f.(z) = f(z)|drdy — 0 as n — 0.

2. Let ¢(z) be the Ricmann map of a simply connected domain D onto the open unit disk, normalived by

#(z0) = 0 and @'(zp) > 0. Show that if f(z) is any analytic function on D such that |f(2)] < 1 for z € D,
then | f/(z0)] < ¢'(z0), with equality only when f(z) is a constant. multiple of ¢(=). Remark This shows that
¢(z) is the Ahliors function of D corresponding to zg.

Suppose that f(z9) = a. Let ¢,(2) = (z — a)/(1 — @&z) and cousider g = ¢ 0 fo¢~'. Then ¢~! maps D
one-one onto D with ¢=1(0) = zp, f maps D into D with f(z) = o and ¢, maps D onc-one onto D with
dole) = 0, so g maps D into D with ¢(0) = 0. Thus Schwarz’ lemuna applies to ¢ implying |¢'(0)] < 1.
Computing g'(0} by the chain rule, we have

1

(0) = F(@)f Go) B~V O) = 7o o) -

Henee |f(z0)] < g0 — la|2)¢'(zu) < ¢'(20), since both [g/(0)] < 1 and 1 = |a? < 1.

For equality to hold, we must have both |¢’(0)| = 1 and 1 — |@|> = 0. The first implies that g(z) = cz for a
constant ¢ with |e} = 1, and the second that @ = 0, Thus foé™'(z) = ez and so f(z) = ed(z) for all z € D.

Remark: Note that the book's hint only applies to the case o = 0.

Let ¢(z) be the Riemann map of a simply connected domain D onto the open unit disk, normalized by
$(z0) = 0 and ¢'(zp) > 0. Show that if f{z) is any analytic function on D such that [f(z)] < I for z € D,
then Re f'(zg) < ¢'(20), with cquality only when f(2) = ¢(z).

Since Re f'(zy) € 1f(20)] and | f'{z4)] < ¢'(z0) by the previous problem, we clearly have Re f'(zq) < ¢'(20)-
If equality holds then by the first inequality, we also must have | f'{z0)| = ¢'(z0) and hence by the previous
problem we have f(z) = e@(z) with [¢] = 1 a constant. But then we hiave Re f'(z0) = c¢’(z0) and Re f'(z) =
d)’(Zu) soc=1.



MAT 712 Homework 10 Mkrtich Ohanyan

11.5.1. Let {fi(2)} be a uniformly bounded sequence of holomorphic functions on a domain D, and let z € D.
Suppose that for each m > 0, f,fm)(z()) — 0 as n —+ oo. Show that f,{z) — 0 normally on D.

Solution: Let {f,«} be a subsequence of {f,}. Because {f,} is uniformly bounded on D, Montel's theorem implies
that {f; x} contains a subsequence {f; x .} which converges normally on D to some function . Moreover, {by previous
theorems) f is holomorphic on D since £, «j are holomorphic on D and fn(';’j = ™) normaliy on D for m > 1.

In particular, f(™(z) = 0 for m > 0 since, by assumption, fn(ﬂ(zu) — 0. Thus the Taylor expansion of f centered
at zp has coefficients f(’")(zo)/m! =0form>0,sof =0onadisk A(zy, r} C D for some r > 0. And by the identity
principle, f =0 on D,

Since {fp« } was arbitrary, every subsequence of {f,} has a subsequence which converges normally to the zero function
on D. Therefore, by the “fact” mentioned in the hint, {f,} also converges normally to the zero function on D.

O

11.5.7. Let D be a bounded domain, and let f(z) be a holomorphic function from D into D. Show that if zp € D
is a fixed point for f{z), then |F'(z)| < 1.

Solution: The functions f, ;= fo---of (n times) for n > 0 are well-defined, since f : D — D; holomorphic, since
(by induction) (fp)' = (f')" for n > 0; and uniformly bounded, since D is bounded and £,(D) € D for n > 0. Thus,
by Montel's theorem, {f,} has a subsequence {f,, } which converges normally on D. By a previous theorem, {fa}
converges normally on D as well. In particular, {|£; (22)|} converges, so |f/(2)| < 1, otherwise, |f'(z5)| > 1 implies
|fn. (20)| = |f'(20)|™ — +00 as k — +o0; a contradiction.

O



