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Jennifer Jordan \
Complex Analysis Review Sheet

CHAPTER 1-THE COMPLEX PLANE AND ELEMENTARY FUNCTIONS

Definition. Basic Definitions

e z=2x+1iy
e = Rez =Hl_¥

o]

e y=Imz= = -_‘\'
o |2| = \/2% + y¥= modulus of z
o zz=|2

i -
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o sinf =55F— = 5 yiin l\ag i a.-.cj

/—F =
Definition. GCC iswi::;chf for every two points in F there exists a broken line segment connecting
them contained completely WG~

~~
Definition. A omain/}s both open and connected.

_Cksert 2? ' e v Cl‘rj

Proposition. zg € E if and only if for all * > 0, A (20,7) N E # ¢. 2y € SE if and only if for all v > 0,
A(Zo,f‘) nE #¢ and A(Zo.f)\E9é ¢°

Definition. (z,y) — (r,0) where r = |z} and tanf = £ . @ is th@of z. argz = {0 + 2kn} and
Argz =0 € [-m, 7). § o

AT Y N
Proposition, (DeMoivre’s Formula), (cosf + isind)" = cos(n8) -+ isin(nd)

\/W\/
5 ey m
1 &tdkw 5 { Z, =& "
Deﬁmt.lon.(n taofw =~ = forn=0,1,...,n—-1. N ¢ v
AQeneralized circle/ in C* means a line or a circle.
—
CHAPTER 2—~-ANALYTIC FUNCTIONS e c\c
R c
Definition. Uspen CC, f:U €, 20 € U. f is{differentiablelif there exists f'(z0) = lim OB Y 3, =?
: 27

Theorem. f differentiable at 20 means that f is continuous at zo. - =
P R o s 7
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Deﬁmt:on Upen CC, f:UC, f @yr analytic if f is differentiable at each z € U and
f'(2) is continuous on U.

C{‘ nd Nneed e (& hfct ( Q—'r\" ‘3:) GL WSC&’I
M TNt
Theorem./J auchy Reimann Equations) f : Dopen — C be holomorphic on D if and only if u,v € C'(D)
and they verify— """

" ow  av |
Ou v
du  Ov Y/
= e | Y977
o —Ou _ 18v
& ra Ve o rlUr=Ve
S Ue =~ Vr
Ou By u_o.__-(\/( &=
a6 ~ or
Moreover, if fholomorphic then e i
)ff ’P ,}’;aﬂ_ﬂ-l-z_al\\‘
‘ 8r 9z Oz .

i.e. fis holomorphic if and only if Df is C—Thear——"
Theorem. f: Dopen — C be holomorphic on D and f'(z) =0 for all 2 € D then f is constant.

Theorem. If f is holorphic on domain and real valued then f is constant. (Also holds for constant imaginary
functions) hf: /c m rrp)nc t f‘eﬂ/Vt'/Vﬁd => f cCaon S.-&-c\n"‘

Definition. Jf=jacobian= (

detJf=|f?20 R

Proposition. f: D — f(D), holomorphic, 1-to-1, D bounded domain in C. f(D) bounded, h continuous on
f(D). Then
[[ hd) i /f ho f1f/2dA
D) D
G SRR G e P

Theorem@ rsMheom | f holomorphic on domain D, f'(20) # 0 for some 2o € D. Then

there ezists U C D open, zg €U :; that V = f(U) is open, f: g - Vbz_yectze, f~Y:V = Uis holomorphic
and zeU. _(,‘lt"’)e Jve £
o Co .
Hfs PYE b,,,wod ¢

. SIMC n‘ ‘j
Definition. Au = g;% + -g%'i =the @

#Z
dz9Z

2%
320



Definition. u : Dopen — R, u € C*(D) igharmonic)if Au = 0
J=u+iv: Dopen = C, f € C*(D) is harmonic if Af = Au+iAv=0.

Theorem. If f = u+ iv is holomprhic on D and f € C*(D) then u,v are harmonic on D.

m— - ‘\
Definition. If 2 : 0 — R is harmonic then we call v : D — R § harmonic conjugate of v in D if u +iv is
holomorphic in D Sre——

*y is harmonic

*conj iffer constant

Proposition. If D = A(zp,7) then u: D — R has a harmonic conjugate in D.

Remark. To find harmonic conjugates

(1) vz, vy S‘Q’QS e CO"‘A ‘3
(2) v(z,y) = vz + h(y) “wm""
(3) vy(z,y) and compare to find h'(y)

(4) integrate to find h(y)

or compare v(z, y) = Uy + g(z) and v(z,y) = vz + A(y)

Theorem{ Cham Rulef [ holomorphic on D, : [0,1] = D a smooth C' path, then § foy(t) = J'(¥(t)}¥'(¢)
LA A=

Definition. The complex Cauchy Reimman Equation:

["of _ 00
\_ dy ‘3z |

Definition. A C' map f defined near 2 is,chformal at 2j if it preserves angles at z.

B —
Definition. A C'map f:0=>C onformal on D\lf [ is injective and conformal at each zo € D. Then

D, f(d) are conformally equivalent.
( ) L_/-/' f‘&"ma ’Ve an (‘)A‘C *

! ' f\J /”'4 wt 43

Theorem. If f is differentiable at 2o with f'(z9) # 0 then f is conformal at zo.

Theorem. If f is of class C' near zp and conformal at 2y then f is differentiable at zoand f'(z0) # 0.
( ONVE( e . 4 Ll KX bo ve



Definition. Let zg, 23, 22, 23 € C be distinct. The(cross ratio\;

5 2O
N (\c QS
g
(20, 21, 22, 2 ) = =5 272 {
0y 21, %2, 23 Zo - 23 23— 21 g‘\\{)
then the cross ratio in Cx* of zp, 21, 22, 23 distinct 15 —

20—
20 — 23

(zﬂt 21,00, 7-3) =

Proposition. If f is a mobius map and 29,21, 22,23 € C are distinct then (f(z0), f(21), f(22), f(23)) =
(203 21, 22, 23) .

Corollary. If z1, 22,23 € C* are distinct and wy, w2, w3 € C* are distinct then there exists a unique mobius
map f such that f(z;) = w; for j =1,2,3.

Proposition. Mobius maps map circles in C* onto circles in C°. X
C
_az+b dw+b ‘ £~A")

“a+d’ “cwta

the image of A2Z+ Bz + Bz 4+¢=0

Proposition. zg, 2), 22,23 € C* distinct lie on o line or cirlce if and only if (20,21, 22,23) €ER.

Remark. T a circle in C*, f a mobius map, pole at zg. Then if zg € I" then f(T) is a line. If zg ¢ T then f(I')
is a circle. .( maps Cweles 4o ¢ lf:/(; lor lines)

'pﬂ?ktsm crvecle s mapped Jo line.

CHAPTER 3-LINE INTEGRALS AND HARMONIC FUNCTIONS

e A ath #Cfrom 2p to 2 is a continuous 7 : [0, 1] = Csuch that (0) = zo and ¥(1) = 2.
o Agimple ) path Jis injective ckesnt crvuss

o Alclosed path has 7(0) = ¥(1) shacks + ends al Same place.

e A path is(simple and closed if 0 < 8 <t <1 then y(s) # () and v(0) = y(1)

and only if z,y are smooth

o v ig piecewise smooth if and only if it is a concatenation of finely make smooth paths

¢ L(7) = sup TG - 7(t5-1)] € 0, c0). Cength of 7.

o7 Nﬂ_abTe if L('y) < oo ,
o [ Pdz + Qdy = [} (P (a0, ) #(8) + Q@U@ Y@ dt |,ne teqral foomule

— constant over reparametrixation
il L L e




Theorem. ¥, : [0,1] = D rectifiable and v, converges uniformly to v on [0,1] and L(vs) < M for some
M and alln, P,Q € C(D). Then nli}rgo f,h Pdz + Qdy = [, Pdz + Qdy

o A V’—\/ gt
Thecu-em.,L ,( Qﬂmht D be a bounded domain with piecewise smgoth boundary with positive
orientation. Let P,Q be complez valued of class C' defned in a neighborhood of D. Then f-yaD Pdz + Qdy =

I (82 - 45) dzdy.

eleth:DcC— CinC'. Then th@of his Ok = hdx - Shdy. Bh(zo, yo)(u,v) =
g%(x()y yO)u + %%(x(]l !lo)”v
o w = Pdz + Qdy is a differential 1-form.
— w ilexact)in F if there exists h € C'(D) such that w = dh
«P=8h o ok
=Bz By
— wis(closed)if P,Q € C'(D) and %8 = 38{7 ie. dw=0

Theorem. D C C a domain. P,Q : D — C continuous.

(1) If P,Q € C'(D) and w is exact them w is closed
(2) [ Pdz + Qdy is @ath independentyif and only if w is exact. If w = dh, h € C'(D) then h is unique
up to adding a constant
(3) For 7 rectifiable, [, w = f, dh = h((1)) — h(v(0))
(4) D a disk then w closed implies w exact. s
é NS w
(5) w= Pdz+ Qdy, y=6u.If u C D then [, w=0. mnee

(Y

———

Definition. A domain D is call gi?ar shapea if there exists 2o € D such that for all z € D, [zp,2] C D.
ot > e xact %25 vndeperdent- € pq#\

\J
Proposition. Star shaped domains are simply connected. \ /

Close d
Theorem. Let w = Pdz + Qdy be a closed form on D.

1) Ifyo,m1 : I = D. 7(0) = 71(0) = 29, Y¥0(1) = 11(1) = 21, are rectifiable and path homotopic in D
then [ w= [ w.

(2) If vo,m : I = D are closed paths homotopic in D then f,m w= [ w

Lemma. u € C*(D,R) a domain D. w = —a;‘d:x: + Sdy

(1) u is hermonic in D < w is closed ha«mcmc = Closed
(2) If u is harmonic in D then w is ezact & u has a harmonic conjugate v and in this case w = dv
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N
\ ‘ *Theorem( (Caucgy '8 Theomfn. Let D be a bounded domain with pzeccunsc smooth boundary. Let f be in

6

Theorem. A harmonic function u: D = R on a simply connected domain D has a harmonic conjugate v
given v(z) = f %dz + $2dy integral is along any rectifiable path in D joining zo to 2.

Remark.

u has harmonic conjugate <« [ - ,yr yd:z: + 2 Sudy =0
vdz + dy exact
f » %dx + £ $2dy is path independent in D

f.y "67 :dy 0 for all «y closed rectifiable path in D

t ¢

Theorem. Closed differential forms in simply connected domains are ezact.

Deﬂnition.@ of h(z) on the circle {|z — z| =r} is\A(r) = J¥ b (z0 +re'®) 22, ’
I - )

Theorem. If u(z) is a harmonic function on a domain D and if the disk {|z — zo| < p} is contained in D
then u(zp) = f: "u(z0+re®) £, ie. the average value of a harmonic function on the boundary circle of
any disk contained in D is its value at the center of the disk.

L p ’—’—ﬁ
Definition. h(z) has the%aan Value Property if for each point zg € D, h(zo) is the average of its values
over any small circle centered af zp.

Proposition. Harmonic functions have the mean value property.
Theorem(lv‘lw\af |, b2)dz] < £, (@) ldz] < M- L() if Ih] < M

Theorem. f : D — C continuous. Then f has a primitive if and only if j',' f(z)dz = 0 for every closed
rectifiable path in D. an aohderedve

Vi

LA
N \‘ classC' ina neighborhood of D f holomorphic in D. Then [, f(z)dz =

NPT S
Theorem.u'it'r} t @/‘ imum \’Prmctpfe‘ Let h' be a bounded complex Whlued harmonic function on a
domain D. If [h(2)| € M for all z € D and |h(20)] = M for some zo € D then h(z) is constant on D. i.e.

If a function is bounded on a domain and the function attains that mazimum on the interior of the domain
So rer e rsFergyd e H e s -t A0y HAe
Pe /ey o P Tl e I

then the function is constant on the domf:?,
MaoX on bowﬂdﬂy P




CHAPTER 4-COMPLEX INTEGRATION AND ANLYTICITY

P e e - e Y
Theorem. \_CQuc@ 8 Int@LF@ula’vD bounded domain with piecewise smooth boundary, Let f be
in class C' in a neighborhood of D, f holomorphic in D. (i.e. If f(z) is analytic on D and f(2) extends

smoothly to the boundary of D) Then /
_1 [ 1
l LR IN= 7 fw/ ,

forallze D. o §¢ =
A
Corollary. If f and D as above, then f has all complex derivatives given by \IU(
ml i(9)
(m) JUNSE A 7 SR
\ )= 55 oo T2 57

Corollary. If f is holomprhic on domain D then all compelz derivatives exist and are holomorphic.
Corollary. If f = u 4 iv is holomprhic on domain D then u,v are harmonic in D.

Corollary. Holomorphic functions satisfy both mazimum principles for complex valued functions.

' G e P
Theorem[ (Qa y’s Es tmatq} If f is holomprhic in D(29,p) and |f(2)] € M on |z2—2z| = p then

15 (z0)] < il \\ .

Definition. A function holomporhic on C is call@)

WO N g
Theorem. ltuzmlle s Thearem) A bounded entire function is constant.

Remark. If | f(z)| < CR™ with |z] = R and R > R, then f is a polynomial of degree of at most n.

Y'Y v N~
Theorem. [(Morem’s The& J Let f(z) be a continuous function on a domain D. If [, f(z)dz = 0 for

{very closed rectangle R contained in D with sides parallel to the coordinate azes then f(z) is analytic on D.

N

Theorem. D C C. [a,b) CR. Ifh: D x [a,b] = C is continuous and h(-,t) : D = C is holomorphic for
t € [a,b] then for t € [o,b], H(2) = [ : h(z,t)dt is holomorphic on D.
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Theorem. If f is continuous on D and holomorphic on D\ R then f is holomorphic on D.

TN NN e
Theorem.( (poe@:ata Theorem) 'Let f : D — C is complex differentiable at each point of D. f'(z) =

lim L@-'-ﬁﬂ)- for all zp € D. Then f s holomorphic on D.

=z

///,. \\,t)

Propomtlonggplﬁ:f{ mexla)‘ai =1 (3% - i%), =1 ('6@5 + ;‘.5%) "\
Aoy calledd thes

(" \'g gt ) e Lo
Theorem. If f € C'(D). Then f is holomorphic if and only if % =0onD. (nec "/( _]c/ . [é_)/c”/? % o ;/(,

(‘/7 €
Definition. f antiho;:nm if [ is holomorphic.

Proposition. f € C' antiholomorphic if and only if g = g =0 if and only if %ﬁ = 0. i.e. f depends only

on Z. Vs 4 > 277
viev> < &
db PPaz’ !I/‘e"/ g

Remark. o Le ve
8f(0) is C-linear < df(0)(iz) = idf (0)(z)
o 4=0
<> f differentiable at 0
¢ f complex differentiable at zp

TN
Theorem.Qgtaitiu@ f:D—C,v:[0,1) = D € C* with 4(0) = zo. £ f(v(t)) = & (v(t)) ¥ (&) ¥~ (D).

Theorem. f: D —-C,DeC',€eD. Iffis conformal at zp then f is compler differentiable at zo with
f'(z0) # 0. Confermal > §UTN 20 and a.ffeenhable.

Thopréln/[Shesrd

e i AR G
(Pompeln’s Formula) If f:DoC,v:[0, 1] — D e C! with 4(0) = 2. Then

=i, %+ ] [ s

L
C’Mtj @nk wuevs Nt h(, \ el Ph e y\/&'\ S (cere Q'(’\ cn be




“poued

oG 3
m%\j ¢ _u%\l‘ %)
m \(\ Theorem. Suppose f; is holomorphic on D, f; = f normally on D. Then f is holomorphic on D and for (- & C{\“ C
V\O\O 0/6 m>0 f(m) — ™) normally on D. decvalwes also oemQrSg normqf \O . C N
&
’g‘ﬂ\ @ on Q\(-’ 0.:\@‘&
o\é:\“ ; ® W
en Lemma. Let f; be holomorphic in A(zg, R) = {|z — 20| < R} and f; — f uniformly on A(z0,R). Then f OV
is continuous of A(zq, R) and holomorphic on A(zo, R) and Ym > 0, f(m) — f™) normally i.e. uniformly N
e" on every A(zo,r) forr C R.
\S (\O Theorem. Assume Y o0 0q (2~ 20)" = f(z) has radius of convergence R > 0/ Then f is holomorphic in l.e
A(zg, R) = {|z — z0| < R} and re,f\
fM(2) =3 nln-1)...(n - k+1)an (z - 20)" and \; /P" <

CHAPTER 5-POWER SERIES

Definition. Let f;,f: ECC—+C.
1. [Qonvereges _ppintwfée to f if for all z € E, f;j(z) = f(2).

2. f, convereges umformly to f on E if Ve > 0, 3jp = jo(e) such that § > jo, z € E |f;(2) — f(z)| < e

Equivalently; - =
"f: Fllgee(gy = |l an f“ =sup{lfj(z) - f(z)l: z€ E} <

3. E;;l fi @nvergent pointwise/ umformly if the partial sums converge pointwise/uniformly.

\( AR v

Theorem., \gelerstrass M-tut) If |fj(2)] £ Mj,Vz € E and 332, M; < oo then 352, f; converges

uniformly on s ebv! res H Ffrem cor

Theorem. 1. f; continuous on E and f; = f uniformly on E then f is continuous on E.

2. 4 :{0,1} = C rectifiable, K = v([0,1}), f; : K = C continvous. If f; = f uniformly on K then Oq\k\ g
o

Jl_l’rgo f_, fi(2)dz = [ f(z)dz.

vwﬁﬁqﬁ

CC(G C/Q KL

'

Cge

Definition. Let f;,f: D = C, D an open set in C. f; Qverges normall} (or locally uniformly) to

[ if VK C D is compact then f; = f uniformly onk.

{

\

T /1

" on

\} m? Lemma. f; converges normally to f on D & Vz € D, 3A(z,12) € D, r3 > 0 such that f; = f uniformly
2

on A(z,r2).

in A(zo, R), ax = Lﬁ‘—"z A primitive F of f is F(2) = 30, 287 (2 - z0)"*! is unique with F(zo) 0
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Definition. A function f : D = C isénalytif/\m D if ¥z € D, 30(z0,R) C D, R > 0 such that
\b—

Toneotn (z = 20)" = f(z) for 2 € O(z0, R). Ana Ij}u ¢ fuactions Jed by

be «Pfesz(\

o Tpowec Selies

&
Theorem. f: D — C. Then f is holomorphic on D if and only if f is analytic on D.

ek

A o~
¢ MY

,/d',

L(n:j ‘01 = &

i.e. If f is holomorphic it can be represented by a power series.

Corollary. If f,g are holomorphic in A(zo, p) and f™(20) = g™ (z0), Vn > 0 then f =g in A(20,p)-

Corollary. If f is holomorphic at zg i.e. in a neighborhood of zg then f(2) = Y pw( 8n (2 — 20)" in small disk
A(zo, p) then the radius convergence of the power series is the largest R for which f eztends holomorphically
to Az, R). [acgest cislance  Can 9o before  reach ing A 2 reblem a eq

\
Definition. f : {|z| > R} = C holomorphic i{ holomorphic at ooif 3 = lim f(z) € C. {\...}¢
- e z—o0 \ . _\_
= ww

Definition. If f : D — C is holomorphic and f # 0. Then say zo € D is of f{ of order N is
flz0) = f'(z0) = -+ = f*D(2) = 0 and F™)(20) #0.

Definition. f is holomorphic at co has m(ord(f, o0) = N) if g(w) = f(L) has a

zero of order NV at 0. and f # 0.

Ly

den™
Theorem. Let f be holomorphic on a domain D CC, E = {2 € D: f(z) = 0}. If E has a limit point in D ‘ the
then f = 0 on D. Equivalently, if f # 0 on D then its zeros are isolated points of D. So there are at more

countably many zeros and if infinitely many zeros then cluster at §D.

" g
Theorem.;{lggtit/y}grz\;;@ Let f, g be holomorphic on domain D. Then if E = {2z € D: f(z) = g(z)}and
E'ND#¢ then f=g.
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Theorem. Let D C C, a domain, e C D that has a limit point in D. Let F : D x D — C be holomorphic in
each variable seperately. Then F(z,w) =0Vz,w € D if F(z,w) =0, Vz,w € F.

Definition. A@hction elef_rggp_\f;xzt 29 13 a pair (D, f) where D is an open disc centered at 2¢ and f is a
function holomorphic on D.

(1) Two function elements (Dl,fl)‘and (Da, f2) at zg are @uival%iﬁ;if fi = fa on Dy N Dy. The
equivalent classes are called germs. s o i

(2) (Do, fo) at zo, (D1, f1) at z; are funtion elements. Say (D1, f1) is anénalytic continuation, of

(Do, fo) if there exists function elements (Vo,g0) at zo, (Vi,91) &t 21, , (Va, ) 8t 2 50 that

(Vo, 90) « (Do, fo) and (V5, 95) «~ (Dh, f1) and V;oa NV # ¢, g = gj_1on VNV for j=1,...,n.

(3) Let 7 : [0,1} = Ca path ¥(0) = 2o, ¥(1) = 21, (Do, fo) a function element at 2o. Say (Dq, fo) is a

(céﬁfinuab!é along  if there is a function element (D, f1) at z), a chain (V}, g;)o<j<n from (Do, fo)

Lemma. If (D4, f1), (ﬁl,ﬂ) are continuations of (Do, fo) along v then (Dy, f1) ~ (ﬁ:,fi) .

9 %
Theorem. (Meonodromy Thm) LetT : [0,1]x [0, 1] = C continuous. I'(0,8) = zo, I'(1,8) = 21, 7,(t) = ['(¢, )
be a path homotopy betﬁﬁ:??o and v)1. Assume the functione lement (V, f) at zo can be continued analytically
along each path vy,. Then its analytic and continuous at 21, and (Do, fo) along vo and (D, f1) along v are
equivalent.

Corollary. If D is a simply connected domain and a function (V, f) at zo € D can be continued enalytically
along each path in D starting at zo then [ extends to a holomorphic F on D.

i.e. 3F holomorphic on D such thet F = f on DNV

CHAPTER 6-LAURENT SERIES AND ISOLATED SINGULARITIES

Definition, Laurent Series centered at gwe s o =-
e 10n./ Lauren er. ’cen €rea at zg. “/g_
Kq_ﬂ_//' i l,\as “Q;BO.‘- ?
8n(z — z0)"

‘\/’A\ ‘/,, v/_,» \/ — . n=—c0
Theorem.((Laurent Series Expansion)|Let0 < p < o < 00. Let f be holomorphicin A= {p < |z — 20| < 7} .

CANANN =
\N\] @)=Y on(z—z)"

here the a,s iquely determined by . for
where the al s are uniguely de ennuj ¢ e &:_e/
an = il _ @ __ dz ¢ g/"é%
n = om |2=z0]=r (z — zg)t! vV g

forneZ, p <r <o and the Laurent series converges absolulely ind normally in A.
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e s S R
Theorem. (La&rgv_;tlee\cofp_gqs;i_ggn) If f is holomorphic in A. Then f can be written uniquely by f = fo+ fr
where fo is holomorphic in {|z — 20| < 0}, f1 is holomorphic on {|z — z0| > p}. zlingo hH(z)=0.

/—h\

Definition. Call zp € C an\olated singular pomt/of f if f is defined and holomorphic in {0 < |z = 20| < 7}
for somer > 0.

Theorem. If zy is an isolated singularity then f(2) = Y mo_ oo 6n (2= 20)" for 0< |z —zo| < 1.

(1) Alle, =0forn<0. z is a@:ﬁosingulari\tib nec necﬁqhﬂs Powers =f T
(2) Forn < 0 all but ﬁmtely many a,, are zero. i.e. 3N>0 such that a_y 7 0and @, =0 foralln < —N.

zis agole of order N N> o ‘C""——‘s—f‘"‘“"j\ egafive Ponrers
(3) For infinitely many n < 0, an #£0. 2 is u@;lated essential smgulanty of f. f)

R tn(:r:—lelj .vu.m n-eﬂz ‘fw*é powery,

o N N v
Theorem. (Riemctn Eztenszon\ Thcorem) If zo is an isolated smgulanty of f and f is bounded in some

region {0 < |z — zg| < p} then f extends holomorphically at zg. i.e. 2o w(ﬁmovable L A remard
{{‘ Vo e‘('s!s as qu O PIHTCh -H‘Ld ‘A/nrb/ s

Theorem. Let 2y is an isolated singularity of f. TFAE

(1) zp is a pole of order N or f

(2) zo is a zero of order N of }

3) f(z)= (TZ%))T where g is holomorphic in a neighborhood of zp and g(2p) # 0.
Corollary. Let zg be an isolated singularity of f. Then 2o is a pole of f if and only if ‘l.t_)rg.o f(z) = o0.

Theorem. Let f : D — C* = 82. If zy is a pole of f then f is continuous at 29, f(20) = co and fis a
holomorphic function from D to S2.

Definition. A function f : D = C where D is open is called %:zmorphi\cqn D if it is holomorphic on D
except at isolated singularities which are poles. <! A (% b V)OL G ) n-eq et vales

Call M(D) = {meromorphic functions on D} and O(D) = {holomorphic functions on D}

Remark. f € M(D) has at most countably many poles which cluster only on the boundary.
If f € M(D), f # 0 then % € M(D).
If g,h € O(D), h = 0 then £ € M(D).
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Th cIffeM(D) th = yh € O(D) then h=0. .
et vy FE OO B of |2 anafytie  fonchey

Theorem.(g’{cgrg ’g \ij‘_hw,).?uppose zois an isolated essential singularity of f. Then for w € C with at
most one exception there exists a sequence zn — Zo, zn # Zo S0 that for f(za) =w. 1l )

{
711
VY ) . ([ ]

NN TN 50 A<
Theorem. (C@WIM_@I:@)?U f has an isolated essential singularity at 2o and wy € C then
Az, = 20, 2Zn # 20 90 that f(zn) = wo. \/cUpG <, Yhee 4 th a?P“”“QL"'T:j @A

{Ssel"ﬂ‘la/ S‘r\ﬁuia(ﬂ‘j <S¢ -F(z") - e

Definition. f has %;;iated singularity at o> if f is holomorphic in {|z| > R} for some R > 0.

e I

.

Theorem. Let D C C*a domain. f is meromorphic on D if f is holomorphic on D except at isolated
singularity which are poles or removable.

Theorem. Any meromorphic function on C* is rational.

CHAPTER 7-RESIDUES

Definition. f has an isolated singularity at zo0. f(z) = Y02 _an(z~20)" for 0 < [z—2z| < p. The

@ﬁ)m Res(f, 20) = 81 = g fj,—pojor J(2)dz for 0 < v < p.

g

"

NN W
Theorem. (Res{dug Z?!eergrz{uct D be e bounded domain with a piecewise smooth boundary, f holomorphic
in a neighborhood of D ezcept at finitely many points zy,. .., 2 € D. Then Jop f(2)dz = 2mi 357 Res(f,z;).

i=1
Remaerk. Finding Residues
(1) zpisasimple pole of f, f(2)= =L +ant a1 +... ‘
, RBS(f, 20) =0-) = z].E.Ilzlo (Z — Zo) f(Z) I
(2) 2o is a simple pole of f, f = £ g(z0) #0, h(z0) =0, h'(z0) #T.

ﬁ
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(3) zp is a double pole of f,(z — zo)zj(‘j:_) =a_2+a-1(z—2)+ao(z— ¥ +...

 Res(f,za) = a1 = Jim & [(z - 20)* £(2)]

(4) zoisapoleoforder nof f,(z — 20)" f(2) = @—n+a-n41 (2 — 20)+ - +a_1 (2 — 20)" a0 (z - 20)"...

-1
T g 6 20" (2]

Bﬁ (fiz0) = ﬁ% ((z = 20)" f(2)) | =20 )

Res(f,zg)=a_1 -

”

>
V' L? Theorem. 02 PUz) gy converges if deg(Q(x)) 2deg(P(z))+2, in this case [ £ dz = 27i 3 Res £ 2
b oo Qz oo Q2 z
\\M\ " S where zjare the poles of %g} is the upper half plane.

CL 2 \k ¢y
bR )\F o FAY N,
(» Theorem. (ﬂnctwr&{ }iesﬂ:e \T“heorem) Suppose [ has a simple pole at zg, C.an arc of circle |z = zo| = €
\:ﬂ of angle & ther k —
¢ l l?o /ce f(2)dz = aiRes(f, zo0)
~

Theorem. [*2, H&sin(z)dz, [°2, £ cos(z)dz, Q(z) # 0 for all z € R. If degP < degQ — 2 then the
integrals are absolutely convergent. If degP = degQ — 1 then the integrals are convergent but not absolutely.

Remark. [J° (1+;),dz = s.—m”(;—a)-,—l <a<l

o g = g2, w € C\[-1,1]

Theorem. If f holomorphic on |z| > R so0 f(z) = 120 anz™ and Res(f,00) = —a—1 = —51; [, f(2)dz =
Res(~32f (3),0). ck % %eks an extra ne(jahv(_

Theorem. If f is holomorphic on C\ {z1,22,...,2n} then ;-1 Res(f,z;) + Res(f,00) =

(-/ VNN TN N / G
Theorem. {qudup leeonem for J/E\zﬁpor Do .)JLet D C C be a domain, 8D piecewise smooth with
{lzl >R} D, f holomarphzc in nezghborhood of Dea:cept at 23,22,...,2n € D. Then

[, 121z = 2mi (Rests,0) + S, Rel, zj))]
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CHAPTER 8-THE LOGARITHMIC INTEGRAL

2mi

];)_g_finition._Lgt by : (0,1} = €\ {0} for 0 ¢ {7} be closed and rectifiable. Then W (v,0) = 55 B 4z s the

QVinding number of y with respect to 0} For zo ¢ {7}, W (7, 20) = 5 -
—_—

Lemma. W(v,0) € Z. I Arg (v(t}) is a continuous branch of arg (v(t)) on [0,1] then W (v,0) = 557 [, e

2w

Arg(y(1))}—Arg(v(0)}
2 *

~ VTV TNA
Theorem&{fm‘{me\nf C?i’_‘,@l;)‘\['“ D be a bounded domain with a piecewise smooth bounda: holo'momhic
__on a neighborhood of D except at finitely many poles all inside D. If f(z) # 0, Vz € 8D then| —-—;lm 5D ﬁ&?dz =
No — Noy Where Nyis the number of zeros of f in D; counted with multiplicity. and Nyis the number of poles
of [ in D, counted with multiplicity.

Y YN\ o
Theorem. ( G_ucilg’s\J T@@@D is bounded domain with piecewise smooth boundary, f,h holomorphic in a
neighborhood of D. Assume |h(z)| < |f(2)|, Vz € 8D. Then f, f + h have the same number of zeros coynted "
with multiplicity in D. o mare  csefd)  way do Slaged- covn
+ of zeqos.

{W VNV
Theorem.d{fqru:it{;é!‘lteq\r/e{n/) )'Let Sfr be holomorphic on a domain D, converging normally to f on D,
20 € D be a zero kfordcr Nof f (in particular f # 0) then 3p > 0, ko € N s0 that A(29,p) C D and if k > ko

then fi has exactly N zeros {counted with multiplicily), These zeros converge to zg as k — oq,
£ ={ <F h:\s zeca of ccder N at %, Hhea A nbhdef 20 .t fe hag NI
Zlros foc [~ ’ije C/\C‘Jy‘

Corollary. If fi converges normally to f on domain D end each frhas no zeros in D then either f =0 or
f has no zeros in D.

Definition. A function f is caﬂe@l on D if f is holomorphic and injective on D.

Corollary. If fi are univalent on a domein D and converge normally to f on D then either f is constant
or it is univalent on D. ¥ "ivelent, i‘\cfmalj CCﬂWf:szn\— seguence —» € congtantor o mm(?ﬂ‘/‘

Definition. Let f be holomorphic near 29 € C. wy = f(z). Say wo i.@ld&;i:it;;s‘if‘zp, Kz isa
zero of order m for f — wy where f(z) = wo + m (2 — 20)™ + @41 (2 — 20)™" +... where am # 0

e —— ———

Deﬂnition'(;[ assumes value wg m times at o if f (%) — wp has a zero of order m at the origin. Value oo is
Lo e A a1
assumed by f m times at zp € C* if f is a pole of order m at z.
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Definition. If wo is assumed m > 1 times by f at zo then f’ has a zero of order m — 1 > 0 at 2. Call 29 &
critical point,of order m — 1 of f. wo = f(20) is a critical value of f.

Theorem. Let f be holomorphic on D, zo € D, f(z0) = wo, f attains value wo m times at zp (in particular
f 1is not constant). Then 3p,6>0 so that {|z — 20| £ p} C D and if 0 < |w—wpy| < & then the eguation

f(z) = w has m distinct roots in the open disk {|z — zo| < p}.
for c\m:) w Clege 4o e

My
Corollary.C\(g‘pen Mapping Theorem))If f is holomorphic and non-zero on a domain D then f is open. i.e.
IfU c D is open then f(U) is open. s

34 ’ unwalent  £(zy30
Theorem. If f is univalent on D then f'(z) #0 for all z € D. anfumal = F (2346

o sk

Theorem.(:{(&;ig{ig \Nc&%re@ Let f be holomorphic in {|z — zo| < p} C D, f(20) = wo, f'(20) #
0,f(2) # wo for all z. 0 < |z — 29| < p. Let § = min{{f(2) — wo| : |2 — 20| = p} >0 . For every w, |w — wo| <

p there is a unique z. |z — 29| < p. f(z) = w. (i.e. every such w hasgg‘ ue preimage
€ Qlzyro and £lzorzme 1§ anty one ¢f'(€) /&N /-
ok 2 we in nohd  +hen ther 18 oo l( )_ d(‘ Dy
nowa of o SE 27" le—zal=p F(§) —
L Pcimnag, —_— )

n AhetT M2 Iw wol| < p.

CHAPTER 9-THE SCHWARZ LEMMA AND HYPERBOLIC GEOMETRY

Theorem( @wartz @j holomorphic on D. |f(2)| £ 1 for all z € D. f(0) = 0 then |f(z)| < |2| for
all z € D. Equality at 20 # 0 if and only if f(z) = Az for A€C, |A| = 1. -
In addition, |£'(0)| <1, |f(0)| = 1 if and only if f(z) = Az for |A| = 1.

S
Definition. g : D — D holomorphic, bijective is called anlautomorphism of D., We denote the set of all

automorphisms of D as AutD.  <,\{ D =1

Theorem. If f € AutD thcn,f(z) =e¥ "“\where laj <1 andBeR. 4 Quim\cfphlws &£ D are
—— "H\\S Colm .

Theorem. If g(z) is a conformal self-map of the unit disk such that g(0) = O then g(z) is a rotation, that
is, g(z) = e®z for some fized 0 < ¢ < 2m.
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Lemma.( inparignt form of Schwartz Lemma) Let f : D — D holomorphic (i.e. |f(z)] <1 for z € D). Then

Ll ] < [1—_-(4- for 2,¢ € D. Also, |1'(¢)) < YHEE for ¢ € D. Equality in both cases if and only if
f € AutD.

CHAPTER 10-HARMONIC FUNCTIONS AND THE REFLECTION PRINCIPLE

Definition. Thé Poisson Keillél)in D for z = re*, P(r,0) = P,(6) = m‘%ﬁf = 11—-_%}; = Re ({J_%)

e It is 27 periodic

e P(r,8) = P(r,—6) >0

e P(r,.) increasing on [-m,0)
e P(r,.) decreasing on [0, 7]

Theorem. If h(e®) is continuous the Poisson Integral of h is h(z) = & [*_h(e®)P(r,8 — ¢)d¢
Theorem. h is harmonic in the unit circle.
Theorem. If( € D then lim (E(z) = h(¢). Thus k extends continuously to D by h = h on 8D.

Lemma. Let h: D — R continuous, D a bounded domain, h has MVP on D.Vz € D, 3A(z0,p) C D such
that h(z) = 3= :" h(zo + rett)dt for0<r < p.

Theorem. Ifa < h(z) <b for2€ 8D thena < h(z)<b for z€ D.
Yaeunded o 'o,_.,ndaj » Same  bovn dg —Qr s e Adenoana

Theorem. Let h be continuous on D. Then h is harmonic on D if and only if h has MVP.
e i

Corollary. If u, are harmonic on D and u,, converge normally on D to u then u is harmonic,
harmenic SQ\”‘\A’.‘VC?_ CC nchensg o h\n’rﬂe neot ol 4—6 (o ha'ﬁhm‘c_
Lonchen

Definition. D a domain symmetric with respect to R? (z € D4 z € D)
Dt ={ze D:Imz>0}
D™ ={zeD:Imz<0}
D=D*uD-U(DNR)
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Theorem. Let u: Dt — R be harmonic such that u(z) = 0 as z = { € DNR, V(. Then u eztends to a

harmonic function u on D which satisfies u(Z) = —u(z) for z € D.
o goes Y © where infersect o) TR then A+  exfends acregs 4.

Theorem. Let f = u+iv be holomorphic on D* so that v(z) 50 as 2€ DY - (€ DNR for all (. Then
f extends to a holomorphic function F on D which verifies F(Z) = F(z) for z € D.

Definition. Let ¥ C C be an analytic arc. If Vz, € 7 and there exists U a neighborhood of zgsuch that
3D = A(zo,T), To € R and injective holomorphic map z = z({) for ¢ € D mapping D onto U and D NR
onto U N~.

Definition. v € 8D, D a domain is called 8 free analytic boundary ;r;cnf « is an analytic arc and any
2o € 7 has a neighborhood U so that U \ vhas 2 components connected, one in D and the other in C\ D.

77,
%o /1

Lemma. If f is holomorphic on a simply connected domain D, f(z) # 0,Vz € D. Then 3g holomorphic on
D so that 9 = f. ho]OWIC"’Ph‘( Wnteo Luncdions Gn oe eppeessed 1 n
expenennal  tom

Theorem. Let D be a domain, ya free analytic boundary arc of D, f a holomorphic function on D so that
|f(z)l > Rifz = ( €5, V¥ € 4. Then f extends analytically to a neighborhood of vy and the eztension f

verifies f(z*) = % Jor z near v where z — z* is the reflection across .

CHAPTER 11-CONFORMAL MAPPING
Definition. D = {z : [z| < X unit disc)

P ——
H = {z : imz > 0} upper half plane )

Theorem. D, V domains, f : D = V is conformal if f is holomorphic, injective and surjective. Then
f'(2) #0,Vz € D and f~' : V = D is holomorphic.

Remark. Given 2p € D, 3lg : D — D conformal with g(zp) = 0, ¢'(20) > 0.
Theorem. D C C is simply connected < C* \ D connected < 8D C C* is connected in C.

Theorem. If D € C a domain, D # C. The following are equivalent:
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(1) D is simply connected.

(2) Every closed form on D is exact

(3) For all @ € D, 3f holomorphic on D such that e/¢*) =z -qa,z€ D

(4) 3¢ : D — D conformal.

TN
Theorem. Reimgn(z_ M@Mﬁm&n}) If D # C is e simply connected domain then D is conformally
equivalent to D: 3¢ : D — D conformal. All such ¢ are called Riemann maps. If ¢ : C = D holomorphic

then ¢ is bounded and hence constant. all simple cenneccted demaing
ﬁcﬂ are not C are Ccnfcr m/y

(’?u‘rdﬂ{e’n—, T ID

Corollary. If ¢ : C — D holomorphic then ¢ is bounded and hence constant.
amj l’\c/(/ncrp‘nc mMa > ren C-—BTI') o€ COY‘S;‘QM '

Corollary. If D C C* is simply connected then either D = C*or D is conformally equivalent to C or to D.
anj Simple <€Onnedded demain tha! 5.4 7 s edher Crifernam € F ot waleat 4(,

g e+ D

omponents,
pmust C@Ss

b s e ™
Theorem. L-(J@q{(}fgﬂlve\?h@y}f v C Cis a Jordan Curve then C\ {7} has two connected

@ bounded one U and an unbounded one V and 8U =8V =+. w

— —

=i ~\
Definition. @D—ouy'nis a bounded simply connected domain whose boundary is a Jordan Curve.

Theorem. (_C@MJ&E\:}@:@! M If D is a Jorden Domain and ¢ : D — D is conformal then
¢ extends to a homeomorphic ¢ : D — D.
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Complex Analysis Qualifying Exam Solution January 2015

Instructions: Please use the bluebooks provided for your solutions of the 4
problems below. You may use without proof any standard results from class.

Problem 1. Show that 322, 1z converges nbsolutely for |z} < 1. Also

n=l n

show that there are infinitely many z with |z = 1 for which the series diverges.

Answer: Thinkingof 3_0v, 22 = ¥ a,2* we have that limsupy_, o, [ax['/* =
lim sup"(%)l/ ! = 1 so the radius of convergence is 1. For the second part let
Zl= eis"', where p, ¢ > 1 are integers, then z™ = e2™ = 1 for some integer { as
soon as nn > g. Therefore at angles that are rational multiples of 7 the series
diverges, since all but finitely many terms agree with those of the divergent
harmonic series.

Problem 2. Let f(z)} be holomorphic on € except for poles. At oo assume
that f has a removable singularity or a pole.

(a) Show that f has finitely many poles on CU {o0}.

(b) Let pj(z) be the principal part of f at the jth pole, 1 < j < N, show that

N
f(2) =Y pil2)

i=1

is constant.

Answer: (a) Since f has a removable singularity or a pole at infinity there
is an R > 0 so that for |z] > R, z € C the function f is differentiable. For
|z| € R the function has only poles and there can only be a finite number of
these (since otherwise the set of poles has a limit point inside 2| < R, but
poles are isolated, by definition.) (b) Let the poles be ay,...,an (where the
last one is oo if there is & pole there), let p;j(z) be the principal part of f at
each pole (the negative indices in the laurent expansion, be careful at infinity
the principal part is polynomial). Then f ~ p; has a removable singularity at
a;, so that f — 3" p; is bounded and analytic on C, and therefore constant.

Problem 3. Let f be continuous on C and analytic except possibly on the
unit circle, |z| = 1. Assume there is an entire function g such that f(z) = g(=2)
for |z] = 1. Prove that f = g, and hence f is entire.

Answer: Let r,, /7 1 strictly. Then by the Cauchy Integral Theorem, for



|z} <1,

g 1 [ f (Tnem)"neia
f@)=lim o0 | oz ®

Using, say, the bounded convergence theorem (BCT), we have that

N 1 2 f(eie)cio _ 1 2n g(eia)eio
f(z —g/ﬂ el — 2 do—:z; A e — 2 de.

Reversing steps with g in place of f we conclude that f (2) = g(z) for all |z| < 1.
To prove that f is entire we may use Morera’s Theorem. If a triangular contour
T wmeets both |z| < 1 and |z| > 1 we may decompose T into two closed contours
as T =~ +4, with yin |2 €1 and v in |2 2 1, by including suitable ares of
the unit circle in each. Then

[T f(z)dz = L F()dz + L Hes.

The first integral on the right vanishes since we may replace f by g and use
Cauchy’s Theorem. The second is easily seen to be zero by a limiting argument
that involves deforming the contour outward slightly and using Cauchy's The-
orem for f outside the unit dise. For example, replace 4" by (1+ 1)y and use
the BCT as n — oo.

Finally, we conclude the f = g everywhere by the identity theorem.

Problem 4. Let f, be analytic in the unit disc, D, and have positive real
part: R(fu(z)) > 0 on D. Assume that the f,, converge pointwise on D to a
function f having R(f(z)) < 0 on D. Prove that f is constant on D.

Answer: Let h, = e~/~. Then the h,, map D to D and are analytic, hence
they forin a nornal family by Montel’s Theorem, It follows that some subse-
quence converges uniformly on compact subsets of D to h = e/, hence h is
analytic on D. But we also have that |h(z)| = 1 on D since the function f
necessarily has zero real part. Thus b must be constant by thc Open Mapping
Theorem, and therefore f is also constant.
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Qualifying Exam, Complex Analysis, January 11, 2013

Notation: Throughout the exam A denotes the open unit disc in C.

1. Find a conformal map from the strip {0 < Rez < 1} onto A.

2. Let C denote the positively oriented boundary of the domain
D={ze€C:-1/2<Rez<?2, |[Imz| < 2}.

n

Find z. where n > 0 is an integer. Write your answer in algebraic form, a + bi.

Czol_..

3. Is therce an entire function f(:) such that.e/®) has a pole at co ?

4. Suppose that f. g are holomorphic functions in A so that f(0) = ¢(0) = 1 and
(f'g=fg)(1/n) =0
for all integers n > 2. Show that f = g on A.
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Complex Part

1. Suppose that f(z) = u(z,y} + iv(z,y) is a function on a domain
D and z € D. Show that if: a) v and v are diffcrentiable at zo; b) the

limit '
i | {20+ 82) = f(z0)]
m |
Az -»o, Az
exists, then cither f(z) or f(z) are complex differentiable at z.
2. Supposc that f is an analytic function on a disk {]z| < 2r} given
by a series Y oo c,2". Show that the series

F(Z) Z: Cn P

n(l

converges on C and |F(2)| < Me#/", where
M = {r)lgn;lf( z)|-

3. Let F be a family of analytic functions on the open unit disk
D such that Rf(z) > 0 for each f € F and z € D. Show that every
ﬂ, sequence of functions in F contains a subsequence converging normally
to a function in F or oo.
4. Let f be a nonconstant analytic function on the unit disk I and
let U = f(D). Show that if ¢ is a function on U (not necessarily even
continuous) and ¢ o f is analytic on D, then ¢ is analvtic on U.
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Ava

1. Under what conditions on complex numbers a and & the linear
function az + by is analytic as a function of z = x;y?

2. Find the formula for entire analytic functions which have a simple
0 at 0. What entire analytic functions have simple zero at co?

3. Let f be a conformal mapping of a disk. Show that f’ is never

equal to 0.
4. Let D C Cis adomain and {f;} is a sequence of analytic functions

on D such that the functions
n
gn(2) = Z Ifg(z)
i=1
converge normally on D. Show that the functions

ha(z) =Y |£i(2)]

Jj=1
also converge normally on D.
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Qualifying Exam, Complex Analysis, August 2010

1. Let » > 0 be an integer. How many solutions does the equation 3z" = e have in the
open unit disk? Justify your answer in full detail.

2. Let f(z) = 35,59 @n2" be holomorphic in the unit disk U such that

1f'(2)| <

Prove that |a,| L eforalln > 1.

, Vze U.

1=z

3. Are there any entire functions f which satisfy | f(2)| > /|z| for all z € C? Justify your
answer in full detail.

+o0
4. Show that the function I(z) = / e~ dt, z € C, is constant.

-0
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Complex Part \7aﬂvar\3 2010

1. Show that the function f(z) = 1/z has no a holomorphic anti-
derivative on { 1< |z| < 2}.

2. Suppose that f is an entire function and f? is a holomorphic
polynomial. Show that f is also a holomorphic polynomial.

3. Suppose that a function f is meromorphic on the unit disk D and
continuous in a neighborhood of its boundary . Show that for any
number A such that |A| > sup,esp |f(2)] the number of zeros of the
function f — A is equal to the number of poles of f in D.

4. Suppose that f and g arc entire functions such that fo glz)==z
when z € R. Show that f and g are linear functions.
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QUALIFYING EXAM COMPLEX ANALYSIS

Thursday, January 8, 2009

Show ALL your work. Write all your solutious in clear, logical steps. Good luck!

Your Name:

Problem | Score | Max

1 20
2 20
3 30
4 30

Total 100




Problem 1. Let f = f(z) be analytic in the unit disk, f(0) = 0. Show that the infinite series

oI
n=1

is converging and represents an analytic function in the unit disk.



Problem 2.

Consider an analytic function defined in the unit disk by the following power series

oC
f(z) = Eanz" ., where the coefficients are real numbers such that 7~ <a, <n

n=1

Show that f does not extend analytically near the point z = 1.



¢ Problem 3. (Cauchy Formula)
Let IF be a countable compact subset of a domain 2 C C. Suppose we are given a bounded holomorphic
function

F:OQ\F->C
Show that f extends holomorphically to the entire domain 2.

a) First try a simple case when F is finite

b) Try the case when F has finitc number of accumulation points

c) Try the general case.

d) The problem still remains valid if F is a compact set of zero length (1-dimensional Hausdorff measure),
try to cxtend your proof to this general case. Recall that F has zero length if it can be covered by a finite
number of disks whose diameters sum up to a number as small as we wish.



Problem 4.
Compute the following integral

/°° cosST iz
o (1+2%)?

Hint. Consider the following complex function in the upper half plane






2

C

\]09.} LH’ f §Cz) be ar\alkjlx( an D —T(ohc Showi

.
?2 & —F{Z“} {‘OY\\l"ra‘p_(, '<|r," 2 ﬂﬂa\/}]_//, ’)[C',I’I &7 D
J

'P-F e wrs Z'M ‘pr") N VECELS S /M//rm//q

J

WA
Strce d/v«/»ﬂ{zc ’/;rm Cam«/reieL ner'mn//;y ’/w an 44‘?/‘;1:[1( '{gg
GM s.t. 1feodlem o TizVe vz Swmce i :

-p Q\n-’nnomg gni ‘Cca)zo.

=" ‘ ‘P‘”/L) £ 2 M [<ia) Izl = ‘/1___

=> | 'p’»'-‘.’lz‘ € 2 on |zl £ ',z- %_&mem
=y | L2y g 2m 2]

on 12l ¢'/2

I'—]x e .

£ 1zl < AN st nzN = Iz T <o

O

=2 H:(.z") | < 2Miz\" £ ZMc” Lo NNg

D J 2Mrn b

= ZI‘PC'L") | Cbﬂw;q}-eg Jna Lg(m&
’ﬂ\xg 'hg\d‘—, Cc( fverw € (6,1

~J
=Y Z ,MQCz") Convecars horm”g

:‘)Z-%{'\(Z“) =“:' t«/;’é’f‘ﬁ f 1S aﬂo"é/:(

3




O‘

__Jodz.

Ltl' 'p z a.z” L)e f»/m/vlvlr(‘ e

I AnciR N € A<

Nows ; dc-?s net e;;f—e\.jfl:’ Qma/w)/zzn//-ﬂ néa Z={
J 7

L

_lef £%0.

Lot Te= B (DU ”Sac\)

| We  wrs 4 ke et extend  de a k&‘/cmarplxlr
'an on 1Dz \/Z_ =

_QSmme_BUQQC_ :(i >Q S £

dF  holewherbhic O:

an I )z . 'ﬂ/\ I:—/ _ﬁ
T! on _p (zacsil Y= ~ (e .. (m-2 00T an 2 n-2008
2905
tzceg) o lz.aos)(\ N
= e e aNamwes Nl
4ad r;-l f £ ) F ) Swce d L 'B onve ge
Now .f N >2008: € Since  Q,mp 70T
~ N~ =1) .. (~- z¢¢--r\n_m8

Y c0q ¢ ,,::; AC(n-1) - '(“‘?007)62,,(-"*3008

ZZQQBP e )

_p ¢ 200583 ¢

= O (1) <

s v . (~n-200C tf) .
=) 2008 PN < A Since I has \N\c\q ranny dwlwf’ws'
Comerq{s wh, d/\ Qm-]-racltﬂs ‘{’{’\e POMDaf'Lc»n +ﬁ.§:’—
‘}0 2?605 )

0

O._




L€+ F be (& m&alolp Censapa cd <'u\9§-€’(‘ O[‘ —RCG-

L. ONTE ¢ bdd WMolompephie.  Shew { exdonds

helemecphically 4o 2

2 T Linde >

b\ ﬁ Cw—\ e ’&_ Q'( QA Cv \._:\Otlf' Vo ?cl\f\’f"\

&\ aenecol T

)y #Ccn\un(‘ <ol f <cecg \Er\a{ri‘\
N)

PL oy Assome F Linde.

?5‘[:\ C‘-W{»{Y \f\CL"\ ¢ laled &f\a‘qu‘}'Q!

s 1
’B-C cniluw l’\a,\ rermcvalle  Sinaolac i tier

) ' -
Sunce 'p hdd  neac -each \3\4‘ jeeln'\annq

o -
| qu Py ’l?emou:.\;\e \xnij /nf'l\-'x
7

O

> L ¢ v lends ‘r\o\cmcrpkmq“j +0  SU

1:D L\stn{ ﬂ’, "ms‘ '{:nfré 7% a; a('c‘umu{:;—{lwcr\ ’Powvl'g

LQ‘L Z,‘ 22= ,Zm LD'e OACCuny lal A\ 'PL‘I"\JS

' HZ{L&*ZL i ore sclaYed sa cemmcuable |
= —Q\ (Ztt{ px-le.f\f{Q -J»Q ST Ty € G v O (‘/(‘ﬁ(\hd_r
'+O ’LL\Q ones C\T"‘)E"K‘CAO('[‘“VWQ +lf\g QCC\JV\/\KJ‘C\"‘Q"\

’!DGW\’{‘g b(’(cme v-{’moumlgl:e‘)

c),







@

N> 2008 ¢

N] NIna) - (n-Z2067) ~
2 ;:-zm T ey o < ; roos "\Cn-\)-.. ("\-2067) A A &h

cLeE=®cy 2y

—52 "EEQ !2 (n zoo-l\

ar=°"

( r.(zcas)( )

—_— i n-2 00
Zn-)_gs D—"-W""E"' <po Co nyeraes WAIC'A CGH‘J(Nduzrlj.

P I
fﬁmpaﬂsan Se<st e T DA S v,

Q

12009.3

i:‘ (’Ounlmble CQM‘PQC“‘ svosael O'c O'OmOur\ S

‘P-‘ = \'F —(C ha‘je‘MorpAlC d‘nj/ baunc/{“(.

IC e D s M \/ze 2\ )

= exfends }')c:/é'ma'f,DAICq\///‘—t +o S

a) f;//’m%i =3f hdj o'n/q "Sc/av)éc[ S u/eu"n/r(r

-.:-)-10 @Kk’n:‘; %(omgrpb\cg‘ﬂ) ( NA18118) )

Th,

=
N
®

Za—=2¢ !

F=276)Zn: nzlf

w»vv* <

R\4z.f eXknde 4o <2

C)\V/f>6_) EA ](\<'\}z ODen dlSCS# AP,

I £ Fcp Z dnqu §eSZ

& iz') Za,..- 3 Cny o %

ME'

2" =z

da. gpenn  Alisc cenlered ol =z 3 An<g?_ o T

Cl\a“f\"\ (A-\) ( 12:—_"-

F < U A, ’puch a finde SdgCowr




-,

F CGMIDOHL < 2 \/2>c} 3 _open d.scc

N
Hicl | fc}‘}'ajj =z, cian, AT <z

—d

WLoet FOAF+¢ \Jj

4

[’ﬂmLG( Set s incountable  and  has —fi«;y‘gr‘mw

E.x ’D A dom\r\ cu/ Sm::c*lr\ Soovr\c\ar:}; b({r'

FeDesw

Show, £z = ! ( Ly !

2=\ ©E

o

e ‘LD -2 5

i
"~ £) 'S hol on TS5 hence [ poe/@nrng’

/r/-; Afx/‘\__.

i ) e
N /> S,

N

2eD\NE_ S=dat(z,e)> s<§

EAJL \=|"'J’\)f, . ZB_V;-C-D

- < UZ\JS ) > diam Qf 45"

dlS"' (.-ZJ Jq.i a_]r') >5-2

el

| dist CzeV-diFH (5 ) ¢jz-5]

iDRES. A_f Diececoise  Smaoth,
Dy

Y= == ¢ &,;)dy;’;:, ( L=y ds

YoV 3~ Ja—D‘i 3‘_3
e Doy AL
¥ 27 I ——
| 70 Nay 32 431 <27 5-2 P OD) (]
N AP AND AC1N
< == &




e Y

(P
Ao CSX
jq &) COVV\'DU"C (lfx‘)‘
Co. K3 o Cosx /
L :ac—&gg'inl X = 7 ) Cl«x‘)LC‘X »
'z
1 is_enly Smm(arr!’f/{ lin vpper /—D“ ‘ \ \
ha! L qfana
ToSE 54 Cas x ‘oS
, 5 Tiezyrd 2z = § 2 ToaxiTES X + S\r, (sz\mclz
a7
ol
i Cos 2 : TRe:
o\:\\“! { S hou® € ) epir t 5 hpagt TS as TR =k
AT AV
L2 [
jn J+z23)% ZW{R?S(%;TVV ’-)
’:711'1 l md —l\ C \
i (Z+O(z- c)(E*L\(Zﬂ))
k/ = 27 lnm d £ LE
2ad d= (_Zﬂ-b}z'
. . ~ te .
=21t /.m_ z+rid2et® —¢ T(2) (2+c)
Z>t (Zﬂ-i,)q
< /2 T % L+ :
z2me [LlzN%e T — ec7(2) (20))
(Z Y J
=2 (-4 e - e"qig
| {o
16—  _ T
| & €
o “:; e LXK .
=2 S—«» RS 49) 20 L[+x3" Since r‘c(d‘z) =CosK
=Dl
zZ e







Qualifying Exam, Complex Analysis, August 2008

i. Let f be an entire function, a € C and r > {a|. Show that

271 Jigj=r - a

L 1472) 4. — fo0).

=1

41

2. Find the image of the first quadrant {« > 0,y > 0} under the Mobius map w =

3. Find all the continuous functions v : C — R which have the property that for every
rectangle R C C with sides parallel to the coordinate axes

/ vdr = —arca R vdy=0,

B8R R

where OR is traversed counterclockwise. (Hint: Consider the function f(z) = 7 + iv(z,y),
where z = £ + iy.)

4. Suppose that
fe)=1+cz+c2®+...

is a holomorphic function on the closed unit disc A such that |f(z)] < M for |z] = 1. If
2 € A is a zero of f show that

i
>,
Il 2 3777
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Qualifying Exam, Complex Analysis, January 11, 2008

Notation: Throughout the exam U denotes the open unit disc in C.

1. Show that a complex valued function k(z) on U is harmonic if and only if

h(z) = f(z) + 9(2),
where f(z) and g(z) are analytic on U.

2. Find z™cos z dz, where n € Z.
lz|=t

3. Find all the possible Laurent expansions centered at 0 of the function
4z%
&= e—g-

Specify the annulus of convergence for each such expansion.

4. (i) Show that the Mdbius transformation k(z) = lz_-
self-map of U.

(ii) Let f : U — U be a holomorphic function and assume that ay,...,a, € U are zeros
of f. Prove that |f(0)] < |a;...a,|.

a .
-— , where a € U, is a conformal
yA
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Qualifying Exam, Complex Analysis, August 22, 2006

1. Find a conformal map from the strip {0 < Imz < 1} onto the unit disk.

sin(7z) d

2. Find —_——dz
Jz|=2 z2(1 - z)

3. Let f be a holomorphic function on the closed disk Ap = {2z € C: |z| < R}. Show that
: 3
17 (0) < W//AR |f(2)|dzdy .

[ ~]
4. Suppose that f, are holomorphic funetions on a domain D and Z |fal converges locally

n=1

uniformly on D. Show that Z |f1] converges locally uniformly on D.

n=l



Real analysis qualifying exam Aug. 22, 2006

1. Let £ C R denote a countable set.
(a) Compute the Lebesgue measure of E.

(b) Construct an E that is a G set (countable intersection of open sets).

(c) Construct an E that is not a G5 set.

2. Give an example of a sequence { f} for each of the requirements below or show that
no such sequence exists. L' denotes the Lebesgue integrable functions on R.

()0 < fn = 0in L', but { f»} does not converge pointwise z.c. to zero.

(b)0 £ fn — Oa.e., but {fn} does not converge in L’ to zero.

(V0L fo— fae.and  fn <1, but f ¢ L'

3. Givenap 2> 1let f € LP([0,1]) with respect to Lebesgue measure m , and let
E ¢ {0,1) be measurable. Put v(E) = [ fdm.

(a) Show that v is a complex measure absolutely continuous with respect to m.

(b) Let g(z} = v(|0, z}) for each = € [0, 1]. Prove
1
lglls < ()* 1715

4. Forsomel < p < ooletT : LP(R) — LP(R) be a continuous linear operator.
Suppose [|fll, < ITfll, forall £ € LP(R).

(a) Show there exists a real constant C independent of f so that

I7fllp < CllSfllp
forall f.

(b)Show Tis 1: 1.

(c) Show T has closed range, i.c. whenever 1°f, — g in LP there exists f € L? such
that Tf = g.
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Qualifying Exam, Complex Analysis, January 28, 2006

1. Find a conformal map from the half-disk {z: |z —1] < 1, Imz > 0} onto the upper
half-plane {Imw > 0}.

2. Find z"e'/*dz, where n is an integer.
jz|=1

3. Let f be a holomorphic function on U \ {0}, where U is the open unit disk, such that
f(1/2) = 2 and the function
9(z) =Z|f(2)]°

is holomorphic on U \ {0}. Find f.

4. Let f be a holomorphic function in U \ {0}, where U is the open unit disk, which satisfies
|f(z)] < ~loglz|, ¥z € U\ {0}.
Prove that f = 0.
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1. Find all points where the polynomial p(z,2) = 1+ 2z + 3+ 220+
2?7 + 2% is complex differentiable.

9. Find the maximal radius of the disks centered at 0, where the
function f(z) = ;& can be represented by a Taylor series.

3. Suppose that a function f is holomorphic in a neighborhood of the
origin and f(z) = f(2z) whenever z and 2z are in this neighborhood.

Show that f is constant.
4. Show that the function f(z) = Z cannot be uniformly approxi-

mated on the unit circle by polynomials of z.
5. Show that an entire function f(z) such that |f(z)| 2 {z|¥ for

sufficiently large NV is a polynomial.
6. 1If function f;, 7 = 1,2,..., are holomorphic and uniformly

bounded in the unit disk are not equal to 0 there and f,(0) — 0 as
j = oo, then f; =0 uniformly on compacta in the unit disk.

7. If f is holomorphic and bounded in {Imz > 0}, real on the real
axis, then f is constant.
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Measure Theory Part

1. Let {r,}32, be the rationals, f(z) = 72 for 0 < z <
1 and O otherwise, and set g(z) = Y oo, 27" f(z — ). Is
f(z) measurable? Why? Is g(z) measura.ble" Why? What
is the set of points of discontinuity of g? Is g integrable?
Why? Show that g is not in L? on any interval.

2. Let u be Lebesgue measure on the borel sets of the
real line, and define v(E) tobe 1 if0 € E and 0if 0 ¢ E
for all borel sets E. Is v a measure? ¢ finite? Compute

3. Define L? (Lebesgue measure). Is L}(R) C L‘(R)'?
Why? Is-L%(0,1) € L'(0,1)? Why?
4. Let fy — fin [P, 1 <p < o0, gr — ¢ pointwise and
ligklloo £ M for all k. Prove that figx — fg in LP.
Complex Part

1. Let f be an analytic function on the unit disk and
f(2) is real when z is real. Show that f(2) = f(2).

2. Let {f.} be a sequence of continuous functions on
the closed unit disk that are analytic in the open unit disk.
Suppose { f,} converges uniformly on the unit circle. Show
that {f,} converges uniformly on the closed unit disk.

3. Suppose that f is an analytic function on an open set
containing the closed unit disk, | f(z)] = 1 when |z| = 1 and
f is not a constant. Prove that the image of f contains the
closed unit disk.

4. Let F be a family of analytic function

f(z)= z+§:anz"

n=2
on the open unit disk such that |a,| < n for each n. Show
that F is normal, i.e. every sequence of functions in F
contains a subsequence converging normally to a function
in F.
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