MAT 683 Final Homework 6 i
A. Lutoborski Syracuse University ,F.
Fall 2018 {

Total 100 pts. i
1. Let z3,...,zy be unimodular complex numbers ie. |z,| = ¥
£

N N
P(z) = H(z —z,)= Zanz" {

n=1 n=0
Let N
T(8) = P(e(8)) = > _ ane(nd)
n={

where e(x) = exp(i2xnz). :
{2F Show that ay = 1 and that |ap| = 1. k

5}7)’ Show that x

N
1 k
N k§=1T(ﬁ +a) =ap + aye(Na)

{() Show that there is an a such that |ag + exe(Na)| =2

Show that if z, = e(n/N) are the N-th roots of unity then P(z) = z¥ -1 and |T(¢
for all 0.
Ex 2. Given an arbitrary function f : R = € and a number a > 0, the a-periodizatio
is a function f; defined as

fal®) = 3 f(z +na),

provided that the series converges.
Find the 1-periodization f; : R — R of the function

fz)=eF, zeR

Hint: Find the formula for g{zx) =3"7. __f(z+k)for0<z< 1. For0<z <1 we
fi(z) = g{z) and for values z outside the unit interval f, satisfies f(z) = g(z — lz]).

Ex 3. Let X be an inner product space over C. Show that the following statement
equivalent for arbitrary vectors z, y.

(1) (z,y) =0

(2) =]l < llz 4ty for all t € C.

(3) Iz + tyl| = ||z — ty|| for all t € C.

4. Let A > 0 be given. We want to solve the equation

Q("Q’j T = Xe”

(a) Show graphically that if A < 1 then the equation has two positive solutions 0 < 7
IfA> % there is no solution, if A = -i- there is a single solution.
(b) For A < % we consider two iterations:

(.”.) :rn+1=z\ez“, n=0,1,...



(I2) Int1 =Inz, —Ilnj, n=201,...

(1) converges to Z and (I2) converges to # when xp is near the respective solu-
ze both methods as simple iterations for a fixed point problemn for a contractive

ate (using a calculator) the number 91/3 to six decimals, using Newton’s method,
=2,
elevant quantities hg, 21, M of Kantorovitch's theorem in this case.

torovitch's theorem prove that Newton's method converges,
: B2 = R? given by

T 22—y =12
(=[50
ie Lipschitz ratio Af for the derivative Df that is

(Df(p)=Df(@l<Mlp—g| for pqeR?

otarting at zp = 4 compute z, as one step of Newton’s method to solve f Y =0.
4 y

) Find a disc which contains a root of the equation.
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oneovere=1/exp (1) a7 %ﬁow (]’\’J&\Q(Aﬁu ju)\cﬂ

$oneovere=0.3678794412 O((\<’L = 2 WB{"}‘WQ T?ﬁQfs 0< ?f< L
A7% 9 mg ol

=-0.1 %a is a constant so that we can add to 1/e so that we can
have A" P#F
$lambda <,>,= 1l/e = = ONe Hohihn

lambda=(1/exp (1))
lambda_small=(1/exp(1))-0.1
lambda_big=(1l/exp(1))+0.1

hold on

fp = fplot (@(x) lambda*exp(x), [0, 3])

fp fplot (@ (x) lambda_small*exp(x}, [0, 3])
fp fplot (@ (x) lambda big*exp(x), [0, 3])

line=fplot (@ (%} x, [0,3])
legend({'lambda=1/e', 'lambda<l/e",
'lambda>1l/e'}, 'Location', 'northwest"')

title(['the intersection of y=x and y=lambda*(e”*x)' })

hold off
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MAT 683 Methods of Numerical Analysis I
A. Lutoborski, Syracuse University
: Fali 2018.

Classes: Tuesday, Thursday, 11:30-12:20, Carnegie Room 110.

Instructor: Professor Adam Lutoborski, Department of Mathematics. 311 A Carnegie,
phone 443-1489, c-mail alutobor@syr.edu

Office Hours: Monday 2:00-3:00, Tuesday 10:00-11:00.

Text: “Numerical Analysis. Mathematics of Scientific Computing” by D. Kincaid and W.
Cheney, 3vd Edn, AMS 2002.

Prerequisites: MAT 512. MATLAB will be used in some of our homework problens.

Exams, Homeworks, Final Exam: There will be two exams and a cumulative final
exan given in this course. Homework will be given every week. Exam 1 will be given after
chapters 1,2,6 are covered and Examn 2 after Chapter 7 is covered. Precise date will be
aunaunced in class. Dates of the exams will be announced approximately a weck hefirg
the exam. Final Exam: Wednesday December 11, 12:45-2:45 pm.

Course Grades: Course grades will be determined by: homework= 35%. 2 exams= 40%,
final exam= 25%.

Course Description: This is an introductory graduate course in numerical analysis. We
cover: computer arithmetic, interpolation and approximation of functions, numerical
differentiation and integration, solution of nounlinear equations. The course material will be
selected from chapters 1,2,6,7,3 (in that order) of the text.

Course Content:

L. Basic concepts in mumerical analysis SO‘UE Pj.o"l?(! m A

[.1 Mathematical preliminaries ¢

1.2 Floating poiut arithmetic 'QK{D\'\C\
1.3 Scnsitivity analysis CCAn},J( QRP@U* can ]’! ‘DOQVQ(J m .J'n nTlT‘_‘H: ﬂ’/:[ep/s ]

2. Approximation of functions

Flrnen wnn  ho }zicA
2.1 Polynomial interpolation -’oppmumcﬁt _we my
y .

2.2 Hermite interpolation

2.3 Spline interpolation

2.4 Trigonometric interpolation
2.5 Least sguares approximation

3. Numerical integration

3.1 Interpolatory quadratures
3.2 Composite quadratures

3.3 Gaussian ouadratures
4. Sotution of nonlinear equations

4.1 The biscection method



4.2 Fixed point iteration

4.3 Newton’s method its convergence and modifications

Disability-Related Accomodations: Students who are in need of disability-related aca-
demic accommodations must register with the Office of Disability Services (ODS). 804 Uni-
versity Avenue. Room 309, 315-443-4498. Students with anthorized disability-related ac-
commodations should provide a current Acconunodation Authorization Letter from QDS
to the Instrietor and review those accommodations with the instructor. Accommaodations.
such as exam achiministration, are not provided retroactively; therefore, plaming for accom-
niodations as carly as possible is necessary. For further information. see the ODS website,
Office of Disability Services htip://disabilityservices.syr.edu/

Academic Integrity: The Syracuse University Academic Integrity Policy holds students
accountable for the integrity of the work they sulnnit. Students should be Familiar with
the Policy and know that it is their respounsibility to learn about instructor and general
academic expectations with regard to proper citation of sources in written work, The policy
also governs the integrity of work subinitted in exams and assiguments as well as the veracity
of signatures on attendance sheets and other verifications of participation in class activities.
Serious sanctions can result from academic dishonesty of any sort. For more information
and the complete policy, see http:/ /academicintegrity.svr.edu

Religious observances policy: SU religious observances policy recognizes the diversity of
faiths represented among the campus community and protects the rights of stndents, faculty,
and stail to ebscrve religious liolidays according to their tradition. Under the policy. students
are provided an opportunity to make up any cxamination, study, or work requirements
that may be missed due to are religions observance provided they notify their instructors
before 1he end of the sccond week of classes.  For fall and spring semesters, an online
notilication process is available through MySlice (Student Services —+ Enrollment — My
Religious Observances) from the first day of class until the end of the second week of class.
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Floating point number system.
(IEEE Standard 754-1985 for Binary Floating Point Arithmetic)

We consider the real numbers of the form
x = +s2F

2 is the base or radix. A rational number s, 1 < s < 2 is called the significand
or mantissa. Integer E is called the exponent, E,,;, < E < E, ... The mantissa,
exponent and the sign are represented in a binary format using a (¢t +{+1)-bit word.

s=1+f, [f=) f27 fe{01}
i=1

1-1
E=e¢~b (f“—‘ZC;?', e; € {0,1}.

=0
In other words f = (0.fy... fi)s, s = (L.fi... fi)» and e = (e, ...ep)2. We store
p€{0,1} and 1 - 2p = £1 is the sign, f. and the integer e = F+ b, e > 0 which is
the biased exponent, b is a positive integer and is called the bias. Exponent E may
be negative or positive adding the bias to it allows us to store a positive integer c.
Finally we have the representation

v = (1= 2p)(Lfy ... fi)a2F

F(2.t, Enin. Ejnuz) denotes the set of all floating point numbers.

The numbers in the IEEE standard are stored in two formats: single format: 32-bit,
[ =8, 1 = 23 or double format: 64-bit, { = 11, t = 52 as in the tables below

|P|G7|---|60|f1|---|f23| |P|f3w|---|60|f1l-~|f521

The largest € is € = 2 — 1 and the smallest is emin = 0. However we reserve
the values E = e, — b and £ = —b for special fl nunbers and instead we take
Emar = €mas — 1 —band E,,;, = =0+ 1, f = e = 0 represents £0. In single format
Eraz=28-1-1-127=127, Epin = =127+ 1 = —196.

single | double
t: bits in mantissa 23 52

{: bits in exponent 8 11
E\nez: max exponent | 127 1023
Epin: min exponent | -126 | -1022
b: bias 127 1023




Exponent Fraction nuinerical value |  Comments
E=FE,m-1 f=0 £0

E=FE,,—1 I=0,f#0]| 2(0.f)25mm subnormals
Enin < E < Eox any f +(1.f),2F normals
E=E,..+1 f=0 +00 like 7 or =
E=FE,.+1 f#0 NaN like V-1 or %

¢ Ouly a finite number of rational numbers belong to F.

» The increment between the conseentive fl-numbers in [27,281) is Ap = 261,
The increment doubles from interval [25, 2541) {o [2E+1 2E+42)

o There are 2' fl-numbers in cach interval [22, 25+ for all integers E such that
Emin S E S Ema;r-

Sitnilar statements apply to the negative A-nmumbers. There are 2-24(E o = Epin +
1)+ 1 numbers in F. The factors count the number of signs, the number of mantissas,
the number of exponents plus 0.

.r"”'" = QE"”" S |.I'| S .I"""“. — (2 X, Q_t)‘zE:l.'m.r

Take f =0 ' E= Ernm = —b+ 1 to obtain Tt = 23'"'". To obtain T take
F=1(0.1...1)s then

1-—- (E—I)H-l

TiE o =22

I+ f=(1L1...1)a=2042" 4... 427t =

Take such maximal mantissa s = 2 — 27" and E, ., = €nuz — 1 — b to obtain 2, =
(2 — 274)2Fns | In single format @5, = 271 = 1.2 1073 1, = (2 — 223)2!27,

In double format i, = 27122 2 2.2. 107308y, . = (2 — 2752)21038 » 1 8. 10308,

If v € F 25, 254Y) then o = (1 + f)2F and 1 + f < 2 — 2. Then the next bigger
number in F N 25,254} is obtained by making the smallest increment to f by
adding (0. 0...01), which results in the number (1 4+ f +274)2% = + + 28", Hence

{
the increment is

Agp = QE"t

In particular . = 1 is in the interval [1,2). The gap between 1 = {1+ 0)2° and the
next floating point number is denoted

Dy=2""=¢ps
In single precision format eps = 2725, In double precision eps = 27 = 2752 ~

2.2204 - 10716,



In [2E,25+1) the increment between the consecutive numbers in F is Ag = 25—t
Since 25 + 225t = 2841 then there are 2! fl-numbers in [2F, 28+1),

The increment Ag = 2 ol doubles from interval 2 ,2 . to |2 l, 2 2 . because
E :
AE | = gE+1-t _ 9, f)E'—t'

Subnormal numbers.

So far we considered numbers r = +52F with s = (1.f1...fi)2 which are called
normal. This leaves a gap centered around the origin. Subnormal numbers fill the
gap and are all evenly spaced. The subnormals are not normalized and are of the
format

&= foEmin - f oy

The gap between the subnormals is A = 2Emin~t Tl smallest subnormal is
28mm=t and the largest 28 ~¢(2' — 1), The total amount of positive subnormals
is 2 — 1. So in single format {0.1...0),27'% = 2-127 i the largest subnormal and
(0.0...1)p2712%0 = 2-2827126 = 2-149 jg the smallest subnormal. In double format
the smallest subnormal is 2-1022-32 — 9-1074

Although the range of F is huge but it is easy to exceed it: 171! =~ 24 - 10°% is out
of range. If zg = 2, 24 = 22 then for n > 1 1, = 22" 50 210 = 219 which is out
of range.

Comparing the fineness of the fl-discretization with the precision to which funda-
mental constants (Planck constant. gravitational constant, clementary charge) we
note that nothing in physics is known to more than 12 digits, thus IEEE numbers
arc orders of magnitude more precise.

Rounding.

Rounding is an operation which approximates real numbers with suitably chosen
nearby floating point numbers. Hence fl : R — F is a function which we assume
satisfies the following requirements

(zy=2, z€F
fi(—z)=-f(z), z€R
Ty S zp = f(my) < fl(zs), z,20€R

Let = € [2F,2B+1)
= (Lfi... fefier...)228

The closest fi number smaller or equal than 2 is

- =max{y € F:y <z} ro=(1Lf...f)22F



We define
ry=min{yeF:y >z}

If + ¢ F then at least one of the bits f;,,... is nonzero. The closest fl number
bigger than & is .

LTy = ((l.f| ...ff);_:, +(00 01)2) 28

¢

The gap between the two fl-numbers closest to x is x4 — 2. = 287, Denote p =
Hay — o).

The standard way of rounding is rounding to the nearest even. Suppose that the
significands of w_ and r, are given by

(1.(11...{]‘,-)2, (1.()1...1);)3

then exactly one of the digits a; and b, is 0 (cven).

We define for x = 0

() ro if r€fro,p) orif r=p and a =0
x) = :
vy i re{pay] orif r=p and b =0

Next if » < 0 then fl(x) = —0(-x).

Other less precise rounding modes are possible

T round down
fm) = { = rourx] up
sign(z)|r|. round toward 0

Absolute error in rounding is less than the gap between r_ and r, regardless of
rounding mode

[A(z) — ) < 25
In round to nearest 1

[A(z) — | < EQE_!

fa==x(1.fi...fifre1..)22F and ¢ € [2F,2F1)) with increment Ag = 25! then
lr] > 2% and

A(r) — 3] _ 25

iz[  — 2F 27" =eps
In round to nearest
) —af 5257° 1
o] — 28 " oPfTU



In double precision eps =~ 2.2204 - 10~16,

Lemma. Let z € R be an arbitrary number in the normalized range 1, < |2| <
Tmar of a binary floating point system with precision . Then rounding to the nearest
we obtain

fi(x) =21 +9)
for some ¢ satisfying 1] < %e-ps where eps = 27! is the gap between 1 and the next

larger floating point number.

Proof. Let § = ﬂ(rzi We then know that |4 < leps. Hence fi(z) = éz + 2. In
other words every number in the normalized range can be represented with a relative
error not exceeding the unit roundoff macheps = %eps.

Floating point arithmetic.

IEEE standard. apart from rounding, provides the correctly rounded arithmetic
operations. If &,y € F and ® € {+, —,,:} then we will denote hy [Z] the result of
x(©y obtained in the floating point arithmetic. Generally the result of an arithmetic
operation on numbers in F is not a Hoating point number in F. For example 1,10 € F
but 1/10 ¢ F since & = (0.00011001100...),. Similarly for addition 1,2°5% ¢ F

- ]ﬂ . 3 3
but 1+ 27 ¢ F however the correctly rounded arithmetic will guarantee that

10710 = f1(1/10). In general we will have that

rEly=f(z0y)

For # @ y in the normalized range zyin < |7| € Tpar we have

z=2]y = (z O y)(1 +4)

where [8] < Jeps =u

The reason for producing those slightly perturbed accurate results is that an exact
result of the arithmetic operation is normalized, rounded and stored.

Very few of the laws of standard arithmetic are satisfied in floating point arithmetic,
most are not. The following operations satisfy standard rules

yB s = 1By Ty Hay =20 My
.’L‘lm(—.‘t‘g) =.’L'IE$2 .'L'IE(—-L'Q) =.’ExE$2
Addition and multiplication are not associative

(ryBz)Bxy # ) B (2 H 23)

Distributive laws
B (yBz)=(z0y)B(z3T2)



all fail in general. Multiplication and division are not inverse operations
(z2 B )y # 2 # (v200x) O ay

Finally addition and subtraction are not distributive with multiplication.

Lemma. {Absorption property) Let v,y e F,a >y >0 Ify < %‘2“:1' then
(= +y) =

Proof. Let z = 528, 1 < s < 2. The next floating point number larger than x is
o+ Ap = §28 + 287" The midpoint i in [x,r+Ag| is x + 32570 M x + y is smaller
than midpoint then (according to rounding to nearcst) x + y is rounded down to 2.
Based on the assumed bound on y and the fact that 5 < 2

1., 1
r+y<r+=2742F < g4 =
' 4 2
hence 2 + g is smaller then g, Henee rounding down canses the absorption of small
number ¥ by large nunber .
Suppose that we want to compute approximately f'(1) from the definition

J(1+h) - j(1)

EOEE

Computing the divided quotient

i (f(””})t‘f(l)) — (JABh) - Q) Th

Due to absorption 1B/ = 1 for very small i and independent of what f is we obtain
(1) =0.

AL Overtan, Numerical Computing with [EEE Aoating puint arithmetic, Tarker, Valldated numerics
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Chebyshev polynomials

September 19. 2018

Chebyshev polynomials are defined by the recurrence formula :

Tn(.l') =1
Ti(x)=u
Tosr(7) = 20T, () = T 1 () forn>1

We have

Tofr) = 20 -1, (1)
Ty(r) = 40 = 3, (2)
Ti(r) =8r' = 8% + 1. (3)
T5(r) = 160" — 2047 + 5, (4)
To(a) = 320% =480 + 182% — 1 (5)

The recurrence fornula clearly generates polvnomials such that ouly the cven
powers of r occur in Ty and only odd powers of . occur in Tyo_y. The leaeling
coctlicient of 7), is 2"'. for n > 1.

We discuss four different wavs to represent 7},: trigonometric, complex, tran-
scendental and hyperbolic.

Ty(x) = cos{n arccos ) for r € [-1.1]
(6)

Tu(x) = ;;-(:" +z7") = Re(z"), for & = Re(z), 2| =1
(7)

Tu(r) = é((r + V=)' (o= Va2 = 1)") forr e R
(8)

T} = (9)

cosh (rarccoshr) for r > 1
(—1)" cosh (narccosh (—r)) for < -1

The first way to represent T, on [—1.1} is as trigonometric functions. Let
0 <8 < msothat if 2 = cosf then ~1 < 2 < 1 and 6 = arccosz. Then

1



Complex {urf\\m 4*

cos (Darccos ) = 1 = Tylr). cus (arceos x) = o = Ti{r). We need to check that
T,(x) = cos(narccos.r) satisfies the 3-term reenrrence Ty () = 27, () —
Tu-i(x). Set 8 = arccosa so that T,(«) = cos nf. We must verify

cos(n + 1) + cos(n — 1)0 = 2cos @ cos nd)
Rewriting the left we get
cos(n + 0} + cos(nf — 8) = 2cos cos nf)

because cus(a £3) = cosa cos 3Fsin asin 3. We have that cos(nf) = T,,(cos )
s0 for example cos(50) = 16cos” () — 20 cos*(#) + 5 cos(0).

The trigonometric representation makes compnting the zeroes and loeal ex-
trema of Chebyshev polynomials casy. Indecd

(2h - )&
T,,(fu_k) = () lnt = COS - h=1.2..... n (1{)}
Zn
: kw ;
Tolsnk) = (=D s, = cos — k=0,1..... no (1)

The zeros are computed from the solutions 0 < 0, < 7 of caos nl) = (), which

are 8, = FZ*‘;J”’_ =120, o :_,%7.‘._ L %W The extrema are com-
puted from the solutions 0 < #,, < 7 of (cos(n0)) = =z sin{nfl) which are
0 =0.2. 27 . .7

Trigonometric definition of Chebyshev polynomials T,(0) = cos(nd), 0 =

arccos can be reformulated in terms of complex functions. Let z = ¢ he
complex munbers on the unit cirele, Then

1 ;
- R(i(:) — 6(( il +|‘ ’J) = ("0% 0

[Henee |
cos(nf) = Re(z") = (" +:7"). [zl =1

Consider the n + 1 points {z;} on the upper half of the unit cirele in the
complex plane

zf=ial J=0..... n
Points {z;} are equispaced and divide the upper part of the unit circle into n
cqual parts. They may be interpreted as first 1 + 1 of the 2n-th roots of nnity

2= o F=0... .0
The real parts of points {z,}

1 ] iz

r; = Re(z;) = 5(:J +2) = co:-;(:).

are called Chebyshev points. They are contained in (—1.1) and cluster near

1 and -1. The Chebyshev points are the local extrema of the n-th Chebyvshey
polynomial T, in [-1,1}. Above they were denoted Snj-

2



Orthogonality of Chebyshev polynomials.

We consider the unitary space L2([-1, 11) with the inner product (f,g) =

f Flo)g(aywir) do where w(x) = (1 — 22)~ V2,

0 il 5]
(T.T)=<4ix if i=j#0
7 if i=j=
We set § = arccosz, dff = —(1 — 2°)""*dr . So when = € [=1,1] then

7 > ¢ 2 0. Using again the trigonometric identity 2 cos a cos § = cos (a + )+
cos {a — ;3) we get that

=/ s (16) cos (40) dO
1
2

(f cos (1 — j)0 df + /.'cos(i+j)(}c19)
0

17 # j denoting (i £ j)# = v we have v € [0, (¢ & j)7] and hence

/:coq(i:‘.: )0 d¢ = : /(&J)?COSL'(IL'— - [sin o] =0
Joo / IRETR ) T iy :
l[‘i:_j#ﬂ

L cosods+ [ cos(2i0)d0) = 2r 40y = F

5\, cos 0 df + A cos( )¢ 5(,..;. )_5

Sccond interesting way to represent 7, is to use transcendental functions.
= u

Tu(x) = %((.r-i— Va = 1" + (r = Va2 = 1)”) for reR

-

This also provides a closed form solution for the algebraic recurrence which
defined the Chebyshev polvnomials.

If [#] < I then the transcendental formula gives the same as before because
setting . = cosf in the above formula using Euler's formula, we obtain a
complex valued expression

1
T.(r)= P ((cosﬂ +45in#)" + (cos @ — isin 0)")

1 . . .
= 5(cos nf + isinnf + cos nf — i sin nd)

= cas nf



The transcendental definition corresponds to the algebraic one also if || > L.

To(r) = %((.w VE D + (- \/TTl)) -

(Iu,ll _}_ ,“,l!)

o | —

We now show that the recurrence T,,(0) = 20T,_ () — T,,_a(2) holds. We
have that g 4w = 2 and g = 1. The recurrence will hold if we show that

_U“ "t = (_?} + H')(y" I + l\J o [y::--'.! + " ‘.!)

expanding the right side of the above and simplifying
_U“ + _“,ll A yn | u”!u-] L “,yr:--| L ”|u ) y.'r—'_’ _ ”‘n--'_l
0= (yu = D" 2 4 ")

aF 'H p@\boytc -jlll'l(;h u-_'])Thc last equality holds because yur = 1.
4

The third useful way to represent T}, is to use hyperbolic functions:
T,(r) = cosh(narccosha) for > 1. n >0,

where cosha = 1/2{¢" 4+ ¢ 7).
To check that T,,(x) = cosh{narccosh.r) for & > 1 satisfies the 3-lerm recwr-
rence set ) = arceoshar so that T,,(r) = coshonfl. We mnst verify {hat

cosh(nfl) + cosh((n — 2)0) = 2cosh@cosh(n — )i

We write the left side as cosh((n ~ 1)0+8)+cosh((n—1)8—=0) and this simplifies
the expression on the vight hecause cosh(a 4+ 3) = cosh o cosh 3 £sinh a sinh 3
(unlike in the addition formula for cos).

To check that the recurrence holds for T,(r) = (—1)" cosh(n arc cosh(—.r)) for
+ < =1 we set arccosh(—r) = # and we must verify that (—1)" cosh nf +
(=1)" 2 cosh{(n = 2)0) = 2(— cosh 1)(=1)" " cosh({n — 1)#) which is the samo
as in the case @ > 1.

Rodrigues formula for Chebyshev polynomials. We want to ostablish
an explicit formula for Chebyshey polynomials of the form

T3 ___.1.2 {; d? I
fatel= ( an(-l- I)TT) e (“ =) 3) ; = Ol

where we set the double factorial (=1} = 1,
Proof. (a) We start with the transcendental formula for Chebyshev polyno-

mials
1 3 5
Tu(x) = 3((.1- + vV = 1"+ (= vV - 1))
Use x & vVa? = 1= {Vao+ 14 Vir = 1)? to obtain the formula

L(r) =27 M(Va+ 1+ Vo - D* + (Vr+1-Va—1)™)

4



Next using the above and binomial formula we show that the “binomial for-
mula® for 7, holds:

1n 9
Tp(z)=2"" Z (;;:) (x+ 1) F @ = 1)F, n=20,1,...
k=0 N7

Finally we will use the Leibniz differentiation rule to compute the n-derivative
in the Rodrigues formula to show it follows from the binomial formula.

To(r) = é((.q- FVETD + (r = VE=T))
=27 N (Ve + T+ Vo =1 + (Vo +1- Vo =1)™)

(b} Using the binomial formula

Tulz) = 2'”_1( Vet 1+ Ve =0+ (Vr+1- Vi = 7))

— g=n=1 In n : _.,,__L . ; 2n 2n . 2y Ve ;
- (j:u(j)(.—i_l) ey +§(J.)(.+1) (=1 1)-)
SR (Y 2”)(-1'-%1)'“"?1(1—1)%)

( J=0,2 (

The last part of the proof demonstrates that the forumla obtained in (h) is
the Rodrigues formula for Chebyshev polynomials. We evaluate the the n-th
derivative in the Rodrignes formula using the Leibniz differentiation rule.

Ll" 2yn—} - 2 dk v d (l" * n=4
dam ((1 —a7) ) = ; (A)a—;—*(l + ) "d.r""k(l — )

= 3 (:) (n=3%)...(n—k+ 3)1 +J')"_k—%(—1)"_"'(ra
k=0

ol
)oe b+ (1 —a)2

LB Bl

. 0 | . .
Next we multiply the previous formula by (~1)*(1 — 222 which changes signs
and makes the exponents integer

=S (-1 (:) (=3 =k+ 5 =2 (k+ 11 +2) (1 = o)

9-n Z (:) (Zn-1)...2n=2k+1)- 20 =1)... 2k + 1) (o + 1)=#(x — 1)F

(4]
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We examine the cocflicient in the siun we obtained above

2-" (:) (2 =1){2n=3)...2n =2k +1)-2n = 1)(2n =3)...2k+ 1) =

(1-3-...-(2n = 1))?

H=n 2-
NI T T

(2n)!
(2M)1(2n — 24!

912 — 1 f 2"
=27"(2n - N o
Finally

=2""2n - 11

(=1)"(1—.r%):= " N e g T (20 e .
BT (=) =2 g(ga-)(" F)Hr = Dt = )

Sometimes the cocflicient in the Rodrigues forumla is written ditferently
(-1)"  (=2)"n!
(2n — I (2n)

d4-...-2n
)(2-4-...%2:1—2!«)(1-3-...-(21:—‘21.'—1)(]~3-”.-('2A‘—l}

Indeed
(=2)"n! {—1)y"2"n! B (=1)"2"n! _ o (=hmemt
2m)! Qo (DT 20(20—2). 2 (20— O 20 al(2n — DI

Minimal property of T,,.
Theorem. Let p be an n-th degree polynomial with leading coefficient 1.
Then

27 = max [217"7,(0)] € max |p(r)]

l<r<1’ -i<rl

h=

n

Proof. Ou [-1.1] 2'"7,,(.r) assumes its extremal values at points g = cos

A T(m) = 2" (-1 k=010
Suppose by contradiction that there exists a monic polynomial ji € B, such
that
Ty -5
max [plr)| < 2
max [

Consider Q) = 2'"T, () — p(r) which is a polvnomial of degree n — 1. We
have
Qlu) = (=1)"2'7" — j{a), '=0,1.....n
Due to the fact that we assuned that the norm of j is simall
sign(Q(yk)) = (~1)F

Due to the intermediate value theorem @ has n zeros and hence Q = 0. Thus
21777, = p. But this would imply that

- Aol )] = oi-wm
s |A(r)| =2

contradicting the assumption that the norm of p is small.
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1 B-SPLINES. 1

1 B-splines.

We begin with a remainder about divided differences. We had

[t may also be useful to treat a divided difference as a lnear functional which
transforms [ into a number flfy. . ... ta] and denote such functional as

0" (foy ... b f = flto. ... 1)

If f(r,y) is a function of two variables. then we can apply 8" (to,.... 1) to f{-, y)
which is a function of » and obtain 62(fy,...,#,) f(-, ). In gencral

4 | el
— 8" (Fpe o B (o y) = 5"(‘0*-""")Lé)(u"_JQ

X To define a B-spline we will need some prototypical splines. Let

[—r t>ur
0 t<r

(t —2)y = mux{f -, []} = {

and the powers of the above function
: (t—a) t>ur
(1 =)y = { |

and in particular

0 t<ux

(t—.’l')g_ - {l >

* Hence the characteristic function of R, is

0 1<0
(1) = x
+(1) {1 0<t

A simplest spline of degree r with node #o is a function ¢ — (¢ — t3)", which is in
C!r—l
A strictly increasing scquence of knots is preseribed

ety <lg <ty =

where lim; 4. = +20.



1 B-SPLINES.

O

A B-spline B} of degree r is given as a function of & by
B = o (S e (P =
for + € B. More explicitly

ifr+i tr+1
B:(') o {fi+r+1 - !1) Z (‘L_J . I]i H (fj - rs}_l

g s=i
s#E 4

The simplest O-degree spline BY(ir} is a piccewise constant, Jeft-continuous function

l=1=0, ¥<l,
Bir)=(tim—a)] ~ (-0 ={1-0=1, 1, <r <l
0=0=0. tiy <

The piccewise continuons tent function is given by

. f— ) (li1 — )y (five — )y
B! £+ = (4 a—1; ( ( 3 - : -+
()= (fia=ti) (Fi = tim (b — tiga) (b — 1) (et — Hiva)  (tize — 1) (Fien — tigr) O

Y

)
L)

Tkt Tty

A necessary tool to obtain a recurrence formula for the B-splines is the formula for
the divided difference of the product of two functions

Lemma. (Leibniz formula for divided differences) Let f(t) = g{t)h{t). then

i+k

s eostirsd = 3 0l s AR 4 o ]

rei

Proof. This formula is a difference analog of f* = $°% (Mg k=1 Consider
G(f) which is the polynomial of degree & interpolating the function g at k + 1 points

fiotipr ... figp aud written in Newton's form

i+k

G =g(t)+ Y gltie- (=1 (= t,)



1 B-SPLINES. 3

Let H{t) be the pol\'uomidl of degree & interpolating the function A at the same
k + 1 points .t ..., tipx- This time we include the interpolation points in the
Newtow’s formula beginning with £, ending with #;

t+h=1

H(t) = h(tip) + z:h ..... Livk)(f = tosr) - (F = Ligk)

Supposc that G(t) = S/ 4, and H(t) = Z'H by. The polynomial F(t) = G(#)H(t)
of degree 2k interpolates f(#) = ¢(t)h(2) at points #;, #;51. ..., fiep because G inter-
polates g and H interpolates /.

i+k i+k
F(t) = Z (b Z b,) Z a,b, + Z 0.
s=i r<s r>s
——
[’j(l') P-_!(t‘)
We will examine now the polynomials Py(#) and Pi(¢). A terma,, r=1..... i+ k

contains the product (t —¢;)... (¢t —{,-1) of degree r —i. A termn b,, s > r contains
the product (f — teqq)... (I = tisg) of degree i + & — 5. Hence anby is of degree
k—s+7. When r > s then r =1 2 s and each term «a, contains at least the factors
(t=14)...(t—t5). As aresult in Py(f) = Y ss (rbs cach product a.b, contains a
product (¢ =) ... (t = t)(f — terr) ... (f = t,41). Hence

and consequently
Sty tga)Pa =0

We now apply % to the cquation F = GH = P, + P. By lincarity of §*
§F =8P + 5P
F interpolates f and hence 8*F = 6 f so
6Ff=d"P

Py is of degree & because Py = 2_r<s rbs where a; is of degrec » — i and b, of degree
i+ k— s and hence a.b, is of degree i+ k—s+r—i <k—s+s=k The leading
coefficient of P is a sum of leading coefficients in polynomials a,b, of degree &

i+k i+& S
Dby = glte ottt (= ) E =) (= tisr)
Hence
itk
P =" glti . bRl i)



1 B-SPLINES. !

and

Ftiv. i) =) gltie o Aty i)

Recurrence relation (de Boor, Cox).

We will derive now the recurrence relation for the B-splines which is equivalent to
the definition and is an extremely useful tool in establishing various properties of
spline functions.

3 £t s livrgr — 0 -
Bi(r) = By o) + = )
itr / i+r+l Tl

The proofl uses the formula for the divided difference of the proaduct. We have that
(1 =), = (t—x)(t =) Denote g(I) = — . so that g(f;) =1, — a1, dltitie] =1
and glt;,.... 1] =0"for j > i+ 1.

St st = ) = S i e[ = (1 = 2],
= .q[fi]‘sfr. l(ri: G0 6y I!+i'+'.)(" - ’)I;-] + .f)'[!f- f,+|]()-:.(l'”| ----- IH.,-_;.])(, B -'r}r.;- :
Y { PSPPSR s et { (SRR O [ (s Yl
[i+r+l ~1,
r—1

+ 0 (Fegrennns Ligep J(E = )5

-1 . _ f,—uw _ , : ;
= 5—(5,(&,.,.,1,4.,-)({—.I'):_ : + (_—_+ l)fs, (f,‘...p,-..f,_,_,._,.!}',_f —.I‘}rl !
foerst — F: tetrg — 1;
=t . . tijrgr — it . Gy
= 0 (b B )= )T S S e g ) (= )
tivrir = 1, Ligrgr — 1

Siuce

Bl () = (tigrsr = 16 (1. . . Ligrat)(E — )]
by applying this definition twice with r replaced by » — 1 and values § and i 4+ 1 we
get

e _ BI'(w) | Bl
()t (fi-" : ‘:ti'H')(f —-;I.J+ ! = %T[_ ‘)f ({r}l ..... fr+r+|)(f—.r)_’+“l — —-—._t i+] ( t)
s d 1 i

multipying both sides of the chain equality above by ¢4, — £, we obtain the reenr-
rence.

Compact support.
Bi(e)=0 for ¢ (ti,tisrsq), r=>0
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cn

We are proving that r-degree B-spline based at #; has support in 7 + 1 consecutive
intervals. For o < #; < ¢ < f4,41 we have (¢ — x)" = (f — 2)" is a polynomial of
degree v in t. Therefore its r+1 order divided difference based at points ¢;,. .., ¢,
is 0

and henee Bl (z) = 0.

For t, <t < tiprs1 < x we have (£ — r)+ = 0 so its r 4+ 1 order divided difference
based at points #;..... tisr+1 15 0 and again B! (@) = 0.

Positivity in (t,,{;:r41) -

B (e)>0 for @€ (fiibipn). 120

Induction. 0-order spline B? is positive on (f,.1,,,). Assume that is true for r — 1
order spline, We will use the recurrence relation

i - . .
Bi(r) = 2l gty ¢ it =8 B ()
i,+, - f f:-{-:-f—l - f;-}-l

(r = 1}-order B splines are positive in r consccutive intervals

BN ) =0 if o d (fiti)

B:—;ll( V=0 if x¢& (L. tipe)
We want to show that one of the terms in the recurrence is positive and another
nonnegative. First consider #; < & < t,,,. Then first term is positive hased on
induction hypothesis. The second term BI,l is positive on (4, ¢} but not on

(f;.ix1). so second term is nounegative. Next consider ¢4, < & < fitr+1- We have
BI~!(x) = 0 s0 the first term is 0 and second is positive.

Partition of unity.
=
Z Bi(x)=1 for zeR

For each 2 the infinite sum contains only finitely many nonzero terms. If ¢, <1<

ti+1 then only B,t,. ..... Bl have supports intersecting (¢,.¢,4;)
i
> B Y B
Jj== Jj=t=r

Based on the recursive definition of divided differences

Bi(x) = 6] (tyat. -t (8 = @)y = & (b5 .., i)t — )T,
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We have a telescoping sum where the above fragments of the first and last terins in
the sum do not eancel

ZB Y= 8 (teptse o iprp )~ @) = 8ty ) (=) =1 =0

J=i=r

We need to explain the last equality. We assumed t, < r < £,y s0 (#—a), = (I —a)"
when #,0) <t <44 pq. Henee 8. .. .. Livrr1)(t = ), = 1 which is the leading
coeflicient of ¢ in (£ -}, Asto the 'ocmld formford, <o <fandfort, , <t <H,;
the function (f — r)} = 0 so its divided difference vanishes too. When r = {; the
function B;’(.r) may have jumps but is right continuous and henee the telescoping
sum is either 1 or has right limit 1 as ¢ — ¢,

Derivative of B-spline.

For r =2 2 we have

By B )

!!+J' - fi 1r+r'+l S f, |

By =

When r =1 the formula is true except {or v ={;.4,00, 142

From the fornmla B/ () = (Larsr = )87 (e )0 = 0))

(BIY (Y = (rgrp1 = 1,)5”—1(?, ..... f,+,.+|)§ (1 — )
= —r{titrp — )sr!l( ------ ligrrr)(f = ')r—l

From the recursive definition of divided difference 87" we have

; o (b .. tigra )t =) =60 (4., )t =)
rel T PR, r__ Qe\i +r+l + { isr +
& T (ot ) (Em)Y tnier — b
Henee
(BIY(x) = —r (& (tiz1ye-n, Aivrat) (=Y =8 lLipe)(E = )7 1)

=ﬂ(twnm aBrmg

i+r+1 ti+l tl+1" - f:’
L (BB )
fi+r - tl f1+r+l - t:+!

Linear independence of B-splines.

Lemma. The set of » + 1 B-splines {B}. B}, ,,....B7,.} of degree r is linearly
iudependent on a single interval (4,4, £, 0054}
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Proof. When r = 0 then {87} is 1 on (£}, £;41) and is linearly independent. Suppose
that Lemma holds for » — 1. We want to show that if

r

S(w)= z cj+iB) ()

=0
and if Sy, 40y =0 then ¢ = . = ¢y, = 0.
We begin by finding S’ from (87,,)
Cijpg — (J-{: 1 -1
Z — B:H-r
]

sz J+:+r 1+

To derive this formula we differentiate the recurrence relation for Bl i(x).

B! B2,
( _)+1)( r) = ([ - )

gtier — i tieran =t

r Bi—l Br_‘—_l
S’(-’f') = (Z Oy —2E t e b Z:(J'*“‘ . JHi+1 )

i=0 Jtitr T f,,r+r i—0 j+t+l’"§-l - i!j+i+l
r r—=1 r41 r—-
— T . BJ"*“ , BJ+~,
- AT B
im0 SRR S e preee Jtstr T by

The first term in the first st vanishes because when i = 0 spline B~ ! has support in
(tj.tj+r) and doesn’t contribute to S{z) on (¢;4,. fJ+,+|) The last t:eun in the second
sum vanishes on (4. J+,.+;) because spline B_;+r+l has support in (4,41, 42041)-
We replace subseript s by 7, both sums become 377, and can be combined into a
single sum which is the ﬁ[ldl formula for 5’.

From thc formula for S’(x} and from the inductive hypothesis of linear independence
of {Bj}]..... . BIZ!} we obtain that

€= ... =Cjyp = A

Duc to partition of unity property of B-splines

Z _}+: ' A, T € (tj+f"-ti+r+l)
Since we assumed that S, . ...,y =0 then A = 0 and hence ¢y =...=¢p,=0.
Lemma. The set of r +n B-splines {B",,B"__,..... B _,} of degree r is lincarly

independent on an interval (¢y. ¢,).



1 DB-SPLINES.

o]

~1 . i ;
Proof. Let § = 3" ¢B] and suppose S|,y = 0. On (fo.4;) only B” ..., Bj
are nonzero and henee

0
0= Skeoy = Y Bl |t
-r

By previous lemma on (¢g.1,) r+ 1 splines B7 ..... B are lincarly independent so
c,=...=¢p=0. Wedonot knowifer.....e,yare 0. Let 1 <5 < n—1bethe
first index so that ¢; # 0. Hence (#;.1,,1) C (fo.t,) and for all v € (1,.1;4)) due to
assumption

—
I
p—

0="5(r)=> ¢:BI(r) =c;Bi(x) #0

1=

hecause on (4, 8] all BE,..... B . are zero and becanse ¢ 0 and B7(x) # 0.
Jr 4 / FE | =1 K i 7
Henee all ¢, = 0.

Stoer p i LE, Kincaid 366-0537, Dallguint pd26G-434. Hollig, Klaus, Horner. Jueg Apprroximating ned medelling with splines. Scluatz-

man p 1274, 71
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MAT 683 Homework 1
A. Lutoborski. Syracuse University. Fall 2018

1. (10 pts) The floating point system F(2,52.-1022,1023) (IEEE double
precision) includes many integers but not all of the integers in its range.
(a) What is the largest integer N such that all integers in the interval [N, N|
are represented exactly in F?

Y (b) What is the smallest positive integer n that does not belong to F.
Hint: Begin by representing first few nonzero integers in F.

2. (10 pts) Let x € R. If 0 : R — F satisfies two axioms
relf=0x)=

ryeR and r<y=0(x) <Oy
then the interval spanned by » and O(r) contains no points of ¥ in its interior.

3. (10 pts) What is the last value k displayed by the followi ing scripts? Explain
based on floating point number system.

az >> k=0; TRQ \Lmy A% A O\' ’?. 55 :o\nce AN [Q QJO*Lv-R
>> while (1+1/2°k)>1 &0 (Q"'\" 52’ é—‘wm n _W\Q CAGp }x‘\:ﬁ?ﬂ.n L GH(J -t

=k+1

end m(]&mq ep}]?m /ﬂeY\‘\' hCJCFT‘ ﬂ?Od\:mGA 'POM\ ™ mW

Pl @75%)- 4
37 >>1k=0; The w?ljee Yoop A‘npxﬂ ot ?- 1_024 /hnce/ ﬁme Q, 47/1

>> while 2"k<inf _ axmnae
Kk=k+1 01‘25 N — 2 03 U
end o
(-mx) [0 Viesorsed for
Enn F o
C7 >> k=0; A4 Tm— N
>> while 22keint (4 -0
k=k+1

end

We C7v~?| Pe ?oop/to A Oe)r ‘? LO?%Z,%ince we ,gu:ne n C\(mwe jmma\ ) ﬂ\ﬂ bmaW%JC
M\mmma& n D‘ZE"’"‘ -1 OQ-JORR 52 CQJ-M)M,
/0
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MAT 683 Homework 1
A. Lutoborski. Syracuse University. Fall 2018

1.(10 pts) The floating point system F(2, 52, —1022, 1023) (IEEE double pre-
cision) includes many integers but not all of the integers in its range.

(a) What is the largest integer N such that all integers in the interval [-N, N]
are represented exactly in F?

(b} What is the smallest positive integer n that does not belong to F.

Hint: Begin by representing first few nonzero integers in F.

Solution. Consider an integer number with the largest mantissa. The largest

mantissa is
0poty g 1220 o oem
1-2-1
Multiplying largest mantissa by 25 we get 2% — 1. The next integer is N = 25
also representable exactly. All integers < N are in F. There are integers in
[N, 2%4] which cannot be represented exactly, and the smallest such number is

N+1=29+1,
2. (10 pts) Let z € R. If O: R — [ satisfies two axioms

reF=0(x) =z

z,y€R and z<y=0O(z)<0O(y)

then the interval spanned by z and [O(z) contains no points of F in its interior.
Solution. When z € F then the claim is true. Assume = ¢ F and (without

loss of generality) < O(z). Suppose the claim is false and there is y € F such
that * < y < O(z). By first axiom O(y) = y. By second from z < y follows

that O(z) < y which is a contradiction to y < O(zx).

3. (10 pts) What is the last value k displayed by the following scripts? Explain

based on floating point number system.

>> k=0;

>> while (1+1/27k)>1
k=k+1

end

>> k=0;

>> while 2°k<inf
k=k+1

end






>> k=0;
>> while (1/2)°k>0
k=k+1
end

Solution. (2) kpez = 53 that is ko = £+ 1. When &k = 52 then 1 + 2752 =
(1....1)o. The number 1 + 275 is in the midpoint between 1 and 1 + 2752
which are both floating point numbers. Rounding to nearest even we round
down and A(1 + 27%) = 1. The inequality is not satisfied and the script stops
at kpaz = 53.

(b) ko = 1024 that is ko = Frmez + 1.

(¢} kmaz = 1075 that is kjpgr = —Epmin +t+1. The smallest positive subnormal
ig 9-1022-52 _ 5-1074
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MAT 683 Homework 2
A. Lutoborski. Syracuse University. Fall 2018

1.(20 pts) Assume that P,Q € H’@interpolate fatzg,...,zpoyandzy,...,z,

respectively and all points are distnc The nodes z,,...,z,_; are "common”
nodes of both polynomials. Ther‘and

(= z)Q(z) — (z — z,) P ('L"lo‘) L m - (eﬂ\“‘nﬂ).]:gu
s T fa ]

interpolates f at zy,... ,z,J The above successive linear interpolation formula

constructs an interpolation polynomial L = Lo _ , of flegree 7 as a éonvex)
combination of two interpolants P and @ which both Interpolate at nodes
T1ye o3 Tn=i /T he coefficients in the convex combination are not constants but

po]ynonuals of degree 1 and the combination becomes a folynomlal of degree

@ The simplest example of the formula is when{n = 1) P(zp) = f(z) and
( )

xg) = f(z1). T — P(n
) B 0
_ P _ _ _ - -
o) = Bzl Z sl _ 25y, +Qf(z1) BIOF AR
which is the of the Lagrange interpolation polynomial Ly (z) =
lo{z)f (o) + L (z) S (z1)-

Successive linear interpolation formula is used in the Neville’s method:

| je0 | = .7,\0) Ty

S Tp f To) = Ly .’B) | '{:—qn ]
al T f )= Ll |
1L

(

@N Los(z)
(z ’l L1 (_E)K\
@) Nl

42 3(-?3

e Bigs

f..a

Iy f(mn) = Lﬂ(x) -rn—l.n(x)

and in tlle Aitken methﬂd L

f-‘L I T=

zg | flzo 0T AN
[

I 115'1){‘: L1 }‘Lg‘:—
z2 | flz 5“ L2($)—&L£02 (z)4>Lo,1 2()
zy | f(x } La(.‘I:LX Lc?q (z)4Lo,a(x)ALo1,2,3(x)
: é : : I

T ‘[M— oL -y LO
Iy, ($n¥= L,(z) Lo,n(IL‘)——Lo,l,n($)-—'L0.1.2.n($); ... Ly, a(z) LO b M- Lc

1LY

KR n
0L)=% |
Fa

1=k 7(“3)(1-19 2G) (x- ’ﬂ[)

72&>- X=Xy
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(a) Show that Lq,. (%) values generated in the table via the successive lin-
ear interpolation formula are indeed the values of the Lagrange interpolating
polynomial.

\/ (b)Use the following scripts for Aitken method to determine the reciprocal of

4,',%1

Tnt)

z = 1.03 from a table of k = 10 equispaced points in [1, 2} for f(z) = 1/z.
owaﬁxu.e[

(¢c) Explain the advantages of the above Aitken algorithm over the cardinal
Lagrange interpolation at the same nodes for the same function values.

(d) Modify the Aitken script to obtain a script for' Neville’ssmethod. Compare
the results for (b). What function would be more accurately interpolated by
Aitken than by Neville? ———

8 R W

function[Q,R]=aitken(x,f,xval) \ B ~ :=,
n=length(x); P=zeros(n); Vs oy e |

P(:,1)=f; UrC(Burf\ 4
for j=i:n-1 & 3 1. ] -
for i=j+il:n é.-MNJ 1= ‘H (-y- ‘) ‘b’{' l(b) "‘1( - “43
P<1 J+1) (P(1, J>*<xva1-x(J>J-P<J 3y *(xval-x(i)))/(x(i)-x(j));
end Am i
_P(n n); - (@}‘L ‘K.m) '(| _)J‘R 'L)
«41 "ﬂ)
(b)
%runaitken

x=1:.2:2: f=1./x;

[interpval tablel=aitken(x,f,1.03);
fprintf(’Interpolated value=}10.8f\n\n’, interpval)
disp(’Table="')

dls?(table)

‘? —‘_JI@\I—)'-;L/T']

) 240 Jati=L:n

ML
1((5:4.) _(‘LQ(O ‘MC&)?‘(I(\PL,H‘ .))) (:m\\-) 'ﬁ

(\,H)) 17(1,&.)-*1-)* ('R(W-I'J) ‘RBC\X)

and
and
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function[Q,R]=aitken(x, £, xval)
$input:
%%: row vector containing points x0,x1, ..., Xn
%f: the actual function that we want to approcimate it values at
those xn points
$xval: the value x that we want to know the approcimated value
at
$Output:
%Q the approcimate value cof f at xval
%R the table value of the polynomial at xval
n=length (x) ;
P=zeros(n);
P({:,1)=%;
for j=1:n-1

for i=j+1l:n

P(i,3+1)=(P(i,]) *(xval-x(3j))-P(j,]) *(xval-x(i)))/(x(i)-

x{3)):

end
end
Q=P (n,n);
R=[x."' P];

Faom Fhe ww%s@n fnexjr fa CP) we ,Hmeﬁal " frﬁm cenk \AR”‘?B - éi' ) e M‘E@

function[Q,R}=neville (x, f, xval) gre "W pxime wgﬂn we e Aﬁ' ¢ anC} meui/a
$input:
%x: row vector containing points x0,xl, ..., Xn
$f: the actual function that we want to approcimate it values at
those xn points
%xval: the value x that we want to know the approcimated value
at
FQ0utput:
n=length (%) ;
P=zeros({n);
P{:,1)=£f;
for j=1l:n-1

for i=j+l:n

P(i,j+1)=(P(i,3)*(xval-x(i-j))-P(i-1,3j)*(xval-

(1))} /(x(i)-x(i-3));

end
end

Q=P(n,n);

R={x.' PIl;

Whed imckm wold ke .more cscctucdetg 1}1Tupu?cujrec| by Aifen Hem h& Nesiffe 9 \/
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9, Run Aen cmcl NQ,U'L;W(Z /m_e_mcdi .

$runaiken
x=1:.1:2;

f=1./x;

[interpval tablel=aitken(x,£f,1.03};
fprintf ('Interpolated value using Aiken =%10.8f\n\n’,

disp('Table=")
disp(table)

%run neville

g

T

[interpval n table n}=neville(x,f,1.03);

fprintf ('Interpolated value using Neville =%10.8f\n\n’',

interpval_n)
disp{'Table of Neville="')
disp{table_n)

%

$Compute the error of Aiken and Neiville

xval=1.03
errorA=abs (interpval-1/xval)
errorN=abs (interpval-1/xval)

Remfls,

»> Untitled2

Interpolated value using Alken =0.37087285

Table=
1.0000
1.1000
1.2000
1.3000
1.4000
1.5000
1.6000
1.7000
1.8000
1.9000
2.0000

Interpolated value using Neville =0.9%7087285

1.0000
0.5%081
0.B333
0.7692
0.7143
0.6667
0.6250
0.5882
0.5556
0.5262
0.5000

~Jable of Neville=

1.0000
1.1000
1.2000
1.3000
1.4000
1.5000
1.6000
1.7000
1.8000
1.8000
2.0000

1.0000
0.9091
0.8333
0.7692
0.7142
0.6667
0.6250
0.5882
0.5556
0.5263
0.5000

1]
0.9727
00,9750
0.5769
0.9786
0.5%B800
0.59813
0.5824
0.9833
0.9842
0.5850

.9727
. 9621
.9423
L9176
B930S
.B6RS
.8346
. 8072
. 7807
09,7553

(= O — I — I — I — I — I — I}
.

o

o
0.9711
0.9711
D.9714
0.9715
0.9715
0.9716
0.9717
0.9717
0.9718

o

[t}
0.9711
0.9691
0.9632
0.5542
0.9422
0.9282
0.9126
0.8959
0.9786

0,9703
0.9709
0.9710
0.59710
0.9710
0.9710
0.5710
0.9710

0.5709
0.5704
0.5685
0,964%9
0.9596
0.9526
0.9442
0.59345

oo e

o

0.570%
0.59708
0.9709
0.9709
0.9709
0.9709
0.570%

(=2 =N =]

0.5708
06.9707
0.9700
0.9685
0.9660
0.9625
0.557%

[= = R~ B I -~ W= |

[ =T = B = I = i = I = ]

L= — I —

.9709
.9709
.9709
.9709
.9709
.9709

[=2 ~ - I - R -

0.970%
0.9709
0.9709
0.9709
0.9709

[=1 =R~ - R~ ]

0
0.9708%
0.970%
0.9707
0.9704
0.9698

[ — I — I — I I}

0
0.9709
0.9709
0.5709
0.9709

[— N — I — - I ]

0
0.9709
0.9709
0.9708
0.5707

L= = = = = Y = Y = |

0
0.9709
0.9709
0.9709

o0 o0C o000

1]
0.9709
0.9709
0.9708

(== = I = T = R = B = I = ]

0.9709
0.9709

cCoODOoOoOo0oaao

0.9709
0.9709

interpval)

[=Rn =R =ly= - -

0.9709

L= R = R == R = = = R ==

0.970
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Homework 19 and 20 (Thursday, April 19th)

Problem 1. The standard Chebyshev polynomials for k£ = 0,1,2,... are given
by

cos(kcos™'t)  forte[-1,1],
7i(t) = < cosh(kcosh™'¢t) fort > 1, (1)
(—1)*re(—t) for t < —1.
By considering the trigonometric and hyperbolic identities
cos(k £ 1)8 = cos ké cos & F sin kf'sin 4,
cosh(k 4 1)d = cosh kf cosh # = sinh k@ sinh 8,

prove that the Chebyshev polynomials 7,(t) satisfy the three-term recurrence

The1(t) = 2t7(t) = 71 (2) (2)
(for the cases [t| < 1 and |¢| > 1, separately). Then by induction or otherwise, prove
that
1 k k
- T — Vi —
n(t) = 5 [(t+\/t 1) + (t : 1) ] (3)

Problem 2. The polynomial that achieves the minimization

min max |pp{z 4
Pr€lle pe(0)=1 z€[u,b] ]pk( )l { :I

is known to be the shifted and scaled Chebyshev polynomial

n (42 - )

_ b—a b—a
Xk(t) = " (E_EE) 0 (5)
Prove that .
VE-1
e <2 (YE53) Nl ©

Notations are the same as used in class. That is, Il is the set of all polynomials
whose degree is no more than k, e is the error associated with the kth iterate of
CG, and & is the condition number of A. (The majority of the proof of (6) was given
in class. The point of this exercise is to fill in some gaps.)
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"l_ MAT 683 Homework 3

A. Lutoborski. Syracuse University. Fall 2018 A‘N
1. Kincaid #14, p 325 Let p € P,_; be a polynomial that interpolates
flz) = smh__:z:/at any set of n nodes in the interval [—1, 1] assuming that one
Q_f_tilwe_ggl_gi_s 0. Prove that the error satisfies on [—1, 1] the inequality |

n

17() - p@)] < Z11(z)]
——-—v-""""-’.."

2. Suppose f is a function on [0, 3] for which one knows that
] v d

f0)=1, f)=2 fO)=-1, f@)=r@)=0.
(a) Estimate f(2) using Hermite interpolation
(b) Estimate the maximum_possjble errorof ver given in {(a) \f one /5 ?‘
knows, in addition tlla] and | f(z)| € M ¢n [0, 3]. \jl,
3. Maxflat filter. Find a third degree polynomial H(z) which satisfies the
conditions —

H1)=0, H'(1)=0.

H®(0 o<k<p HY0)=
H®(1 0<k<p

where 6(0) = 1, and §(k) = 0 for k # 0.
4. Node polynomial for Chebyshev points. Show that
p(z) = 27" (Th4a(z) — To-a(z)), n=l

is the unique monic polynomial in Py, with zeros at the n + 1 Chebyshev
points z; = cos(ZF), 0 < § < n which are the points at which T,,(z;) = 0.

F Ay ade 5 -

%) 1
£6) 1 0 0
0

a@-ﬂ G]‘) b 0







| r7 Kindegicl #'/M, p\%?é

LL Jx
Bet pe X, be a pa@,mmay Al ?nJIEApGYalLex 30)= mhx ot on y 10 ‘q of m nocles

in e wtel (-4, 17,
ha,&,bummc ﬂql one ej 'tﬁc fnoo\e 2 O

e thal Ahe orror + | 2y) - 'P(ﬂ]

X Resew abod g‘chﬁun,
)an? (’a) qnc\ cguY\ (‘v)

T % e _
bk () = "Te =

”"\X@ 2cwe )\ﬁce ‘if(ﬂ )ﬂ‘ng(l) € C [l Jj
HE)-p®] < \ZD( (5)‘ \(qc 1o \1 0)\ YW R, )\

N mpoath | one oj"w\t moéu M
'l thal i all %) -l € \eb-GD1= Q)

Then [46)-pa)) < Hmn iﬁﬁ
4 Wow cansder \\M -

140 = mox | \ 3O(E) = anax
$e (4] 4e [+

= mox |

et-¢o!
9
A Pr{

4.5

})\,ﬁnﬂ(@\ 1o RO = o]
!

]e+e R<EZI \/iﬁ

_ell+

o) - & ’:‘f___

anin )= coia)
CQ‘& 1)) )ﬂnv\('l)

feoen

;’Mow ae want A PAOVe Phatljn) < Ianila)l dor me (-1, ,L]j (337
ch mﬁ\c% Yo pmve‘u\cl‘ }nn?x@Z'l when 2 € [0, 1]

'Il ’!l

—4_ >O JJ'Q&EO]‘:].

9‘%(1)7,%(0);90;5@'_0 S0 o b 73

*Weﬂ pom (N ond Wand () -
30)-9q)| < H”&D g
?mﬂ\ \—fm\

2

'__.—.———

91\1)

g
[0

) - \‘a”(ﬂ\ T






~9757upf94>e 1% a -functm on LQ O Jor which one Ao Hhat
0= 45 400- 9 N=-1; 404 -0
0 Eplimal 4(2) iy Hamie wnlopdtakin

b7 E simalk ‘Wm MK imum e ]Lﬁ an wen Ah 0y 1P ne Frows

‘ wnom poyiile greov o e anjuer given an oy 1 /

i addhon ,ﬂqfl\e\‘\‘&ol O 1
14

N <N o057
Pojag[nmnio&%{' con aplab -
99. =) {-.: ‘9
7 The [n%nmrojf el -3,
) +_L_%(—19)Bi'0h) e éj{:ﬁ%“ L(‘l) *l'\é%,_;)&”ﬁ)
= 2\0,0(1.) + QP‘W;O(I) - ‘%1—1‘-

('L - 'RAY'
LI.JQ \,\xﬂfe L“
\-—

fx,%i N |
=(q-L __;)1(‘1‘ -
(x 7(1-0 ﬁ_b

‘ '90,1,(ﬂ= l_O,_L(l) — (L_:EI-TT(’_J

Lyg =0 Al =42\ a1y

a7 e {Wa%mn{' o nd
o= © i %, =4 l|

M=k | m =9 |
Then 340 = é’(;o) 1?0,0("«) *;g} j’)‘uo

where

L P U )

P-4
= (x-0) (m—ﬂ 1(91-5)9* ) a(o-1f (1-9)
04 8 /7 g

Yoo = _\_O'O(ﬂ Lﬁ ’\;l:% ('%5“3 . (:0::: V" (%

= (-0 SL -\“)%;O
hdeL O - Ji,_,o(«m R e
s e e Rl i
L4‘.o (W - %[@—3}2 19;1] = i—L@-@)ﬂQﬂ




‘L!O ) Lﬂ,o”"_(;(“))Jrﬂ/f] (24“%)————

21‘0(1) L4 0(’0 ._4 0(%4) gu (1)

‘*ﬂ 1"’) LL-'—— 1- 1)]

:
203 = Bog) + 2 Ryl B

= (=0 OB alpd) ()

9 x 4 — %
a’f(st)" LgEn- /]

Iy
4 % 9 qa 2 9 /E(/
)7 E,&\nmﬁ‘(@ ‘ﬂc MO T pgmh?e erpor oz[\ﬂe anmer gien N 0
? -ie 05[0, 373

MO h) < h o LS.
Theaorem -

& Ko- Yy didnc) wolem .

mo1 g 'm& \“}EC\‘Q‘-.‘I/J_ ) ém‘ _TH'A
o= R Z(m\ L) \

Ren M e Q"“‘ ) e Yeed He ¥, QM\
0 - ) < MO TP ea)t . G m \

(ozm

With om 'PAO\'XHT\ L= Q=0 =L LTINS ol = 2(1\% (L)1)
m =A m= Q’ ml’gb = 4

Ry de CMeo,3)- CTO A, we fane
40)- 4,6 < I_{___& ¥ MES‘) M




Ly, I‘chPa’f —Ja%r‘
@ Find a Mird c\ecpcc Fo%jnomiay A which 71_1\%5’ w Hhe condiion

Ho- 1, #O=0, -0, +(N-0 |
" Frda pG%Jn(mTay H o c\eqxce (Rp-l) whidh nﬁ\ll{m n= Q"P’ 1

m(:;%f?; é(_(g gj ;ZP where |XO)= 4
’ (210 for #40.
T H0)- 3{9 Joc) + @%) Jooa(®) 4 j%_)) Bl 3\[((;;)} p,0)
= 0,0(ﬂ - l’ﬁ"h)i‘(g'ﬁ + % 3%) - Q-}K)Q’( l-t'(L)C)

(8,-1)
b7 With The p)\()\'d?em, we want A0 flﬁc\ ! \’)ﬂvlammm? It ol '\'ﬁ\F&[UQGTQ_f) Two
noe 2, =0 ) Ry = 4t mh/a.g\&

H\k\ - O QF:L T%Qﬂ -~
360 | 4 I HE)- %_mz_ 10 fip &)

=0 ¥-
e O PR RN T (CNVWOES
3(":0(‘\3 ¢ ¢ -_5?\)'0('10* P\MO(

A —
B0 n-gD

“02

K Yaow we wart Ko compite Jﬁomo_ l(ﬂ






%%o’m"y 'm -1)
Fomeg =Ly - f_ B Re(®) =L (1) B o

01|o 0 ﬂ -9
"TN'L
m="-9

aK)oJ&“W\a}k ’m (m %‘ (%u) o ﬂp_

Q‘“)' - i







f

470\1’&“ FOBH“UWLGY oA Cﬂ(h hev oo )
Hhow Mt Ak & (\ @)- | (OS w7 i

Aoﬂlc‘umque Mon, p &\h '\n’.ﬁnft-
¢

Wit 2erc b the e eV pomh, %, = CW)L—) 0<1¢ 7
\\&ucﬂ are Jthe ponts @ which are /R\c ponts, q’( u&t& Ta(1,)=0

* T,0)= Ch T\Cu0098'ﬂ = Coh (1 8)  where ©=oheepr & =0
Then we Rene
9" (T, T, '(ﬂ) - Q—n[ egtbnto)n) -095[@"01]]
= ﬂ( 9) A ((n+l)9+(n—t)9> " (@1)9_(“_;)9) /

-~ _(Q)'ﬂﬂ. ( 3) (6) L
- An (n An
F Then Me dhihen are ~ M ‘
[fﬁn(nﬁ%@ - \:*’“9 = 710 5 [ N C%(B): c%[-d,:[—) y0<5 &7

mb =0 &= {1
[0







Z/C7p7“§

r MAT 683 Homework 3 o
A

. Lutoborski. Syracuse Uni__\_rersity. Fall 2018

SOLUTIONS

1. Kincaid #14, p 325 Let p € P,_; be a polynomial that interpolates
f(x) = sinha at any set of n nodes in the interval [—1, 1] assuming that one
of the nodes is 0. Prove that the error satisfies on [—1,1] the inequality

[f) = ()| S 1)

Solution. sinhx = 3(e™ — ¢~*). Assume that 1o = 0 then

n—1

[F(r) = pl)l < f‘"’ |||H|v—1|

Since f)(x) = sinhx for n even and f)(2) = cash 2 for 7 odd then

|/ ()] € max{sinh1,cosh1} = C = cosh 1 = 1.5431 < 2

on [—1.1]. Hence

1

17(z) = pla)l < S fafer=

andd

) =)l _ ¢
| f{)| - 1'|smh:|
But =2 <1 on [-1.1] and

sinhr —

£ = )l < 2

2. Suppose f is a function on [0, 3] for which one knows that

= f'(3)=o.

HOy=1, f(y=2, f(1)=-1. f(3)

(a) Estimate f(2) using Hermite interpolation

r)u 1

(b) Estimate the maximum possible error of the answer given in (a) if one

knows, in addition that f € C*[0,3] and |f®(2)] < M on [0, 3).

Solution. Let H € P4 be the Hermite interpolation polynomial for the above

data in Newton’s form:

0 1
12 1
12 -1 -2
30 -1 0 2

1 1 =-ud
300 =5 3 -5




2 s O ”
A@)=14+r-22(r-1)+ 51(7 - 1) - %r(r —1)*(x = 3)
49 155 , 49, 5
g 4 —u i@,
12 36 36 36

We have H(2) = & and to estimate the crror we use

18
) (E(r
J(2) = H(w) = e — 1)2(r - )22 6@

5!

3. Maxflat filter. Find a third degree polynomial H{(x) which satisfies the
coudlitions

HO)=1. H(@O =0, HQ)=0. H'(1)=0.

(*) Find a polynomial H of degree 2p — 1 which satisfies
H®0) = §(k), 0<hk<p
H®(1) =0, 0<k<p

where §(0) = 1, and (k) = 0 for k 0.
Solution. An clementary way is to find / in Newton's form

01
01 0
1 0 -1 -1
0 0 1 2

From it
Ha)y=140=0) = 1o =07 +2r(r=-1)=1- 3.2+ 2+

We may also write
H(r) = (1 -0)*(1 4+ 2x).

What is truly amazing is that
-y 2
(E=7)"" =142+ + 0Oz,

so that
Ha)=(1-a)((1 -2+ 00u%) =1+ 0@,

looking at H in this form allows us to check easily that H satisfies the necessary
conditions H(0) = 1 and H'(0) = 0 at 2 = 0. This the key step in the design
of the max-flat filter in signal processing.

2



(*) We have the binomial series

(1—2)- i(p+&—1)k

k=0
Hence
= (pHk—1
(1-2)7"= Z (1 A ),,.k + O(z") = Q(z) + O(z")
k=0
Define |
P-
H(z)=(1-2)"Q(r)=(1-2) pz (7)'!‘]\ - 1) &
k=0
Also

H(z) = (1 - 2)PQ(z) = (1 — 2)"((1 — 1) + O(")) = 1 + O(”)

‘The last formula shows that the interpolation conditions for M at © = 0 are
satisfied. The penultimate formula shows that the interpolation conditions for
H at r =1 are satisfied.

4. Node polynomial for Chebyshev points. Show that
Wx) =27 (T () — Toi(x)), n=>1

is the unique monic polynomial in P,,; with zeros at the n + 1 Chebyshey
points .r; = cos(F), 0 < j < n which are the points at which 7}, (= ;)= 0.
Solution. Clcml) p is monic. We need a trigonometric formula

+8 . a=-p

511
2 2

= =

cosa —cos 8 = —2sin a
Let o = (n+ 1) and 8 = (n — 1)8 where 6§ = arccos . Henee
plx) = 27"(—2sin(nf) sin #))

Clearly p(0) = p(m) = 0. Next we find the roots of sin(nf), 0 < 8 < =.
sin{nf)} = 0 when 6 = £ and k=0,...,n. For k > n one gets @ > 7






MAT 683 Exam 1
A. Lutoborski. Syracuse University. Fall 2018

10 pts) Calculate £° in less than 10 multiplications.

2. (15 pts) Evaluate gfficiently an odd power polynomial

3 n+1
p(z) = a1z + a3z° + ... + agpp T

3. (15 pts) The formula f(N) = N2 for 1 < N < 7 generates the numbers
1,4,9,16,25, 36, 49.

(a) Find a rule g(~N) that will generate the same first seven numbers but
produce 1 as the eight term.

(b) Find a rule h(N) that inserts 44 in the place of 16 and 36 in the first
sequence.

/f (15 pts) Suppose that we want to estimate 1.5! from the values 0! = 1, 1! =
1, 2! =2, 3! = 6. Find the Newton’s formula for cubic Lagrange interpolant
of z! and compute L(1.5).
5. (15 pts) Draw on 3 separate figures of planar Bezier curves

3
o(t) =) peBux(t),  te(0,1]

where By i(t) = (3)t*(1 — t)3>~* with control points p; at the vertices of a unit
square:

(a) b= (O’O)a = (Oa 1) P2 = (1 1}: P3 = (1 0)
(b) o= (010): = (1 1) P2 = 'rO 1:' = (1 O)
() Po = (0,0), py = (0, 1), p» = (1,0), p = (1,1).

Which Bezier curve has a highest mldpomt highest above the z-axis) mid-
point?
/6./(15 pts) (a) Show that the Chebyshev polynomials have the semigroup
property

Tn(Ta(z)) = Tna(z), myn>0

/ﬁﬁ Show that the equation T,,(z) = z has n roots and find them if n = 4.
- (15 pts) Determine p € P3 in

~ _ Jplz) if 0<z<1
“”_{m-xw if 1<z<2.

such that s(0) = 0 and s is a cubic spline in S2(A) on the subdivision A =
[0,1] U [1,2] of the interval [0,2]. Do you get a natural spline?






MAT 683 Homework 4
A. Lutoborski. Syracuse University. Fall 2018

1. Interpolation by translates of absolute value function. (20 pis)
Let zg <1 < ... < 1, be real numbers. Let f;, i =0,...,n be given. Define

o e . + Jo
m-j=-fj’—ff’. 1<j<n mn+1=—mo=f" f
Ty — i Iy — Iy
1, ™m
J+1 J :
a; = 5 0<jij<n

Show that the function S(z) = Z}LU a;|x —x;| interpolates the data fy, . ... f,
at points xq,...,x,.

Solution. We want to show that
S(x;) = f;, i=0,...,m

From the third formula

M
2S8(z) = Z(mH. —my)|z — 5]
7=0
41 7t
= Z mjlr — x| - Zmﬂa‘ - a4l
j=1 7=0

T
= Z mi(le —xio1] = |v — 25} + mag|w — 2, = molr — 2y
i=1
For r = a5 we get

H

25(xg) = Z mj(T-1 — &) + per (T — 2o)

i=1
n

= (fi=i = i)+ (fu + fo)

Ji=1
= Qfo

Similarly we show that 25(x,) = 2f,.
For 0 < i < n we return to the formula

n

25(z) = Z-mj(h' —xja1| = |z = 3]} + mpp|z ~ 2| — mo|z — 24
j=1



and substitute = = r;.

28(x;) = ij(('r Tjo1) — {ri — 1)) + Z ms((25-y — &) = (25 — @)
J=1 J=it+l

+ Mup1(Ts — x;) — mo(a; — ) =

] Tt
= ij(:rj —r) - Z mi{aj = 25-1) + Mg (X0 — 20)

F=i+1
= Z f;—~ Z (f.r - J.‘J]) + mn+l(-7'n — )
j=it+]
= (fz —Jo) = (fa=fi}+(fu + o)
= 2§,
2.Kincaid § 2 p. 374 (10 pts) Prove that if ,, < z < 1,,4; then

Z ¢;BF(r) = Z ci B ()
i=—co i=m-k

Solution. suppBF = [t;,1;y4]. Hence if i > m + L orif i + k+1 < m then
(tmvtm+[) Mn Slll)pBik = @

3.Kincaid § 8 p. 375 (10 pts)

4. Partition of unity (10 pts) Show that

Z Bi(x) =1, @ € (tp,1,)

i==r

Solution. Induction. When r = 0 the formula is true. Assume the formula
holds for r — 1. In order to prove our formula we use the recurrence relation
for B splines.

-— —1 e - r tn r - r
> B(s) )= o BLM D+ DD B+ B )

i=—r f=—r41 ln+r+1 - tn+ 1

The swin on the left side, upon using the recurrence, telescopes giving the
middle sum on the right. The very first and last terms from B, and B] are
lefi as first and third term on the right side. B™;'(x) has suppmt in [t_,, to)
and By 1 («) has support in [f,11, ¢, 4,41] and so both of these functions vanish
on (ty.t,). By the induction hypothesis 3% Bi~Yx) = 1.

f==r41

(B



MAT 683 Exam 1 SOLUTIONS
A. Lutoborski. Syracuse University. Fall 2018

1. (10 pts) Calculate 2 in less than 10 multiplications.

Solution. We can compute z°® in 8 multiplications. To compute y = z5 we
need 3 multiplications: 22, 2!, z%. Next we compute y*! = (y?)%y. For this we
need 5 multiplications: 1 mult to compute y*, 3 mults to compute (y2)® and 1
to compute (y2)3y.

It is easier to get the result in @ multiplications: z°, 2%, 26, x!2, 23z 127 251 755
2. (15 pts) Evaluate efficiently an odd power polynomial

4 2141
p(z) =ar + azz® + ...+ agy "t

Solution. Sct y = 22, then

P(ﬂ') = (( .- (Hzn+1y + Qap- 1)1} P B a0y ﬂ-a)y + al)-l'

3. (15 pts) The formula f(N) = N? for 1 £ N < 7 generates the numbers
1,4,9,16,25, 36, 49.

(a) Find a rule g(N) that will generate the same first seven numbers but
produce 1 as the eight term.

(b) Find a rule A{N) that inserts 44 in the place of 16 and 36 in the first
sequence.

Solution. (a)

(N-1)(N-2)...(N=7)

TN — 2
§(N) = N"+ 5040

(~63)

Hence g(8) = 64 + 2:3(~63) = 1.
(b)

by = 2 4 Y = DY =2 - ?i)gf;\ — 5)(N = 6)(N —7)
(N — 1)(N = 2)(N = 3)(N — 4)(N = 5)(V — 7) .
* —-120 '

- 28

4. (15 pts) Suppose that we want to estimate 1.5! from the values 0! = 1, 1! =
1, 21 =2, 3! = 6. Find the Newton’s formula for cubic Lagrange interpolant
of 2! and compute L(1.5).

Solution. We will use the Newton’s formula for cubic interpolant L(z) of z!.

01
11

221 %
3641314



s

Liry=1+ %.z:(a -1)+ %'L(’L —1){z —-2), L(1.5) =135

This is simpler than evaluating an integral I'(2.5) = 1.3203.
5. (15 pts) Draw on 3 separate figures of planar Bezier curves

3
ct) = ZPkBs,k(f), t € [0,1]
ren

where Byi(t) = (})t¥(1 - +)** with control points py at the vertices of a unit
square:

(a) o= (0‘ 0): &= (0 1) P ( ) Py = (110)
(b) po = (0,0), pr = (1,1). p2 = (0, 1), p3 = (1,0)
(c) po = (0.0}, p1r = (0,1), p2 = (1.0}, ps = (1. 1).
Which Bezier curve has a highest idpoint (highest above the @-axis) wid-

point?
Solution.

pf,” =c(3) = (5,3) in case (a) and (b).
(15 pts) (a) Show that the Chebyshev polynomials have the semigroup
propcrty
Tia(Ta (m) ) =T ng(a), m.n >0
(b) Show that the equation T, () = x has n roots and find them if n = 4.
Solution. (a)

Tn(T5 (7)) = cos(m arccos(cos n arccos x) = cos(mn arccos z) =T ()

(b) Show that the cquation T,(z) = x has n roots in [-1, 1].
Solution. Converting the equation to trigonometric form

cos(nf) — cosf = 0, cost = x, 0<0<qx.
But cosa — cos 8 = —sin %q sin “—;'—i hence the equation is
L n+1)8 . (n-1)8
—231n( ) sit ( ) =0

9 L—

P -



Solving the equation for all 0 < § < 27 we get

27
by = ——k c=0,1,....n
k n+1: A‘ 113 L
~ 27
g, = k,  k=0,1,....n—2
n—1

The solutions we obtained are in [0, 27] but @ is restricted to [0, 7]. However
cos 8 is an even function on [0, 27 with respect to the midpoint 7. This means
that if 6 and a are symmetric with respect to the midpoint 7 and §—7 = —q+5
then cos = cosa. Thercfore we can restrict 8 to [0. 7] to obtain all possible
roots in .

If n is even we have

27
— = ’\ 11 =O.]. 2
GL n+1 r 4y ,TL/
~ 27
o = k, k=0,1....,n/2-1
n-—1
and the n roots of T.(x) = x are 2 = cos i, T = cos Oy
For n odd o
= il Yy fn‘"—' 1 1 2
O = —F, 0.1,...,(n+1)/
="k  r—o1 3)/2
k_n__ls = 11"'!('”'_ )/
7. (15 pts) Determine p € Py in

if 0<a<
s(z) = pr) | ff <z<l1
(2-2a) if 1<a<2

such that s(0) = 0 and s is a cubic spline in §3(A) on the subdivision A =
[0, 1] U [1,2] of the interval [0, 2]. Do you get a natural spline?
Solution. We have to find a p € Py such that

pO)=0, p(1)=1. pP()=s1)==3 p"(1)=s"(1)=6

The above four Hermite interpolation conditions deterinine P uniquely. Let,
p(z) = z(az® + br + ¢) so that p(0) = 0. The remaining three conditions are:

a+b+c=1,
3a+20+¢c=-3
Ja+b=3
which givesa =7, b = —18,¢c=12s0

p(x) = 72* — 1822 + 122,

Since p”(0) = —36 s is not a natural spline.
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MAT 683 Homework 4
A. Lutoborski. Syracuse University. Fall 2018

1. Interpolation by translates of absolute value function. (20 pts)

Let Ty < 21 < ... < z, be real numbers. Let f;, i =0,...,n be given. Define
= . -
mJ=—f’ f“, 1€5<n mn+1=—mo=fn 0
Ij—a,'j_] In —Ip
M4y — My .
a;= =2, 0<jgn

Show that the function S(z) = 3°7_g a;|z — z;| interpolates the data fo, ..., f,
at points zg,...,T,.

2.Kincaid § 2 p. 374 (10 pts)
3.Kincaid || 8 p. 375 (10 pts)

4.Kincaid § 28 p. 376 (10 pts)
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MAT 683 Homework 5
A. Lutoborski. Syracuse University. Fall 2018

Least squares approximation.

3. Gaussian Quadrature Error Estimate. Let Q(f) = E;‘f:ﬂ A; f(z;) be
the Gaussian quadrature on {(—1, 1) with weight w(x) = 1 such that

Q@=[mmm Vp € Parsa.

1

Show that

Pm—[}mm

<4 inf ( sup |f(z)~p(z)])

PEFay1 —1<z<)

2. Approximate z2 in L?(0,1) by a combination of 1,2 and by by a combina-
tion of z1% 2%, Which approximation gives a smaller approximation error?
Explain the reasons. Plot the approximations on the same graph.

3. Least squares regression line from bivariate data. In statistics the
least squares regression line for predicting y from z is given by ¥ = bz + a
where

and

r= i ((z1 = T)(y1 — g) +...+ (:Cm - j)(ym - g))
528y

are respectively the mean, variance and correlation. Show how « and & are

obtained via least squares approximation.
4. (Kincaid p 404,#3)
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fplot (@ (x) x2,[0 1], 'k")

hold on

fplot (@(x) 1/3+3/4*x,[0 1],'x")
hold on

fplot (@(x) (201/103)*(x~100)+(203/104)*(x~101),[0 1],'b")
legend('true x"~2', 'appr by 1,x','appr by x~100, x*101"')
hold off

grid on
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MAT 683 Homework 5
A. Lutoborski. Syracuse University. Fall 2018

Least squares approximation. SOLUTIONS.

1. Gaussian Quadrature Error Estimate. Let Q(f) = Z =0 Aif(z;) be
the Gaussian quadrature on (—1,1) with weight w(z) = 1 such that

1
Q)= f pe)de  Vpe Py,

1

Show that

‘ (f) - /f d$|‘~f4 inf ( sup |f(x) - p(z)])

PEFake1 —1<z<)

Solution. The relevant information about the quadrature @ is that, as for
every Gaussian quadrature, it is exact for all p € IP’QH.I and that its welghts
Ao. - - -, Ay are positive. Since @ is exact for f = 1 then ZJ =12 = f 1da.

‘Q(f)— [ e =.Q(f)—Q(p)- ([ rerae- / oy
<1Q(f) - Q) + U ))dz

SZf\jlf(aa)-p(zj)|+f_ () — pla)] da

1
< sup [f( p(z|Z»\ + sup |f(z)-plz)| [ 1dz
-1<z2<1 =0 -1<z<1 -1
= sup |f(z) - p(z)l(2+2).
-1<z<]

Finally we take the infimum over p € [POL+1 of the right side of the inequality.
As a consequence we have limy_, . Qr(f f f(z) dz because by Weierstrass
theorem limy o lnprpMH SUP_1<re; |f(:1:) ( | = 0.

2. Approximate z? in L*(0,1) by a combination of 1,z and by by a combina-
tion of £'%, 9! Which approximation gives a smaller approximation error?

Explain the reasons. Plot the approximations on the same graph.

Solution. According to the orthogonal projection theorem to find the best
approximation f* = c;¢; + c2¢; to the function f(z) = 22 in both cases:
#1(z) = 1,¢3(z) = z and ¢)(z) = £'%, ¢y(x) = z!" we need to solve the
normal system



Gl el ol = [&aa].

The system in the first case is

ERE 3
This gives ¢; = —} ¢2 =1 and
@)= +a
6

with error

* |12 1
If = £\, = 5 ~ 0.0055556.

The system in the second case is

R B I P al
201 202 1 |73
0 ERS U I PO R
200 203 2 104

This gives ¢; = D9 ¢y = 10T ;g
J(®@) = 5555 2678
with error
4 23532201
- iy = —4——— 2 ().164063.
||f f ||L2[(!,l| 143433680 64

Therefore the approximation with high powers is less effective since they are
‘less linearly independent’.

3. Least squares regression line from bivariate data. In statistics the
least squares regression line for predicting y from z is given by y = br + a
where

b=r-=, a=g— bz,

and

2

;]_I__-Tl+"’+-Tm S-’!_('rl—i')‘l"'”'"!"(xm—i')

m T m ’

(@ =B =D+ ..+ (Tn — T) Y — 7))
538y ’

r=

arc respectively the mean, variance and correlation. Show how a and b are
obtained via least squares approximation.



Solution. Our task is to find an affine function f : R = R, y = f(z) =bz+a
whose graph is close to the data points (zy,%),...,(Tm,¥m}. Denote the
residuals r; = y; — f(z;). In the context of least squares data fitting we want

to minimize ||r||*> =317, 2.
Y1 I R 1
Ya 1 x5 [a
T = = A [ } =y- Ac.
S N
Ym 1 zn

The minimizer ¢ = [a,b]” of ||y — Ac||? is given as the solution of the system
of normal equations:
AT Ac = ATy,

Explicitly the system is

e 24 ] = [2
oz x| |b S|

Since det(ATA) = mY_ z? — (3" 7:)? then the Cramer formulas give us the
solution in terms of the right hand side of the system:

2T Y = DT, Ty po METY =3 T Y v
myai-(Ce)? | myad-(Sa)

We have to assume here that not all z; arc equal or in other words that A is

of full columnn rank.

In order to solve the system in terms of the means, variances and corrclation

we solve the first equation for a:

a=

a=f - br.

This gives us the formula for a that we need. If we substitute the above value
of a in the second equation we obtain

- (Bv) = mz
el —mz®

The question is why b = 73t ?
From the Pythagorean theorem we have:

z|* = mz® = (21 — 2)* + ... + (Tp — %)% = ms?.
Denote e = [1,...,1]7 e R™.
MSeSy T = (‘Tl )(111 - ‘U) +...+ ('Tm - i‘)(ym - ﬂ')
= {z — Ze,y - Je)
= (z,y) + mZTj — myx — mzj
= (z,y) — MmI.



Substituting the above computed quantities in the numerator and denominator
of b we obtain b=r —*

4. (Kincaid p 404 #3) Apprommo.te an even function by af
degree(n Jsing || f|| = f_l |£(z)|?)'/2. Prove that the best approximation is
also evch. Generalize.

Solution. We generallae by taking a pgsitive weight w(z) which is an even
function on (—1,1). L@t¢],¢3, . ’be obtained by Gram-Sclunidt from

1,z,7%,.... We have thal'if j is even (odd) than ¢; is even (odd). This can
be shown by induction from
oi(a) = ¥ — agdo(z) — ... — qp1 1 (2)
where
f_ r*¢, (r)wlx) da
a; = 2, 7
Il (i(a)2w(z) da

(:

)
Suppose the result is true for 7 = 0,...,k — 1 then with w even if k4j is odd
then the numerator is 0. Let p, () = yodo(2) + . . . + Yudhu(2) be the BAP for
f. Then

S, f(@)g5(yw(x) da
J1(@5(r)?w(z) da

If f is even then for 2j — 1 ¢9;_; is odd and v2j—1 = 0 and hence p, is even.

i=



MAT 683 Exam 2
A. Lutoborski. Syracuse University. Fall 2018

1. (20 pts) Suppose that f:[0,1) — R has a continuou derivative on
[0,1]. Show that there is £ € (0, 1) such that

! 1.2 1,
/Orf(ﬂf).d$=§f(§)+ﬁf (&)

Hint: Gauss quadrature on (0, 1) with weight w(z) and nodes xy, ...,z has
1 \

error 1(£) = QUF) = g/ D€ fy P(w)u(e)dz, T1(z) = [ ofa - 2

2. (20 pts) Consider f € L*(R)/and let U C L*(R) be a subspace of even

functions i.e. U = {g € L(R) : g{z) = g(—z)}. Let

@) = 5(7(@) + F(=2)

(a) Show that f, € U.
{(b) Show that
(f=Jeg) =0 forall geU

(c) Explain why
If — fell < minfif - gl
gel

3. (20 pts) Let V be a normed vector space and W_c-V-be a finite dimensional
subspace. Element h* € W i approximant to f € V if ||f — h*| <
Ew(f) =i}fhe), =h||. Show that the set S of best approximants to f € V'

is convex; that is if hy, ho € S then ahy +Bho € Sifa,f>20and a+ S8 =1.
4. (20 pts) Let , 29, ..., Zon4 be distinct pointsin [0,1). For1 < r < 2N+1
put
2N+ .
sinm(z — x;)

T.(z) = —

(z) ]-:-[ sinm(z, — z;)
i#r

(a)} Show that T,.(z), € R is a 1-periodic function on R.

(b) Show that T is an 2N-degree trigonometric polynomial.

(¢) Show that if T'(z) = ngfl ¢, T,(z) then
T(z,) = ¢, 1<r<2N+1

5. (20 pts) Let T(z) = nN=_N the(nz Mmemc polynomial, where
e(z) = exp(i2xz). Let g € Z, ¢.>07a € R. Show that

1&
T (S4a) = T teetnad
qa=0 9 —N«_-’,InSN

gln







MAT 683 Exam 2 SOLUTIONS
A. Lutoborski. Syracuse University. Fall 2018

1. (20 pts) Suppose that f : [0,1] — R has a continuous second derivative on
[0,1]. Show that there is £ € (0,1) such that

1 1. .2 1 .,
‘[oa:f(:c)dx=§f(§)+ﬁf (€)

Hint: Gauss quadrature on (0, 1) with welght w( ) and nodes xp,. ..,z has
error I(f) = Q(f) = mrka FA+2(E) fy M (z)w(z)de, TI(z) = [Thy(z - )2

Solution. We consider the right side of the formu]a as a sum of Gaussian
quadrature with one node and remainder term in the quadrature. We have
w(z) = z. To obtain a Gaussian quadrature with one node we need an or-
thogonal polynomial of degree 1 on (0,1) with weight w. By orthogonalizing
monomials 1 and T we obtain p,(z) = z — 2/3 whose root is 7o = 2/3. To
obtain the weight Ay we need to integrate the cardinal Lagrange interpolating

polynomial lp(z) =1
1
1
= 1-zdz ==
Ag -/0. zdzx 5

Finally the remainder: II{z) = z — %

1 1
fﬂ IP(z)w(z)dz = /ﬂ (= %)23,‘ dp 3_15

So that I(f) — Q(f) = 1/72f®(¢).
2. (20 pts) Consider f € L*(R) and let U C L*(R) be a subspace of even
functions i.e. U = {g € L*(R) : g(z) = g(~=z)}. Let

(A1) 8]

(f(z) + f(-x))

o=

fe(x) =

{a) Show that f, € U.
(b) Show that
(f—fog)=0 forall gelU

(¢) Explain why
If = fell < minllf - gl
gell

Solution.

(f = fur0) /f dx~/°°1f<)()x

-0

= [ 5@ [ Li-alo(-2)dz

—0Q

- [ 5@eas- [ Liw)ay =0

-0 -'m



Since U is a closed subspace in L?(R) then the projection f, of f onto U is the
best approximation of f.

3. (20 pts) Let V be a normed vector space and W C V be a finite dimensional
subspace. Element h* € W is a best approximant to f € V if ||[f — h*| <
Ew(f) = infrew || f — R||. Show that the set S of best approximants to f € V
is convex, that is if A, hy € S then ahy + Bho € Sifa,f=0and a+ 5= 1.
Solution. A function h is the best approximant of f in the subspace W if

If = Bl < inf IIf - gll = Bw(s)

Suppose that hy, ho € W are both best approximants of f and suppose that
ahy + Bhy and o, > 0and o+ 8 = 1. Then

If = (ehy + Bho)ll = l{a + B)f — (ah1 + Bha)ll = lla(f — 1) + B(f — ha)|
<allf = hll+ 8|S — ha| = (e + B)Ew(f) = Ew(/f)

4. (20 pts) Let zy, Zv, . . ., Ton be distinet pointsin [0,1). For 1 < r < 2N+1
put
AN+ .
sinm(z — z;)

THa) = H sinmw(z, — z;)

i=1
J#r

(a) Show that T.(z), = € R is a l-periodic function on R.
(b) Show that T is an 2N-degree trigonometric polynomial.
(c) Show that if T(z) = "M ¢ T,.(z) then

r=1

T(z,) = ¢, 1<r<2N+1

Solution. (a)
sin{m(z + 1 — z;)) = —sin{n(z — z;))

Hence each factor in T,(z) is not 1-periodic, but a product of 2/V such factors
is 1-periodic and hence T,(z + 1) = T;(z).
(b) The sin{wz) function is a trigonometric polynomial of degree 1 because

St () 2 %(e(m) — e(-z/2)

Similarly cos(mz) and hence sin(7(z — z;)) are trigonometric polynomials of
degree 1. Multiplication of two trigonometric polynomials gives a trigonomet-
ric polynomial whose degree is the sum of the degrees of the factors. Therefore
T(z} is a product of 2NV trigonometric polynomials of degree 1 and hence is a
polynomial of degree 2N.

5. (20 pts) Let T'(z) = Zﬁz _n tne(nz) be a trigonometric polynomial, where
e(r) = exp(i2nz). Let g € Z, ¢ > 0, a € R. Show that

q-1
: ZT (E + a) = Z tne(na)
q a=0 q -NSIHSN



Solution. We will use the basic identity about sampling of polynomial e(nz)

S1(4e)= 3 05 e@yetna)
-+ = 4o — le(na
a=0 : n=-N a=lJe 7
= Z tne(na)Ze(E)
n=—N a= q






