7}1 C,.Rapjﬁ\l - Meajure fﬂem«ﬂ _
% "I- 15 YAobquh)rﬂ $paces
’F"{&‘f 1
A PAO\DQ\'M'R\{‘H Apace b a ot P'% (.Q, F, P
whtre o_Q,;,sd - »et Of
-P-:-a B.CIPCJebr‘a of bt of Q= bcl of events).

\ Yo F—[0,]ba it__ln_Ehori /ﬂ[ajf OGNS pAoboHXs\?/A ,
+ Fha Z_aYcL)ebra , IH Fno @comcjﬂmcﬂ M‘J}C{}' Ac Q) sT.
17 Ae Pk Ae P Qe?y »
My T /L\L,/J\gz,....é‘:3 =) _UA'l e clgedwnaer of () G ) |

_;mh /cmmhhh , o i (algo couftidle /l‘ )_P

} g o P——
¢ qb,_Q- eOZ(P’ “Aince Q:jnajmb/oCl‘oj Q omc} ?52 Q%e = |

I_T---AL,AE,_.IG'FO then DAlng "AbeF 5 D\ e F

7} Ae B Ahin A o called ‘f—‘_.,mecmmb{)a .
@on £)pna ,meomm\Xe /sraace )b Kpace Fha

i A'mccmﬂlre o @iﬂf@ co\&ab?m G\CH&\WQ pe@

N P — R b o meanre 14

n P70 A Ae P h(9)-0
Wy An couritohe addifive on ¥ ( Anc lC\Q Yoo = +°

@ R
1_31 Au,Ag,.. ore Mﬁm on £ Hhen ﬂ(gf}; 57“(9
My

0 \When G')'1(93: 1 Hhen Nha p&obab‘m?njra A0ecnIre .e F (,SCWRO\ \:;%h;oo

€ exompiL

Exa
+ Tale ﬁfb%que /rnecvar‘eﬂ on (R, Ig) \'Dore? )m\o}soJ[ Q}TR = ()
Jet i = l;l ot L) Aen IAUY Pciirniza c\~.;s56m} , Dore! algebra an [0}
/WICn ]gz'h = [ A—ﬁ ) Waaa +00= ¢ 00 7‘3\15-01 \
}\-nc\ wcjzowe teo =i ([),@ ﬂ@‘}iﬁ%ﬂ(}\-‘) con\tﬂ'mn“cl o opn X

event b

l on wﬁlcﬂ ne con FMJ[ o e am







’* Reman, -
TiADe ¥, than AGAOD)- ACA)+ JD)-JAOD),

well c\eJ‘meJ when ﬁ(Aﬂ"U): + o0
Howerer AAUD)+ AAOD)= ACA) + ACD) 4k el C\“J“""“I (inchicey 400 -

*T,ﬁcorem Ahd

Bel }’\ hs acm (@,?),/‘H\Gn we have

17 M iy monotone - I’zf AcD g;w/l(}ﬂ < }1(@1. and ﬂ(‘l‘)\}ﬂﬁﬂ(@—/‘l(}\j
\"‘7/4 M Mlch\cmmhd - Ac 91:\1 » MMN< ‘:Zl)l(f\i) ( not Meceary

Ijﬂt,ﬂw,...e o - Fhen f"mg}ﬂ(ﬂﬂ %jo'm%
not neccesrary c\‘np-jom)t

=4 oo
DY A
i:j N ccgtc:m o
W A b conlimios pom "y /‘ﬁme = y @

A@‘ f\l
clisyon
Ii?AL,Ag,._ 2P ,7}/((}3“)-———9/1(}%7

AITA (/1.6, A]CAQ_C---CA) \\2/’(\ = f\) 'K le\cj‘l(ﬂi)= /'I(Aj
1\.9}1 i tominua pom : ‘ A
Ij AuAg e T Cﬁ}\' e j’l(ﬂﬂfﬁ?/ﬂ(}ﬂ
A A biemoao=ohy DN\l LT

%M:‘q A}‘p\
e AU (S A®): A CTNA)
Ve fae ©- A1 ’?7 ACA) € A(D) and /4(b\m=}1(1>)—}1(A).

’ ?A(Dg Y,






AACALC
A As OA:

=1

A D Jucy B Aaher-e P P ]j-yﬁﬁm PO — A

Tt D= Ac /W\cn We ,Vlcwe \@]1) C\ib‘jdm\ cm(]
/‘bl A\Ag ij‘ :
= A N\Ayg, 1= A

ot A ZAUDY- ;«m
wdich implios A (A)- /u(mm 2}%)@%1%0 i

rn-7°° 1= 4

An}}\()\e AroAg 0--2

Lc\ca /smce, We an( !o We Wy we \A.ijf j[0 Cmﬁ\iltc‘\ an
Anmewnc }equence g:l m -

t *}DC'} AL \)[\4 =
EHM | AAA\AQ; 5 ANAL -

flmpoﬂhn\/bep
’)'.\Aooﬁ(\ﬂ-gz\om (G ] Aoojg XALwAi A (\p“ EMAQ

we faue Q\L\AL) /‘\ ()‘\L\A)
by () pANAD D A LA A 0n 3 — 4o ] LD - AR —AA) -

T Tﬁc LHS = AN - A(AD)
ﬂ- " RS = HA)- JI(A)
or J&m(}w AD-ACAD )= AN - AOAD

1509
> M Jin (AN = AN pA) l};ﬁ:}o'lo(m):}l(ﬂ () s done =
4+°° {A0R

#Q@mw&

o A pm\oo\rn I Y meamice A conjtmumtx -I{Aom.
s An emmp?c oifa/mccmre 'tﬁc: @ on\mu(nb% -ywm o;)mve

Conder keborque meamre on (R, ©) , F: Dorel el

l f- A.

Let A EL, +00) = b
Men ALY R PO —4— M)

anC\ /'I(AO +0 /'1(45) o 2 .nd cntimion Y«mm\vove







‘)F :"Aobaﬁ)hhcj[ MCCNFC -

). F— 1041 b a pAdoaleihd Mmeamire -/tj’
A WAN70 ,¥Ae
Y D cauritolle additve o P . 3
I‘g’ )DOL; A?-)"' pﬁrwﬁe C\\lh‘j(‘)m{ eyemenjm cﬂ F ) /an f—‘)—(lg*}[\-t)-'—‘%yu\-t)

iy L(ﬂ) =4

* Emmpye ( Dinoiele_ probaks it /slme)
Lel .Q: (j‘mm/cmmb\ﬁc A‘nj‘mﬂ'e) O\ng, Wz Ms -
= 1N (4o ew‘&) o\p 0y P -—

P - Ad'oa all pmbicdr ap L

Then o ol w9 e O, E P(’“ﬂ Aher ¥AeT ’W;@%_APW) )

TRix b The dinorle pxo\m\hgﬁ‘ JpIQ. :

o A ppecial eax jo W b ax‘m\lﬁ el ,Q:% L2y N
P\-_- % Jﬁv}_ )‘\=l|rﬂ

O o ,w7nm

‘* Er\orn\’er L AR-00,1 F bore?mbxe'\/} 03 COJ:) ) Y- fﬂebmcdue TeawsIe

t Lemma: Lel (0,F,2) be pAoba}h}ln\}i space i
let A,De F
h Ty Ac D, Hhen AWM £AO) BN 2B A

% T-j PAOD) = DA+ D) - 2AND) A%)Cl}—l—w?(hﬂ D) .







% g/“fi@%)% ANCBUTE ﬁlmctm - Lebeg ne /me e
FThe idea exp?cim v&a ere grvdn 5-0?%&0 q@neé?\er} ! A /l .
' ’ SRR [ Exevcme A1 Aanyaneseca
Igr”ﬁwteixt?im “DF Ma 30?6}&'31‘0_ (Oﬂcgatfq(\vra)\%at“zachwc

T
T4 O on arb'i\iar“ sncler vel
0 @4: Dore! & .algehra

Let @ be ony coWec'hun 0 bu\o»eh o @ m{ o
Mhen ﬂceé-ﬂicacbm q)tncjdec' bﬂ A ,o\cno'}eo\ SN Hhe oot 2 algehro

(‘;Oﬁ\vlh A
* )\Ue ex;/n]ga%_i A2) ol. Enclidian sopale
R f) el mecimire
Let @ ) 0 - QR]%)’—"Q’ 0 MEamre ;m& Fha

Ve e SAiefhge Ameaare N on -
17 Fa monc\coﬂahﬁoa oo <Y @ FOOE F(%) F(@:R{TF(O
2 Te0

B vl A FO)= hin FB)
(\&ncﬁn qmﬁ%% F R /?ea‘*\ Sﬁmtjl i ) = %LW L= N

7 E s gt Conimions | 1.€ %ﬂ:\f@ﬂ = FOO) . J/i _ 1} e0

\

% Theoemn 4 1. Let F: 1R —IR .
Apsocigled itk cach Shieltjes meanire ,?wlcre o o @) (onneciahyg)
\

meare g on (R,‘Eb))chn Fhat: fﬂt& f,'?oite oélJ"ch,( ot e
A\-a '(a;b =

dora <bya,belk, ﬁ{(a.b]) < F(H-ﬁ(cﬂ b, 4 bo A ﬂ(ﬂab;]:(mb:l

Y ngen F(l): '}(,} Le}xzcdue meamee /‘ ((Ghbj - b-a

4 Emmp?c c% gﬂeﬂﬁ% mmecmire - F(ﬂs O ,7&(0 —
T E()= |, F()=0 thenft i A, 0 —
IE\GQ 04 heorem 142 : EA"oSfmfn, e Acapin 7} (}’KC‘ o e A,TCJ“ '
v T ,{nuewémﬂ and )\{0591\ cotimuon o R (-————}NH-H;’

' \)U,Vu c\() we Aeqmr‘e X\QF\)( con’fmu'\)w(k? a b
. >(mblm N2

Conﬁc\cr (o.,bw* i“—:] ne Hh 2 Tﬁen (le'fi.“-] .
5 ploybed] o aab] - Flord) Fl) 222 Flo)»>F) j‘ng&iﬁ







3+ Some degimb o exolin 5
e iy A0 KPY the c,eoue 9

i
op£n gn /ﬁc

?2[{"03[ Ahewern 4. 4.0

A tonempy xoltechon & 0} mulosel o Q.
{47 0 gemi qcbra i 10w cloxd ndsr

h

(é‘m.\.ie )(Zn‘,‘(w:)eo_ﬁ-m)
Ij Ae,. Ane D Mhen [ Aive b

W Ae D then A= P\A‘\“{orme Ay, Ane p=

=1

& anleancehon 04 lemerits q P

+ Emrquc )45 (an jm potiant emw‘ﬂe)\ "

i & :&Wm}mq& in R oﬁjwc Jon (cnbj,

A i on

Mmiafihﬁ

where —w<ah €1 2

7/’\ non amp!h(J collethn S 04 DA%
an a?@ebrm ";j A & i cchic\ ander
N8 C)chxo\ unoll‘r

o AU N =
q@@ Ai,. Ane AL 2 g{’\\ e B
Aalﬁa ¢( em!ln)fb Me 4 AC c 4

- %Wmﬁﬁﬂ%ﬁm‘ (AND): (AUB) e P

* Am CA?GQE\')M => an )sem‘\cngq&\@m :
2=

| e a\m{r—mﬁﬁr& A O B8

”\’ The aﬂc}&m gen@\a\lo\ \%a coflechon

et S M
cmka‘mincd o

a®=0ch , I calledtion oﬁmﬂaﬁq@
[le L algghra
a}f ;(u‘:ﬁ (amccvmre on on ayq.bm)
Lt @ 4o on a?qc\om

b AR70= @) ¥AEe A

iy Ty A po < O QEIBED o h(OAD = Z )
VAL € & ()s\rf(e we C\Un,'\ QX\ACILJB § = =4
= ave s wilh ajgﬁbm\

) ﬂ:&‘—"f[O;ooj )7)0! Jme

qmire o ﬂl GXQ@W WJSP g

Aocawiire m Cn a\fcaabm 1

* a&@d (2 .x‘mij{ﬁ

A neamre i on arn

AAL AL e )6\\(,?47‘39@\

\m a mg,é‘m'\\g—‘lgﬁ ,
Am ’:L;Sl) /mc,?l'/ma\ j’l(fvn) L ooy YN

(» 0- UAn
= A

0 QKGH‘Ppﬁ ('R;\seb%%ur@ mecmm) /Bft\:[-n,n:] =) An/‘\’m an

cl /"l(l\ﬂ 4 -ti”

< Lebengue yreamice i 5{\n'i\u






%‘ Lemma 4. 1. &

Let 6&0 ncmumX ]zm A
- ;Q\\ D )Ab,\ Jl“
a,(;%) Y

ch @,U) CQWEC\ Hhe G& CA%“@\&W \'5‘3 53 c\\mom
D& bon aicgt\m ?

4 ?AOO} we need o pi0ve Thal Z inon ale \m ) TP

NTP. ofcyid ncke Aabigy ¢ mt A e 55 > AC
%o&;&c\ "nnc{lr j]fmJ[QA,n:lﬁ

' T}@ﬁ (L.
Let A- UAi  Ave 3 At,t—ﬁﬂalﬂom e e B

e ?mw }D\C Q\(UA) DJD'H e % c % » Ale %
\ Duong () KT o0 Av o Ane B Hhen DM e B
Each Ai- UJDJQ wgere Diye % ancl Dia,y . ’b,l,m are Pdlﬁm?x c]ihfom_t

t%atn AL ) «LU: gjLT)AJ @@(%

@C\ u\;?were C\ € %Gmc\ OA) 1= 10 are Pcur’kue G\\D\)O\ﬁ‘l .

e Z (}’)
(2)

-))fv&’.ﬂ C:lwen f'\ omecvarte c\cgmco\ o mmdo&dﬂ‘m A
Depne i cchmec] on e olglora & b?r

Since Ae % ) A- UAwlor Me & 5 RA)- }4(0}-\) Z )
P c\tb’pm\ P.ijm\ -

o Droem - Ty N well c\e&mcc\?
Lej( AL An e 4 paamm c\wyom 9 'Do " /Rme . .
-

e, - ,'bm e Palrww. chfqomt —(UAJ /1 UAbI.
BA\ U(bm =
b
) Im cont we Conl kr (a,b:] /ﬁﬂ(lf%, ) O( 2
Let (@ v]= (0,910 (0, b ) £ 10 '}L
a, b4 i~

5 Ak = Aobd«Alonb)
FD-Flo)  FUgY -F(a) + Flby) -Flag) = Flby)-Fa) = F(b) -F(ar)






¥ lemma 4.4 5 .

Lejc A \oe x mm'\OXCJO\DWI ‘n(ﬂ agwald& 7)1116 501‘ Mlniafc
e b—s[0,10], }1(@= 0,

N goite addive on 5 (s, A @) ot and(WAie % )JopOA-Z

Oy A, 1A e B ”S S FN ZF00 T gy odbvee on

A::ﬁ'\“ . . Al,ﬁl,Abe-é_
Ty A, AL e B S,,}waé ZHW) pc OA
ACDA‘\ =i
/no); ;\e cenary c\h%jovd

:PhOOJ: ped Aerd : ;de;. . C(m'huol Cll}:]'o‘lﬂt Dn 15 ol W%iﬁ?t are pcﬁrvﬁnsc o\‘vsjémf
/‘\: Q;bl






* Tdear we fne AL on 9 semialab
Q. We  uch | CJL ol : E b |
%m_fo—: a(») algera 7 @G‘n}f%ﬂowﬂ% "

(

Thegrem )14 o

let &% Lok (eor oL " 11:11

e )1% ;_-“-ﬁfmg ) M($)=0 - ‘fth?jcn}\(ﬂ%') ZA
9% (,?c‘} /\4._--,/‘\1\ e ) piruise Auo}o‘rﬂ ’ Q,f\\eﬁ,

LiAyhe,. € 7 ae @"3‘; c’ftn@ ’__,-necoHT) Jedi ¢
od Ui e #, thon, MLOAD 2O

L
/Jﬁ%emi’fl extenhon Jron 9?(@ ich 18 a meamre v (%)
'Ii ﬁﬁ‘ S - 3_‘“‘1’1; Hhan Aa nnique ox Bmon 19 Wheh Jn o meawre on 3(5)

BA)= p{A) Jor Ae B

Apsime ﬁf’l »n «&'\'ﬁi\(’, o\c\c\\*w@ m
2

+Remine Aheorerny 4.4 £ Let F:R—IR &b 0 S,’ﬁqie,\ me cavte 7bhen
A1 pon R B pobhat p ok = F(B) -Flo)
T NKofe Hml'ﬁ F(so)= L ond F(-)=0 )/’l o o pmba\mi% meamre
ce ACR) = I ﬂ(—m,n] bocamw (-nmiP R
;4'@ m“f"
= fin F(m)-F(n) - Fleo)-F(0)= 41-0 1B

N

+ Proop
Recoll ﬁ:w%d’ﬁm o () b,]-f&cm \'ﬁfore
38 masmiolgbra . Depe fi of /Q\raH Jenb) :F(bT)\—F(a)
# CX&&(Q Le‘t AL,-.,Aneﬂa ,pd\r‘w%ﬂ c}w]o'\n’l anc\ \91‘\\ 6/% _
We wanl /4(@)\1): 1\2_}4(,«; )
* hunt Kewe \b?‘“ = (o] {0r alb and eadh A e JoAm (o&l,[ﬁf_\uﬂ\gre&l

Re Joloel z‘h,;‘lgz.. Ao A gam (0,5, ()b -, (0, bad wch Hhat
q"_ =Q ) b,nz b OY\C\ a]ﬂ-:_ bi '-\/;I.-: Z;<_ﬂ






=k I\jow'\n

bﬁ( X Jb ./%(QA'J = Moy

o b0 by LJ " o n y ~ :]

‘ 4/'(/‘\1 ) = Lﬂ (aj,b;) = Z‘_[F(bﬂ' F(CIJ) =
= j=4 )=

= [Flg-Flon 1+ F (b Fla) | + - +LF(b,) - Flew) ]
3 CRec () - . B 5‘_:(@-\:‘601? w . w |
eck(g) It A, € pamg c]vﬂom\ and _‘A| ef Hen /’(‘QAl)‘<iﬂ@})
08 0K

=

jnfm'l

00 €
.Snpi}ht (0] C|9'(Cn.bi] h S'MPPMO <b<+ o (pead dexd Jorﬁjwe 0cpe when a,bon
{ » %(Baﬂe;o. by sight edhmily | 3 870, Flons) -F) <&
a Ao, }md Mj” cumlmuﬁy 0] F) for each 2, Am 70 mch Aol
Flbi+m,)- F(bi) < 5
This A0,bt51< & and bi, by+4,] <&

Oy past (), f(abI= fla,ar 5T+ p(at§, b] <gtplorsy] (©
aM}»o,bH/(aub,MJ=/1(anbi]+ﬂ(bl)b‘+/5,) —

L
¢ ‘ i
<(ab] A b i%_ &)

lm . l r o
\;CUMRGG [GH’S;bJ C (Cl,b,] - U (C’llbi] c G(Q',b‘ f% )
I= = 4 A b
we Mcwe an goen cvver of compacf [mS,’ b:l) »0 There 'a;‘m\ o f\‘nf[e mu\oeo\/er}

N C—,;Q%“” bit i) I

C)E(]J:(cu,b;%’é'.] ;Ij‘rfnﬂc and 90 (a+§,b] CQM

Tien by Reramar 145 1 i e 1 ¥ e
) O exeCie Je ;f;é/‘I (C’l b] éri/f(a'.,bﬁ%gj

ﬂ(a*&b] -
. = ? }1 (Cll ,bng@.:l
5 Sl g) - Z poklre Z 4 Dbl &

=

» S0 b}J I)/?(a;bj < E+/I(a+$,b]< & + 2:/:(5,”)9-,]+ e

we Keue ja?ownﬂwafj (o b] é%ﬂa‘ ) ':" Fe70 Cg(a-,,b.,?
> @b Z Mabid  per(e) obAng o (b] ¢ (ol

on pdlrvmc







é’},ﬂ.};/ﬂm\g Jhat A Ras an ex femsen o wWich & o measre m (IR, é[é))
We need to Aoy :ch{ 2(4)= 8% ql.gé[cwof&n mbl&db & fRi):é(@)
KDuog o equly
7 Suppge. (cnh] e 3, (asbﬂ=“9£ﬁ':b+%j e 2(0)-D |
Thws Bc 2(0) 5 2(Dc a(@) -t - nedpoeths
Y Doe 2(0) < 3(B) 00
We hone evry gpen UecR maco afabfe Anion of Opn Jnme& | U=19§ﬂi:bi)
Ante (Omb;)r g[a;b--j—]—] ) evaw| o il e é’(/ﬂ)
.5

e 2(K)
Thu Ue 200 whidkimfs Ge 2(8) > 2(D)e 200)






A EJEAO\’X’IHX}H C‘iﬁ‘)\\\?ﬁﬁm anc] ABC:Y ,UaEuec) )\an&om DCU&C!H%_
*uwez{ (,mecmwc‘\\a?e j’nncltc“n qé:'/lcmc)cm ,\Jan‘tabge-)_
— led (@8 meamrably ppoce . Let (R, %b/)\&)w? 5,0?6Je\m.
ét\mp 4 (0,F)—> (R, 3) i catfed g Pore] meanalRe -jmﬂc\l_(lﬂ [ xcndom nanio
&L fD)e P ¥De P D) a0, A0n)e DY
+ We )r}\p‘\tcmu w K:.Q—IR or ¥, 2 Jor Aandom A)CVG(JWUS_ |

¥ ',Pxope;\md ( pee Lxomyed. 4.1
WRen (-Q’) na mm Apace) Hhen any RO —> Rk a Aanalom -ba

3 E,\cwﬂq Inc}hca\igq Awuncjﬁm _ e

/%'- (_Q”F)-——? (\Q,Y\‘)) R \ § \.X
A‘_-—-;/}‘A(w)= L )WGA A Q Aoncdm pokGiAe

by ) O, we A

¥ ﬁe{ (0.,F,2) Joa PAobaB\thZ] /RIS ppaCE
let (X (08, —— (R, bé o aomclom poable
an S jnc\mceb Q meakire \Q, cawecl )J[,b o}tﬁhlh’\t’m "fa m{{tng
AD)= 2 x4D)) = P(Ke®) (or Jaw of X )

ﬂ%‘ 619 fjﬂc] }H“" A pa0 bah ALy medsire dn (\R, Qh-)
v 10 “cistaibuion -gnmtm (d.j) of X b
FOO = PR <x) = B(X4(-w, xf])

v Conamce AJMMYA Hal }ub a Pmba\)}m\cfl m (R KD)
I% Di, Dy 1 --ane pacuiie c}\b]timl Q?Cmtn‘]'/soa ™
W\tﬂ%ﬁ*('bﬂ, X)), .are pdtrw;he c\ibjc?\n} Jonerts o F

x-l(:@;b-‘) . gl(x-L(bD) \'ana meamire

"’ﬂ(gibi)-a (e ) - Y(Q‘x"( o)) ¥ ‘._%AJ(X“(D\Q
= 2 }1(7(“(1'31‘)) 3 ]l n C(Mﬁlowc C\C\c\{)'\‘ ve
A







. %Tx\ca‘em 1.0 A Hide (Q"P’))?)
Let X be o janclm snike with d.ﬁ F
Wtﬂ 07 Iﬂ Q<b i?lﬂﬂ Y(@<){<b)_ F(b)'\:(a)

b1 F o Ah ey m R + Remard -

¢ F(-2)- 0, F(«)-= L v Fia 8}1@9%@, mecm\rwe—gnné\ﬁm)

oy F)}J conhimi WA bﬂ Aheorern 1.1 %5

O PN <) . Fx)=din B Al oo R D) podhat slabl-Fo)-f
’ZIT‘L 'ﬂ

D 20k=10) - FE)-Flx-)

Pg;jrz Tese pxopeﬁ\% come pAom clc;i'nﬁ?m o3 Fand Hhe 100} Hal 2 a pwb 1
oy Smice (-0, 0]z (00,070 (o ]

K (b = XM= 0] 0 XL (b))

(XG0 b]) = Y(X"(-w,a]) 1 2(X(vg b])

Fb) = F@) +2@dx<p)
dy Troe e F s mcﬁd contirwan .
We_bave (-0, “ﬁ-J,-n] T (- ‘)L) (B N -0 5
x't(“w:‘l'%\j T X' (-0 %)

2 (o1t N T 2(xemn)) @ Fle-4)T FB)
¥ Remart -
Froa Sjmﬂ‘o,b ANCCYRINe {furﬁlhm h 'Wneorem 112

A1 Ho meamre o (R, D) ,%O‘Wa’f 9(abl= Flb)- Flo)
 TRe dish }1 X dendled by A(D) = ROKUD)) b o probatniih j) necmre n (R, ¥
N oh] %L ’.P(a, Cheb)= FO) - F@)
Wmﬂ 49 /'ﬁ\c pxobah%a [ecmire oMDuaJrec\ wﬁﬁ F (hd T4 Q)







’)f Quéhon:
C‘j‘w(an a Shegen meamire -guncjﬁm F with Fl-w)- 0 , F{=)- L,
b fere aav wih Foas s C\.%q

Nore pm,@‘m?ﬁ ; ahere a PAO}JO}I\EI*H mpace (ibf,?.)wim avikoad 140.5<

* Theorem 1.2 .

Iﬁ F o S}JQM JMEcre f;n‘a\hm
’/ﬁen A Es‘&ie c\'m‘hxbu)nin -junc‘uﬁn Oﬁ same Aanclom waialie N
(Fioee)wilh-aris K mchAhal F0=RIXER). = HERT)
X __PAO_OJ: Let i {mecl .
let 0-(0, 1) ) = Dore! 73“\”& % (0, 1) y = Leb%%ue medgure o (0,)
f S“PW* Fo» C(m%‘mtlmu; cmd E\Mc,?ﬂ A‘nmea?;\n% )
Then FYes a cunh'numus) A‘no\ewimcdl invede  FH(0, 1) — 1.

fDe‘fme lMl:_F“(w) ywe (0,L)  Fllwk<re a ¢ FO)
TRen T(X < ‘L)=]2%we(0,1.), F-tw) < 'u)] - ]7_(5;95(0,1) M < F(I)D

‘ =2(0,F@) = ¥R
Ae, K Sen c\.;{. ¥ ond ,?( » O handom poable

' F{il&}:f\l% ,Y(‘WQ an anvewme ;i-al A’} ‘BC!X }t‘"‘lpl or jYG'I' &Po})s

- wzimd¥ |

|
v I cdenermq ) c\eg}ne

KQw)= pup %) FLI< ‘*’%{, ne (0,1) A'Cj%j:é—k’ pore th

C’RCII'IT\ Eﬂx“n DQ*)I?) C\?WCHAA- ;ﬁhe £0Am (—OO,UI) or (-—Oa, 0':] "
' M RYS 31)
Forc:w')ce\p\', H M e éfg’]: }M% W< F('L
Gven thé , DX <) =Py, 0<mog FaY = FQO
I'r

Lehe que Megkire.

' Piove He Jain-
® Fix K, ?anpp956 M-< F(’L). T/an © % % 11] } F(‘J)OUR






Then L) P Y, FUD </m‘3 d—-gi’ K(ag)
Tho show LHS & RMS
® Now want o ghow RS &LHS
Dnppgie That £ F(2). TJ?{ ,{tca?\},eon}'muﬂz of F, A€ »X, w7 F(iee)
14 - xve, hen FO) < ww
T 2/ e{U) F(D<w W1, s ¢ mupl FOD<xY - c\e,j X(aw)
This ©'= 1+ €< ()

» X(1w)S © . . > R4S < JHS
This e RHSE  mplien Ahat we N 2 RHES < LHEC o we—r

} Engh

ot home alb ) c\epﬁe = \UA

F(): 0 7L a
h I—% asx<b

. w7b o igwe(o,f?
T’ﬁﬁai)sacl.g(_ConmﬁLe «amwyg That X(w)= )b i W&(%,lj

ond #al 1(X.q)- 4 k= 1= 2

* 9@92‘ (c\en}am unc n )

SMppO/& Aal K Kow c\.%_ F, %

G\m\ = 'mea?nl\‘a\'o?cduno\m O\efmec\ mTR ;chn 'ﬂxa\ F(x)=51}(’ﬂ cijf
T?w%m%?cmc\ F%m j\eq&‘g‘ﬁ o Aove c\cn}i\n % -0

4 Woote {00
o o) - A = \%&)c\%

-0







‘*}'/\ . /Ronc\om DCU{M}JPG}B (Cfnemx
Yolly -l
Let (Q,%®) cmc\ (S ﬁ:) ore /meajhvm\v?c Apace
A ¥ mecmralie ﬂun&\?mn o ano\im X (2 F)— (3,0 B XA e FifAe

v S, 5 =(R, %) 9 call X b randem sosiable
' (g’/%) E(an’ @ﬂ) =2 w u oy " ,{9@0%"

: (%,/3) mlcﬂ% be 0 metuc ppuce.., Yhore! }1&,&&)&,_

(ﬂu% o How can we /‘h’ﬂ JlZE O GJW@I X h a Ifimeabmmwe a"unc}fm? .
a\fT%corem .51

)’\}; n fd}m C\Gi) )\\lp@@f ﬁ,c/‘b C'"G' @} =5 )( b0 |9_ WC%III‘UI\?{)C tqu
"Iz\ XHA) e By NoAe Qe

"l? E"ﬂ&" Let (g }S)’(TR “) a- 461?3 (CnD.H

’1‘ xooﬁ Fhe thewem ) Move X~ '(Ade P V/‘\e A \m:lJr F’_.{omwmmb% may
Let hesfreprrtone ™y wevent A- 2 ;’( Cﬁi(j&(&
Dle hrow @, A é‘(&)c G’(ob cp o p=ald)

&) b Now want pme'ﬂfal é(vﬂ O ﬁ Agaces B Aow go{d{ neare: ancha
® Supn Fl’f& NTL e ff‘

ded Koer  tedd ad Ki(p) e B
we fove X+ De) = -{M? %w)e bcs ! 18, X(MGDS Q(q(m) =
Ance "(b)e
@ guppgw Do, Dy, e@l TP UT;‘ 0)4 “r /

%)
NTE U'[‘)\e an(J X '(Ob)e E !
aamw/nn&/ﬁz ayo
x-!( O'bl) = U () e P beccuvx each X"(b)e =
(X000 - ;,w X1 < b1 ao, Kw)ebi Vil UK (B eF

C osicler






2. algghra qmqeﬂ) bﬁx dendd 2(X) dn' even aeed X o mcmra%
*ﬂmg?ﬂim_ﬁﬂmn in (@Y hal gaconp XX (@b, dhe colfeckan op et
NE S 1igebra ot g ddufimmmlcl}&g cgafcqz\_mif/
_an@__ﬂv_\ﬁ_&,_é_ﬁ_lf_aﬁ_ X:Q =—o R/ 1
_ X()= Oy wibod 1) be by = 4 b, O 84,35 1943
_M&]—_Aﬂ_w_m_we_n_ MMMJMMn Ji
C(DIMJL___)(_._Q:L, E.);—LQH&)
phpoe Ae\xi®), bepl
ﬁmj_ue_p A= D) _.
Mo 2¢ = (XADYY = | agy se b°l x'(ne)

pﬁﬁdgﬂ;‘[_ﬁ_ﬂﬂ,_b_e_)bb_mwwﬁam N0t

- X (Q s (97 s o -
ﬂm,ﬂlt_mm Xh), be \_A_a_}ﬁ:}:) 2. )rm o ?9
%L.EISG\[‘XL_% am Wevtorn A, fl_
5 (0,F)] (mn “R.D)
we_mn_:bf_m Mgl Adl 2(@)=
all (o) - %<0k (oo
(b)) wiagaw t_To-hechXa(Qum P (S8 )in-meamira e
[, ) - <agh ¢ ,g.’c--ujgmemﬂucﬁx_ﬁ?_cﬂxwd}
[ah) -w<adhite '(ﬂ*rbq e [‘?__:‘fiz‘*‘?" LahHse
I COn_even “"Lvs} nf_eo'_‘ﬂoﬁa(i__{ar_a;_b_E.@\.
Mm@ﬁja_ﬂg_,ﬁ_)_wn_@_‘h Iz_mgf_mfp.oa Ahe g0Am
(a0 x (o b xfa, o, ) alll_-e2<a, <hi 4o (ﬂz\cc‘E et )
* EAJEnc]arl el Ao R*= [-o0, +0)

_____ memm%mc&wu@ﬂ_

(a,b) a<b _abeR.
Tod:- De ¥ < PAR <D

A_mqn XA Q. F') > (IR, ) ﬁmc?'n ZLKQi X _h BﬁlﬂnﬂmaM
coﬂcd an mch:ndxcl Acmdom Nwal&







—Aaebeavis=m-Ca £ ) ___

J@@J@@) b @Eﬂm@
ij_gﬁ;g(x X Ky === IR—toandarr e

Y > 2(39)
%erem 1.%.9/ | r
b= m=(Seo) L&rgl‘&-_nmm )z?z_gmcu _M;%:Q — G-
E*@i;_)__&}lm_mmmﬁ ~ R 3(@: §
A9 =G G) s ramira e _\.E@(g_mmm}i__
I-p e G; hen {"(I") =(\YOK)"(r) = ?ﬂ‘f(@\, beaame_ﬁ_gn_aiam_mmm
N~ &P _
Hhemsern_A.5.5 Sl

oLd M)%u@gﬂﬁ@,ﬁxn () ) po Y Q2
O and_so_ 200) = 2(XCw)) 7 wil/ b MmmM Y omeamrable
._Maw LM_zﬂLG_LD_JDLMLQWt
ie. _.Y_((o ) < (ag, b, )x - % (o), )).e__._m*_mﬂ) -0 (g < hi 10
Y’L((a b e x( aﬁb,))_%_m} ()((M),._,_\ﬁmﬁuﬂ) e (o, bx t(ash ))
S | = a0, Xw)eab), X, (e layb,) ]
= Q_,x.;{ (Ch,.bl_) e P
e mﬂ&_&mmdmm}z&_
T_m_;@%m_ﬁ@_mmmmhﬂ_mi fo 2 jo eomealle
«,)eﬂcmmﬁ_&lp_
}L,_‘Ag_,_.,x,‘_am}xﬂ Then ht_ﬁ_ﬂj’__xﬂ_zb__ﬂ_ﬁlﬂclmj_ﬂmaL
ﬂ?mn-r ______ —
Dﬂﬂemje@ﬁjj_wamuu_m_ﬂjl z?’ \R“-———? R (bore? fmeomm))ga
(X, X)_-—)_:ﬂl(“_,_ﬁ\ it tXn
ILM{{TF% - A(Enw Tﬁc.t for - 0"<a(+°0 '%"(— e
%’i(—w,a):{(xL,..,an) A X <m} an op@n;,ojr n 2, feng 1 "

et







‘*_LEMDIILJ Sy

I&D_iﬁi—‘ﬂf&ﬂﬂgﬁte LPM%J_R_»Q&MD_AQMGL& b
Kneedining Ko Bnmp X< pme ¢ hne maybe o

=g Em&,ﬁu) Xt @m:!@a /
WS becawe 2. - 1449 Do X, () elR, fmurgX, (o)
ﬂm@ i) finicy X, (aa)
QG(&JRLLJQ_'TT]MFGQL < = m Blm RJS__Q ;M—f}m‘%‘ e R)
\:E,CQMMP MJ%J%GMMMMJ&, /mp_. g -







1.4 7.l—mJECJMJ1m -
A_pwmi‘;_&_ﬁﬁfdb_ﬂ.a.e_*vﬂ:sﬂ&dm 1ol -Qo?d]} = (O
4 aaar?c. 479 pae s pix| 4 <96)y_-0

Jfﬁepnﬂfm_..ﬁnmﬁe _gunchion_) . .
e O &L_{;uﬁ(l)__
ofie R ’
LAT&P? A(ADL+40

O ﬂ_‘h\llle(D_O}_jylﬂ m‘\fc 41 CiY
+ 33[’p.4_Em‘_,hm‘1?c_-pmctm_qb_Z arly
_ﬁm #_Z':a_ﬁlﬂ ) o N o o

¢ Wemust 'neu]_io chedk :wfﬂ,_y)_ol y we?ﬂ_cled’mco’ "
0 Iy qb_zg Ay, _._;_ZJ:J Al%__\&ewmedﬂd__@ﬂf&_)._ﬁ by (15
Wil e e ferormar:
+ Lemmadgd. Leb dond fare mmlegurchois._, Hen
Apj 4J7fO_dL€_J]Q\m__r¢_dﬂ_z O__._J.\Q__z’f_(bl_\l)_a e ij 4) dﬁly_yd/h .
a1, JolﬂeJ&_jmﬁd - a Tod

m;:._)@;.t.cp )LIH.\P dj . d) A h.
q{ Step 2. 1t(s @j\%@@ no_m__j_ﬁgﬂ, )= —:z(R._@}AL

e _O_m_E““_w&nm_E_e_lg_HtLLE) L 0

l T o), SEEE
gouiﬁﬁw,m 0n. 4 G- o i
=Aﬂfu Ha’\ﬂl \)),nnrrﬂna )y P=0m &~ 437/3?6_15}.

=l







=117 Ml L'fz%“% T ke
@_QRML_IJ j@bm;]@&_,_w;qd_ﬂa.mm _xmzu. OjLoLf_dﬂ_ ___________ —r’mnr\:a,—(ﬁ‘];

@ (dﬁd/n A -dri{\fte a:at—a~

@_iélﬁiﬂm_@fﬂm_@izﬂ@ﬂ@m fhe_sant sche ],
T dey_oust solobish_popabrin o Leclp (nckquet o Jemma ot )

} St 8.8y X Aot b ol (o i)
Dﬂ&“"-—j {&]—s—mrp‘%ﬁd F N meanrale ),BTWHAIU‘T}'MI)?OE

Iﬁauniq\aﬁ _,b-_wfucpa‘co’_h{’m&_l&“tﬂ e B

n__CﬁmL”_L%J&_mdm& __»mugf oi,_iﬂﬂ._[u‘lc q&.c,LLlh b_Ep__c_QL___ o

. —— 4R neamicable |
7){ Biepﬁ;_&mnﬂ_mmmmh& §:X—[-w, 40 ] il;f__}lj_.l_dﬁ_ﬁﬁlw&.&ﬁg 2

Jl‘g.mg“%_}pi et pdﬂJ_;nEfé - Alanfeqralde
Then_Yet 5 $dp = fjf.dﬁ_@ﬂ_jzdja_-_,__ L

' Mobﬁm;7ﬂ$_Lamgmmncm(_lR,jb)Jﬁue_@__S_f_dﬁ%ﬂ:rJ:xL_
o Forony Ee P, depr_{e_._]jcljn__—,_\_gﬂ;“g)_&ﬂ : s e

')r Reawem 44X

_Supp%_i;aml_ﬁm(’lﬁbc&;m_ )
1y .au_o.a._e_jlfun__ j%.dﬂ.?c_o_—i@_?é_%__&ﬂ_ﬂ_jidﬁ_é_._g_%im—_

Uy HWIR,‘STF#TGS-;M. b, =g ae 9 \),}Giﬁ - jrga'/'n

AAT);;&(QMQMMQM——&;—\%Hﬂ}g_{.\ﬂiﬁﬁ__“ |

O







;?_57")_?,{0117(\_1:.679_433. ,JIEK Jint I}.[fAAUZFf:L__.__ L

AT

L ;- Ty

e R b et sy ¥y U dreli=tVe U ¥IT]

g =R in (L veed o be eovex sud )

Ao et iy Anpe b 4(Ane 0=DI)BA 46 +U=D) HH) deLC

r _Facr:

Ij" " 'ﬁlﬁr - ’ﬁ_zuﬂﬂ:f-;hwﬂm%éﬂwjg--E:Q;im_ﬁal"b')*
_____ AL axintn-olonh) ,

ﬂ) _Emmﬁn_.cﬂ_ummx_jwcfm M

T ih g%/ |
27 ~dB(ﬂ= |’Ljr_jur_cmg_p_7jal_ ‘3’ !‘X(MQ-(\M)

37“—-511)__=_(_'L:_C)i_cm1 _CGIRJ/ o at{I0Y %

1732_ N m@o\zﬁﬂﬂf&l ﬁmﬁcuﬂ_m_fﬁ-{bg__ﬂ.:@@:?m;_b)_,ﬂﬁ)f /







Topshenbor, Ty 0<p<q ) Y41 Hhen J11%d p <ros

op_]%_j;m_megmmLJEﬁu_b_:a_llﬂlp_m oamg i p
ll'H <|Liﬂ_q_n $P<‘1<*°°
WP@M*’

Lel O (P—i—C}—i\‘——f-iRm—qﬁ(l)-—-ﬂL *@r 22 Q) m_cove m____
(I m“dﬁ—jﬁgﬁ/ i o {7 g-%—ﬁﬂw—& Htectn

|£AQ_5___T,_WL
To Er__q_Ameoﬂ_makxiO_oFA'_ |41 s> | 141 %dn »&enﬁqlp

*Tﬁﬂm_ﬁ)&@ (:Hﬂfdet.ﬂnﬁqtmﬁﬁd_ o

Hpeetd ’,,—ll—u-{ru ¢ Il I nq P“*“&‘IWI—HT]T%TIF—

L g meancable) (Bl e Tely ).
‘)F Ewgyk_/{ ﬁ_ﬁ_ﬂngwb{i_anmucﬁ& ”ﬁ_-hcd | g_llZ’lef_“ﬂJIF

létoa







Jm_.&nﬁaﬂmiﬁm____“ o o

AYMQIJS_*(LE,M.MMJXC_ b lace Y %Dmmm)& _

———

_Le}if,-,._fmm_ba_,mmmmbfa_ unchns_, Th Ay 0

' %_—;_aﬁ_n_e_-—— ) + 4 = O
L -

' %“_.,% 0 mean e <= Y e 70 ) /bl(f'n’ H’m(l)—;}m‘\?es — O (1n Plo\n]

' i“i%_AD_LEMm,&_M,;ﬂ'PMi o

Wﬂ.&n_mmuﬂﬂ. SaﬁﬁﬁLa —-_7_57‘1;'[1_ ! =

E}\_.mﬂg_gc:_efm ider () _?Z))_’_}];_Lebeagur_mmwe

N s ae
%-‘i-'-- /”[ e \) Aa(L):—iﬁl‘e_l[R—ingﬂigi(}):_’-é@j “%] ES "TI[_—_) z
O G ) AT ) o
O ———et o O oA m— °°
" meen

\_A,Ri k TT\ECID&_-}“#_ . R
% Fadb:. | -
%.ﬁ_@meIﬂj_.m_%%_i !ﬁ a.e ﬁen——#’fw%r
Dobabi Yty

M;_:_ﬂd_ﬁi{i_,Jmﬁm%ml)_ Hhen pE9Y:0

n-9%0

a I » =7 ZE_DJW n

' ‘%’/llﬂ

- /N0 *E_n',.c*Em__

WLDALE’E)E__@_,.@DJLMLLM@&O_,__%——?I‘P AD_Theakice

Wi E_“ﬂ_:'._En__,AU_Em_ -2 00 - —

_d_zm‘;e hia a flnﬂ&m\b:f_m?r%—}jﬁ“ v

by sl e €] cnd JRoiled aCE)=20. 2 acaunin qoad ), E]







(X F }‘)“’7 (E, FDIE /'IE3 r can betaten in X ukire =
*ﬂm@ﬁﬁiﬁmm&‘m&%ﬁdamm) : (Rl ok [0

ot B }ze_ucgmuxﬂn_me EYC 4 _.%__E <x))
Ty dey—be meameatle uochons 4 4 - 0.n E @_}_ﬂmﬂdﬁ%ﬁﬂ_

AN wdlal gl VacE ¥a=ie, |

meame Q.e . o
/
- - /
_Emum:_\&%ﬂﬁ_j_m\cq\ab& 9

Rﬂmkﬂ__ﬂrﬂ: ‘11__ﬂ_ r@j—- q }MJD{GCPOMLC)W’%G{L ewﬁ
C ,d__._’l:=074 z g .

meari By, 07 PO Kemam iigpold

+Po0p: Eic 850, ade_ 1)< Hae e ) n, 07 18]} 14,6)-40)
Af al46)1> A5 )< A {106

o 1§ 'L,.Ij(ﬁll\‘lﬁ_?];_.o_p_c&}"_ﬁ 0

Lt $40, a1z nss L2 o 002 My

?7__/&(_§_'L;_]jl(xlllﬂ_5.);0

[di= S ] < Jraendh o igendn +) 14t
o , Hofe  Bellse
<|andr 5 S < onpfibtivelte pfif-ticel
Hetre —fence—= M Al -lizel e e hice)
?ﬂhtf&j_&&ﬂ_‘-_jﬂj‘}n! <Qte Jg/ﬁ\?j — O

o Aothda = {4d)
"> | v







AR gundimsace mewnrabie
‘JLTﬁamm_sz_q_Emium.ﬂmm

Ij ‘iﬁ % 3 JoN L I ugmmf ffﬂ%&fr@%\*

« Ngte: @ TRa {E.n ,Llﬂ’.cl_me _,E_.lgfﬂ exinte —

—— @_Sﬁbmjr_aneauu,?nh < tan_fobd
& Dok sde _quafimﬁ_mmb&
@ ﬂnhmm_me_ogjﬁ&ﬁ_g_ﬂejﬂ&m@ie.zt&nm;ﬂg r—j'“”#a‘n

My

7L TRewem 4.5 %_( Monghone cmmcpw..ﬁmmn).(h CT 3
lzt_{ mecmmbf&,_%u/.o im%%m ae__then g\ cLaJL 7{ DUL_._..

d |
g @ TRa sidhdlet 4002400, bt ip cme pcla_;mimdz_, LH. A—Qémﬁf

TRearem 1. 5_6_C:Domma'tziim nca_ﬁmzm )__'DC_T_ )
1. _mmmb& ,nﬁ_ io_atite_cpable
@igrﬂ_ﬁ HTJ:% o Jﬁn 1 ?: . j dp.

g (N, g G
0ot %_/In_ﬁloi enongh o ,AE_FYGLL(;*.)_ w’lﬁ_ﬂg} JI <19 L_, ¥

_.___meRm_’hXﬂLe_pomtum_dmmﬂm ( ,ﬁ_,ht_ffualum,,]@ﬁl -







A. 67 EKPQC} EE[ ﬂﬂgiﬁ_(_(lﬂmquy {emlmyoqlmj__ e
-}'LEL(.Q,T—_F.LJ_be_pmb:}mXL

_Amm_m%_«-_malﬁud i \h_ﬂ ﬂuL:?_L
Then we wﬁi&.__Em_SlALLab Lcw__aLEniScrggEﬁpedec agm_ZEquec}a'km

e wifl wale ECKs-A0 __E(K,JL‘\,-— (X dp -

A
jr_imiMMﬁmmhﬁa . -
_ Either bath Xand¥ are ¢ ) or brﬁbnnd_x_@r& Ren_

o, E(X+Y)= E(R) + ELIJ__._ (mh‘ﬂjoo swimo. )

by ElaXtb) = a ED_LL,_iaLheJR_ (a_:&_a_l}_sz E(X) = 42 )
G Iy X2 Y tun EQK) 3z EQD
J Nﬁ&..zgor Lﬁh,\q}zgcjil’_ ,ue_ejﬂmy_m_m = = cm—huikm_cg_qrdec o)
For Xand Y70_( rp»mbﬂ _EX)or F()=+%) n ﬂep&_q_L CuR ﬂma;ﬂuth«
B a5 Tn jXLLO_C._;_ﬂﬂE a&m&._ize_—_i_oi_m Qs
y Oﬂarmﬁ& {mplmLKJthm
dqnne A . 7_(_/L 'n_,w ,_ItﬁebulI:Q_brmnclzcl_r Em(z_]n'}ta’\aﬁ&
Men_ B Y= B, mz_nl ¥o.

N et XX, Yot X and Xt A Xe¥cpmom
Apdy nCT & dmans o b EQeY)=EROLECD)

C

+ Mosbo snequably - e :
]%_l\mﬂ_mldmumm}f&ﬂ@_%_, _ICK}JJ) AEOO} 2 P(\XIM‘ eomaL]
_wpp () _ o

+ Do Lk A-{Xzal B
E80% EOKUL) > Ea ) na EUy)2al(A) - (A< j——mi

- \____./

}q,ﬁ 7/ a“j\ P10 A: &K?a i






T —

s Lot £=1,9.. ﬂz

( ﬂaﬂmml;qgamjﬁ_\_—pmmﬁd_;@mn\b_é EQ&I"K;%O )
1 The_gumt moneabor X b qut ECO

Kk qable (EQ4) feb 42 ECK) o
' JlmMMMMMﬁMMD

+ EaLLVmLE)_ELUS. EX)R) - E)&_tm__(m&de to-tte ) .
,Li:_E.LM <t Mo WER)= £ ((-pnt): E(%2-2 Kpept) -
= EXD) -2 ER)t p? q_EQJ_%“M]EN

¥ Fact o -
ay- VmL[mLt_b)_az_me.K )_Acg_hf:nﬂ(_) dyw

b Ve < (X2) Jmﬁﬁi%,
+ Theorern ( Cﬂa}naﬁeLAne acumi}) =1 LX\_?.LCL EO ‘%—/ arfov neg
AR ?&__Rcm_{mﬂe mean p, <a20: Wm Jﬂ?ﬁ—ﬂ.}}_a) <= o /Yamae
J.Oﬂf_.______ e i e oo
2U-Al7a) = DX A7) € (J@W ¥ v‘?‘%‘;\ S
¥ Theaem L 6.9 (Cha o saables S
&@mfﬁl)&wmﬁz&_._qnm___ _ —
(& M a m_macmnmlzﬂ;mra R

X (D> () 5 a3 skl o B
____EmQﬂmﬂmmqlA“&mmwlﬁgaﬁDmi__m_
Thea (0., PY—E (3, SEE (R 8 i
_______H_—._\_E_}O.?_JQ.&_A&E&_LJDCIMJG&LQW& o (. F)
__ mcml .mhabjﬂwe_ (Tﬁ“lng_ca_(?,jlcﬁ_@& )
T_‘EEIJ&_._E(‘{.(.KD._._..J% a’.}F (e i =

g@mﬁm :

.5 =t







(Optw)
‘}_Emng?c -rfﬂ o oM ped® (8, 3=(RD) ;fﬂ(:)({ E%9)- | xda
Q.&Mpomﬁgxﬂ_mmﬂ\_i_mjhimﬁjfa R

.
—E_(Xf J X e Cl'l - ‘E, J it Bt —-Kju(d'p_

T — .
% meam_X fa Iban p_, p )= JAo0) s g po€ Uy ) e

G014 )

_Kﬁm_dxm]}f_#mmtm__(ﬂ_e_zlﬁ_)(ﬂ._:_._ S

4‘ .Ql.ﬁﬁ%_'_SlCCBthEJ_MH% JJDC(],_(ﬁl.-jﬂl‘_% ..... o) J_ﬂe_ﬂoﬂymmg_j? R
G},anlmdhu» -

F, _Agﬁt&n_zum)_d A (&)__I (he D). ﬂibl_j_zﬂb_dﬂ_‘z{. d
@ Jim L?lﬂim .
Ii,_f_z C; Jlﬁb,,__,.c, EJEL _@)Le_/b___mru_ m‘\e.mun > agume_D_pdirvi chigomt

O L@):_f__(_z______gﬂﬁrm%—%& Ny (X)) = z_c; 7Xe )
o - cﬁﬂzl)__z_&&ﬂ A “‘“’“‘r“ chkﬂ,,,.dﬁ_J_gnM_

6 S @f&wm&-ﬂf’ﬂd@#—;@“&—

Thenly (s) _EL;;“m)_j; ¥

}‘\pp%m;a_nmélme_cmchm_ﬂn_mmj:o_oﬁ_mdm
ﬁh’___LﬂS_,__jfﬂ.(,ﬁ_(Jw)l?z_O_ﬁﬁ_i‘_(Jﬂ)) 30X
S E(3, 0D — EH{(X)
,ﬁjjm_é g_oln —7 \g-&rjh :

@_Edcwim@__%ﬁ_ .f_{_ao_mﬂx_u&re izOHf_Q _____ o e
Apume € RO oo which i Sthe pame oo EC0< = E(4 (m)<+m

2 E(40) = E($100) ~E(#{K) = [#ds - Sga" d ,jfd/l.
; y

(000 = lw'/'







4 Zp Prockd weasre —————

,ammc._am @ p)ond 0y, @e, 1) are Gosimth mmmﬂJapﬂ_

Led 0 O Op = Carags) w0 e Ry dspe Dy
e waat o Salgra Bon_ Q0 cud o 24 ink_meorace 00 Q such Hhat ]

¥he G, Ae Gy 7&,4,_;&#1 LAY A (A)
ﬂet ;‘b LAJ mg_,h%_m_@ 2;5 ( coma’\_m_%z\ednc;ﬂ_%:—)

L()AL = 8CH) “aé%m @t Gy -‘-—bﬂch&lntn_/bme_]'%jﬁﬂm_kﬂq_ G,

v}thmmﬂ,i_(%ﬁmﬂmgtﬁJEm) | YA€l A
There ivo M@i@ meame_fl g {0, ﬂmﬂmgﬂmﬁ A= A (AN
+Yi00f:
Q_Qogan&“)rﬂm.i A ﬂ&%)_ﬂ,[ﬂﬁ__j opall_Ax M@
@ Chedd_cadifions. e A 14
Sed_ﬁ_ﬁm;o%&%__gjuﬂtm&fm_vﬂuﬂmﬂjféﬂm .

% Thewemn 434 ( Fubinisdhewern )
Let @) @, p) and (Q,, G Ay ‘mmm_alzfe_zapaa&_,__ B

Q= 0% Qo F\ Aonaboe
led 4. Q=00 Q, —= IR be ST A

'[gln_,{; f_ZLO__QAa_% _ﬂ‘x__,b{, Axﬁ_q(abfe,
OF! H“"ﬁ“ Fldy Y = J+oi = J( J[‘T(’lpul ) 7‘;1‘#4 )M‘J'D

S SEET R
e, B F P -ngi‘__ﬂ,_/ 0
1k

P
L

¥ Renal - _ gixed gy, 4,0 5 @JMCQKQ
© For ’R-H'ﬂ "i. -m[e_ﬁamm we 'neeoJ g.-idml-—-—-) i[xj;d)cm_n My miaseapl

M&&f_ﬁm&_@_jﬂmﬁ_’m i Yhe_atles







+ Brecin 124 C mﬂo_u_aﬁﬁcb;‘j_l_ﬁ%_miupgb&_&p \H’lofﬂ <t v

Sit0

[’fﬁ 2 Mo i 1“_. 1 WL L9 fur
< CUarn g in_fuh, i‘@qﬂ&@g!\ﬂlﬁ(m\#m )dn{ ) < /Q&EE:]&:ZJJX:I)

alH.m_Q44L@z_szMImHLﬁMLcIWLLqﬁ.M%Mﬁ_p€& s v s
hn_f_e_l__(ﬂx_ﬁl)_,_ﬁ_ﬁ)_appﬁm‘b_% I

“" _.,QqX« _uhm_/_mua _________ T
gﬁﬂ _appﬁiéri\jllr_o_,_,xo.f_)_mppﬁ Yl Onfind o)

’bmg_z‘\lmﬂ_m_b_m_ﬁmite_(}ar_\jﬂ Ahen {41 ol pus pe) <200

So Jj_e__L(}L pfde —— - oo Sue, S
S,D.)flmal_(_) ﬁppﬁm Jco_;j Lmnrﬂnmm_ _Fubinn

v See Aot goujsm‘gﬂ_ 13 j.*.L(ﬂm_C}?i_L, lbw_@_cml@_mﬁ_a !







Chapler 2. Zaw o igm;je ﬂl_urnberfa T )
ﬂg}: j - Tndependence. 0,e7)
oEﬂEnp Aond BT are indepenchnt jp 2(AOD)- DAV IB)
» Tho__tandum _paiaksKand Y are imdsgendert T E—

2heC Ye D)= ke ) KYeD), e C, D

wmwnamt AH&IQ;) A @_Fi?bsjb;
_Aln. ﬂancl_:b_am_mdnpmhn
'ELEISEALIK_.Q.J L

i ) Mn&mmmmﬂ mw amwm___

" Xia-Qeomeafy (@) e@) |7
Y e (200 = ¥
bocame 20, sMeP (XeCle @ [Ye 'D)c Q?) ?;.v_Jme‘ amL_ofz,mlg

‘* Eracix 2.1 Ql
if_evemh.ﬁmd.ilmunc \epesdintFhen poare el o=
(Acamdeip)
 (AS o).
This_tnples everts Acmd-3-ate indigendent &?Ji and Al _ate sndypadn
&u%_l_d_ﬂﬂnd_b.am_mdc_pmchnl' ,.Laxc—Lcd*ﬂiLD bc_)___’j?_(AJ_’l( be)
A= Hae_R(A) - P(AQD) + (KO B )
2 PCAQO) = P(A)- mam—— DAY - T(AY 3(5) = P4~ L(K))-=

AN ﬁg) ngg ia Fowes TG Jl;iﬂ mﬁ i = ELA).}{ EC)A
_A4_b_l pendm__s___[)_m&j?{ﬂ\_m p(_omc\_ln. S — __At = l e

30 < Cond = D) =Phis , M09 eC md A e DY O L

clﬁuLcmML,)LSmd_D Njodb =40y A fol’;‘((g’ |

e DOy e C) P ag, A, (o) eCLI] =fea) q_JLe_CJ:méLO Qi_ﬂ_ A
_ﬂAJ_,.ﬁ GeCTrac 1 I

72U CyApe 0 )= D(AY) g 10 265) - 200, ec)l(»neo) V.






L
__,9_,3 Lf‘j* %che Murriber™ A
F bt 2= —
o Fuerts A Aayo An are ndepndent spe YT e 44, 20AD T\"’?(A‘)
Qﬂuﬁqmem.ﬂﬁ_io_mmyr ,ﬂm ?(ﬂA.\\IT-'lT(:\W—_-J T er
_Rylp Koy Ko ate independen’” s 1’3—‘V’—l"70r d l S
TR berediygr “ﬁl‘ hﬂ*’ﬁ?&h)—

@Cw&c\_hia_@n.,_\ﬂ 0 f 44 I
ﬂMCI%_,(jT&L%L%) Tr Dlue )= 2k, B)_p(0) Plhyehy) LQ)..

- Lwe"b")‘l{‘l\zc ug\) : Do)
L\—,ﬂr—j(—:’rtﬂ—ﬂz%\%—l s
Liﬂb{.bm Maprﬁ;pqm_md@ndmbﬂ_i&eﬁ*,ﬂ,_ﬂm a_&,,_,__n_m,;ﬁjin :mgg
a_V\/_Cmﬂ_!amd_c_ﬂPachm_oaLam_bQ” agr“}g n_m&mdepandﬂ\ngﬁg )Lchﬁ)_

¥ Tedd,oa) 2OOAD =TT

- SRS LASTR 4 TR 17 JRNE BTN

O *_Elamygt_gnppo/x_ﬁani_\b,mLmdapamLﬁ_jﬂL_“ﬂ)_ﬁ_ ' @Zﬁd
W can?;_baﬂ_ﬂai_ﬁﬁ_mclamdiﬁ.cﬂ__ﬁﬁ_ﬁ( (oD)
') ;”cppmcm_

Lot ¥ - Lbe®, 2a08) - AW ICE))
ﬂLn_Q;&/g_(.Ji m_cmMongm_a_Z.ahﬂmﬂ_ﬂ&aLéC@)_cﬂ_
fid cold Aol 2o =206 _¥b e 2(A)

@180 _in_hard Jo do_ sndegndence  dan_nat il wdll” ﬂ?a_LoXa,rhm_AEqummﬁ
tChel g Ou e e ¥ dop BOBee @ e o

TM@L&(MQDQLMJLMML% m%ﬂa,om_mncﬁ‘) 9
T(A0B:) = (M P(Ds)

Qe okl b g b i
mwd&'ﬂL@Mﬁ%@MmﬁMm* ! 3







24 aawc\en)f eoncllns,  or Tn cb dependence : ommer Hhe queatien
\)Uﬂoﬂ tunchcm on cofVechan n_q_a mdﬂpmclmj( eventh

%_Qaﬂhn_b -A T ~ G s CJTC"UF\\& al c?fﬂ;), )Q'(Cf)mﬂ
,k.Dqlm\um

3 |Ac0ﬂ7_&a L@_M_leﬂ&m_zf_@_dn_agcm\_mmiul 1\7«\_':, mfméllw
: )B.H_ﬂl_ﬁ_LLﬂx,O.Aa__@
- £ B
17 T3 Abed  rob HeAbojweA st e X S
5; JL, ___(}E I) ———— R
. ﬁ An ﬁﬁ;\w) n-2 o0 j e A\’nq\gprj A= (l;)fh
0 ﬁ@.ﬂlqnhn_m_ﬁm,

Lﬁomi_sgmﬁtmabﬂ_i mmjn;_beu I Q_mﬂcéﬁmm,mﬂem B
mﬁecm\_o;\ Ef\ec&mc a2 algdhra
.* Tﬁcmm_ﬂ A9 (_]\Lb\’ neel Jw_wtjylun J&L.pmﬁm.LLi)_:DHn{m.L Dhzorern )

_T% Ao T 7_) o=
K a__r\.hli\imfmot em'\amb_ 3
0 —Buﬂaa_in O\Wmc\m :
J Reorem. 2 45
Swpppx Gy, n_m‘_mn\apﬁdﬁ -, ea;ﬂ.@b_»,m:ﬂ,ad;&'m |
2 Q) FlAp:0tedoendendts,
i Facl K G_m#'&
ﬁ,mx_ﬁjﬁé ndkn’l’_%‘ﬂ { peds i 1 ,_mhre_@_m a_JlJm@rm _____
.J._At\_bl 2N, dc X bt s e e
T?\ea_gf,_ e o
bd/_nypnﬂ Ly~ Mmﬁ;ﬁ.ﬁdﬁ
¥ EmaTch_( ’ﬂ wem Q1 Q) i
ElEn=a- _QBY%{QWQXA_OﬁiEL.«Jmm_LMW]l&IR o

doeadrglimthoh calici G
7 Leeoloamh O-W Dorel )at’/jlb ( )= Yb%f) myla’DK ‘ﬂ{'m



—
pa——

O




<

The memﬂ_i.a_MozqﬂJ_%flﬁfmemb 5) ‘ -
My Kgy K (=g 407 : 12X, hjl,,_acejnahpmdm'l —
Mﬂﬂ?liﬁéﬂ.ﬁ.;,%nﬁla = TEP0Ry éjLQs] - _—
2P0 K N (04 F 0 (R, )
Ld_ape_ﬂb.e_aﬂﬁﬁﬂp.ojjﬂz_*mm_@- S AL é i &L ;'D;J;S____
Then ﬁaﬁ,-_m&m@_bm_‘ﬂ-_mﬂcm (W
2{a)= 2K ()

— ...L.QJ_G Qi ®)

. By comnghn, P(K1£2,) o $20) - T 206 €2) © Py, ON-TLR(OY”

3 Theoem 24.%__

©

Qe Qi
% Oy, Og,., G, are_thdepnden everits (onn cpwﬁ?},&i&l@)m_éi&lare
__becanze ead Qi ma _'[Lxd{tﬁm A‘nclz;&nclln’t

M
Let Fi, B\, Fiyma (%.fﬁ_(é?fx\)_.._Iﬁm_qh__arqn_Qrﬂ_ﬁxdi.PCnclmT _
....._Egl_‘_ﬁm_lﬁ - %]m_are {Q&FEIALM_%J&L@EJ 3

o G2t
V=i

T
Piooy Let Gy -(DAc whaeAn e Pro D
Hen Grore Tbgim ¥i=Tra 1 F—=G= 2@ A=l
Cliat: orlamy_ QL ¥ leQIﬁD_T@.ED gl B ___T___ate. .4hd£pcnc[m‘f R
=




.
S

O




¢

* fxom

& Rerind txuﬁothchﬁm_ ¢ He_nest Theare

' ‘km_:QJ(DC) 1 a.; 160 : ,M)_)ﬁnjﬂm Mere. exin]

w&ﬂﬂg{ o didbniien o
jtﬁ.are_@_lmammﬂ&,_

_Ecn Wiere R_KJLL_AQHCM.MIQ}L?K_KLJ_} Xn_ AMQJ( f?\'n ,an /J'tm\' /f'll
7 KJ,._._,JSQ.QLQ..J‘IHJEFHO&F

* Remad X (B2 —— (R, B )
Mo a_mecyaite i ﬂﬁ, ) wilh  Ai(D) = P(Ke D)= PIXD))

Dk QR B M fh ket o _on (R, BT )
=ty Mgy, A9, ancl_)( Cad)e = %y Cus )
». We_need 'l?o_fme_z{glal D )_ZQSE ™)
d) P(RieDa,y .. ‘C\ae_'bﬁ_—_\_ 2(hie DO, ¥ Dre
+ 2R Diy ) Xne D)= Pdug (1, AT )mne_an |
= 1@117CM9,, Ay ) A9 e Dp Dy n D, Y
= @,AJ@ X /hﬂ)_ﬂ}mbaﬂ TILTD)
= A (i)
So we_hicve_ 2K, 1y }s Kn&ﬁ_'n) T_.E/ILLLD: ) (1)
0 LetLjfu( > ,_ancLEeLb_J_;pr_fur 3+_1_7_AJcsﬂiqw ho_(2)
(D9 = = Ky Ky Ore in d&pmdzn’r ]

Randun_satialfes X, 4 g,Mgfmndz nl‘;{%_‘lﬂ;amﬁf . Q@Wadrm
He_nis are_mdzpmdmi" Pmbajlxﬂm
i CGushim q yHgr—nOf m:rmﬁ% ,_Sfb)_ N

_.,Siﬂcm_ﬂ wbgh%JM;ﬁm&m VA% X, uchthat
Kihcn Lo Mi B S
AﬁHMMeMnf S SR, N




©




{Iﬁ o o we do mﬁ i(\;a,vi:?n ofe fncl.erendanjf ,‘}o Aove
ecarem £ 1. _ | |} T — =
SuppgieXa gy Ky o ijﬂ_jn_pm\t)a_' alop.e)
A Mﬁja i
Let 9 ke aw_%_xcm' o segior L,_,.,&)Jm_p L A,Apaa_(l@l;_.%?’ ,
xt%lﬂ_ﬂ%ht_l%wh ]

+ J?LQQJ.;- e

. _.Ld_z?f__.b.e_mlﬁﬁnc&ﬂ_we_ warl_fopoetfal (A= fxexho(A)
/ﬁm; ’_—E(Q}H ,Kﬂ)e M_&G.Ahﬁg_.ﬁ.k\&;'_“ﬂ&ne Aﬂl’_AiAA*#A
e R A =TI MAD » (fest o) (e s A)=(pe-xh YA )

v % now we warit to .Pma‘j%al_u(ﬂgiﬂ,i--_tﬂn)(L, Y Ae )
Let _CQ{E_%_A_Q&JT‘_.)_,{?.(A Y= (et ) [ﬁ)§ _,JJLMIS.KIL%_4 o_show Al
e o
We willow thal D¢ oA bH_ARKMnhchjaﬁa.LOﬂ_h,GL@\mIEtcID__CD_ﬁr'cu;fnmC}_—l'LXlJb m
of Aeol;a_n.cd.?uj\ .Jtﬁen_lrk _alheaem_ "= 3(A) < ot

o Toowwe vl }aﬂm Hhat ot i a_(\/h'EEm
@_Qﬁc_&.@_.e_ 0.8 ;_aﬁccx_lnilﬂ_g-_;ﬂm’_.e ot

® Chedk A, e AAc B Atlen (N\A) e of )ﬂ‘no‘tb (4, )--r_ﬂ') ha mecure
AZCDAAJ::_/U_(_@;,&(A)}%_QI,!J}IG)@;@# ) (A= (pex I OONA)

© Ged Aty e b MAA o 0(A01 5CA)

A= (e x pO(AD T (pex pIAD £ (A
Thentoy T=d thearem, =B e A &




@




)((Q.\F')—_’UR; %) 4 >(IRi%)

Y(9F) — R 1)
-yl;ﬂmm_m__[ ]ﬁfnk .md&['zlndmm_ancﬂ_ﬁpﬂc hin )

A Suprge Xond Y _are Sodepndind sVl X P fow n YRaslowsp
O aplet RJR_—yjﬂmhfz_uml o K_EJQ b e

1, Y e 11(P) Je_(tﬁﬁ_(;})\)ﬁ
l N E‘ ﬂ!]ﬂ,”) H Ei(jl ,Il l ;l_i[:dm) J{?(G]u
/47/0 q2Q

ROcap)s3G@VG60_ubere §,9:R—2Ruandathe & E (00N E@IY
Jmn_ﬂm SOERCHRACEID

—.JJLE:(HQRJK“" and QUM<0 = E (009NNt <0
(%, %2‘ A= AxJ9)— H (RS
Let A be Hhe. %mv_qj( K XD A= puobabilily meamre on (R, 08) |_A=pess

:(?(X_ﬁ) éW)AY‘ﬁ_fm S;Ro\ A —‘]i:)?f‘cl( Jrx 19)=

, ra n\-?l(xn&) /‘ﬂol’x)—(o'}})
8 » Caw ERODNL<E®

b>. Snpp;m 1,920 _'[1).([;! (:BUl_ﬁzzo o
by . E(R(K, m_j) m, ) A0l - 4 j £().9 (4) () (d d) -

e fm) jﬁ?ﬁ;ﬂ{f’g —jef—z(;_mf ‘qrtﬂw(rH
_E o

oIﬁmese mﬁcn_liﬂ_iéﬁ\)_ﬁw Onolmx:_(umliﬁm ;_ﬂm c:ppﬁ aaa]zovg
_EOROGND) = EMECOD E(BON) < 12 f(X, v) e 1t
&)_WQ.Cmn_AzpﬁQL/Ww_g&jg:;mzn.’f ,Lmncpmz.mcmﬁj_pmba_q_ i

oy boMa :
{,..1 F ( .R_(EI_T ))G = \_&_C\(IM‘,‘Q Fabin j.('l_uj)_ﬂ(dl)_ﬂ(dl _);- """ O]
£ ) by he canwt d

Rt Vel



O\




Aheem o  Of30Mda
{ (' 3 |I§_K4¢,ﬂ)&nﬂr_mn (/IIHILHQIIGH).E/S_) MLEI[R&YP I KJJ.L(LEL:‘—.F
S Tea-EQTKD=TTERD  geciod_eor ERAN=ERIEQL)

cﬁzm&o_ﬁgm%;}sre;l_‘_ﬁ_ en 1D v edt

T ZoeSipge 2=8, Ly X, 120 ond =glD=max |4, 03
Therem £ £.h_appliea_por KX, ()= ¥ 30 FOWY). ECK) ECY)

v Ln_cape EQND<+= and FOIY1) <t 0 nﬂd_ae_(_ﬂ;_(ﬂ(_{_)_;__mqgéf',ol\ |

Theaea 248 b apphia_gor $(x)=X, (D= o EQY) = E(X)ELY)

+ _B\APWL_’HQVU..TID/.SL}_.M.E_.PJOML‘ﬁ_._'an.LnELQD__ ) }mhck_ﬁzlk‘«)&n_,_bﬁm_im__ _

4 I\)O'Tb:_.flmj_,t%_e_mm 249
' ECKLKLJJ.E@,LELJ\%)__Z?_I}_EC&).L@_I,- ) — y _

cq ) Kel! 2 XA el (ﬁnq,er )

Condy Suakch £(xN) < W01, UV, 9 xel®]

= PR
@, X-L_e_L‘”g xoet (ualer)

a}k mhmjf"a_mﬂh%_m@mmﬂﬁcmdﬂdﬂhwnZLon F
F_(L.).-':_/l(-oa,. 'L:] )
H o common_to_wints aLE(i’})j’owfclg DI _ﬂ(ciﬂ).-,cl.E(?J_);_:f.(ld).cla,

| _______TJJWJ{JQGJ.)_MJM_:_JJ_(*J) AFty)
R, IR 2 :

Xz

-/
+ Thegem 2410 -G .0 2y
1 tLCLFQ__‘LDOI('.@llaliiEft_w[lf @:@%mﬁhmi,m(}ij@ .lj(‘x"d)clﬁw)
fon¥ze R, POX+Y<2) = [FG-M)AG0)= [ 2(X<z-0)dGw)

=
k

[ ) T = Fle-DMEy)—— |
+ P@j :_E‘Lz.zeu%uﬁa RY— 11 = H‘MIV )T B |
S 1|9L':?_£_(LU = SoR YTz [

{ o
L Apeth_teare 9.4.8 i}
fﬁ%vs 2) = B(ROY)) = A ) Al ) p(dy) -




O




4 Theorem ¢ 19 N.--,Knjndﬂﬂnd@hf}’
« Congicle f‘_}mw&ﬂ 9 ECK N KJ)&?};FE(KL)_ e
o - n(ed_ﬂ_,_ _x_\:ﬁ(hg)_i&i[c_"gm&im_ﬂ(;wz __hﬂh)__becmm_ﬂhﬂ_)il @

D | y MY €7 @ 2<z-Y
M) pl)- ,%JI(_&_Z: T
B ko A A

_ijcd_fn_wa ] e e
—* Recall ;.‘\_Pm};cr}hyl /M(’cmjrwe_/l__on_aﬁ ,__%1’3)_._”2!615._32_;'3_;-2’& e} acfcn&‘l{#__
i}._-‘\?{ De B, _}LC’@-L .j@s)c’m_.__.(__ée bercpue. mJe:}cr)___ o

Tp X hes e p, i s 20 D={ g = [A0) g6 de
Y IR

0 ﬁ.@g%éiwﬁmm_f_,jﬁm I

o/ buel meancalee B R —= R puch thal. Jﬂen_ﬁ(ui(&)ﬁ £6) 40)dz.
15420 e ) f

{( ,u;. EARD)] <4t o0 J ___-J____ %JA/.___F,PMHWW

ain..'faquggj. , "ﬂ( .’L)?. J‘L(‘L).cl 1= dF(2)
4 _T.‘n’apme_;or#ﬂtLa.the_Jnﬁqucmg_,‘L;_,.ﬁnw_.fcr 'PL(?QL /”":b

iy lﬂle_ym_ﬂwriﬁ__?mc.. nh

Jll?;hna,;jm*nmne%aljye.__—ﬁ R S

g Aue_on_geanad_J

% __lo_me:maLK_j CJQ_C.lin}ﬂ}]H_,_QL.&J_)ﬂU‘XiL&)_:{LPLMJmﬂJ Z
PRy (2 2] =40 )zl - j’_(l)_cll’_:__-f[l)_ du
g pe ) o 0




o




+ Weoem Q404
! np[nge_]S _Y_c:rﬁ_mclepmalminﬁﬂ_;hﬁdm&lm_j’lmpm andl G_

m }_pz) 2 Lz_ai;z\eg{ﬁm L(L—mmjﬂ‘._

Convotuhdn

*vmw/_a;._\&uan_fo_pm&jﬂq] _Mm_chﬂﬂa;cﬁ_ml ﬂaﬁmip.;xmjﬂal
BOKAY £ 2) E b (1)) - g_w(ll_ﬁ,)%(gﬂ“cwm

0 Dy mcmmm‘t?le(mm _Z=l
() POk1£3)- jf(z_@_a@_m__._g_mm@&cu)@hg mmajlm
2,~00

| LebcM meameaie
B_Lcl&cdut HEMILGMGMYQE(M AnﬂaAan ﬁ,CLm_cBCﬂge_ugAmh%;a_mm_.mhqw/P
focompe |y {1 )H0)

6 ‘fa?L._,_pH ES ST o= 7' -1 _ancJ__ = de
0 U zﬂp(l)%f*q)&J)—%WZﬁhl )
QLLJJTZﬂ)ﬁ‘ﬂum - g)l;(hnq 7 Y30 =) do!

R

o Dud L‘E_bacLo_(_)_,_M_quﬂ

POt ey )&l;u)oh)dem

\ A
= | U6 dern ) dg - | 46NAED g,
"( :OOVR / A




@)

o)




*Su % 8 C]_L?:lﬂﬂ].ﬂ mna_q Ci.n LG ;tlﬂflﬁm_aﬂm’l Eilygﬁ’;

| (f ‘*_&up[px_ﬂ Chm_CiE-/iE o
. Y confininy o
DX+ Y. @L—.@M (z_\@__i_,.( <z 1X=00PKs2)
- f(z I)WX l) -
SRS i S IO ST e
SRR £ T TS
3 &pndim e g o e e % E(IX)). EOYD P_(JILYD mfh
Rondem_saiakles ¥ ond fﬂmmm&kau& f)_ztf _ELZLYJ EﬁgoonCrgEﬁY )

o { umﬂﬂ, weosme EAXIY),_ECIY12) are finile __Aumz_cu ELﬁc_Ex_m_Em) -
hick implen EGXD, EQYD) a&x.}mdc ,nna_hdjiafdmnﬂqua&‘ﬂjﬂmﬂ_nxn uﬂl

@ * Pordd ERV-EM BN _=> HR-EXY-EM0)) -0
E(O=ENC-EY)) = (XY ~f1E0) - X EMN + EX EY)
= E(XY) - ER)EM) =EXIEY) + ER) E(Y)
=B - ER)EM=-0_

I‘ndamdm\' sonclom- mm% e wncoﬁ;ﬁij_ __ __—______




O

<9




( )_>_E.( )Lbﬁ_cﬂbCD_tM ¢4 z(ELLn;c

- *-Ho— =28 -

' I%lm_ﬂip . ‘C_" B e

9_{;\_/}1"_
v

n

4 Queken . . _ _
Lf_E \X,D =50 ,._cﬁan,wg..gemﬁv-ac b cw_mere U __lm} ,s_,a,,.:lﬁa ,_Ai ——--

)“t‘&(

=g
=Y

polm

'}' Theorern -
Let %), %y ,Je.ucl_)uu mchlhad _le_lﬂ ]3( X L>,(_{:J Q

Thensy..p, = {)X )Jfli IT)Z_S} ’Cﬁm_ | ___ e i bk ,?.4%_ .

+_).ammcn_2 d ?-7
For oy 4. \LL;_AFU&_P?O—,_E( )= p.}?(_/_ICU 1 ) de

¥Ndte : o wwxmep?m_witﬂ_ “ f’
_____ + Comman_caie b p= Ly EL\iD_ I(IX_J/ Dy = ( l—ﬁp))o’x

"“"'—%Mﬂ“ﬂ'ﬂ‘?ﬁ‘m—)clx j@ () e F(WDC“”

od W (;)0
Pl ST;P%'?([YI?‘L)_CII‘_@_P__Z/_ﬁ?[(m)ﬂ).C}:‘L_% \{_p.L % l](7'7C
= =1k Clr_
- bu

)

O

o o

e (R(eTp)
[_S o cln = Elad ;ELLY_L) I







@ _&; f- '__1__41___}90 _Lﬂzcj,k_____

. indle EQNI) <4 anbyshin p <L

L/Tllanquyar arry v c WJ,OU\7>

% TReorern 2.9 M,EFOIMLMMLQ 06 )

Letm,ﬁ#u_mldMLHiJ@m 1( XI21) = Q% IZE

o /;n__’_,o

Sl
Iﬁl }ﬂ“ £ E_A'ﬂm“ 'n_’i)
+ Noles.

@.C) R ,Lg_E(lm)q w by JCT

E g 22250 el m)J_E(_‘LJ!iW 5)_u( X,)

@ (). dogo. mt gl _EQK D <00
+ Paoof .

z‘\mmL) %G:EL 0<p«. i‘bﬂm CRogm?O. ﬂlqlﬂci(_ml?c)

E( w*’)..._pJ TR ) de < IL}LH._'J?(I‘L,\ZQ«:EJ |

Q.

Yo

N

o0 »P l'ﬂ-‘f-

5 e <o wre 907l L7p.

o Lot X_%cm_d% ~H(R): J J—TPOCIJ'L—_'JL?/
Then P )= 7 e

en. \(J&,?Luﬂqax_jm_% ) - -
E(X J_j__ax,ambc - [20>0d 1 [reonds - e[

= 8(41’

Lokge | k"

dxr Du " n= ‘P g_x___Cﬁt__J- da

5 %Pog}'z

- [ Jogu=teliga)

= €(H '?08 Paa‘r'“*)ﬁ

Wil meang (%) don_not mean. E(X)< 0

Pl_i do

d



o




-%'— —I-?/l (wLoLn ) -&-,-l‘ -%ﬂ (g‘hog Jew oa/gtucéc mimber)
2.5 Dorel Cante M Lommeag Db, S
Dt D 5 PHpd V¥ 2(D)
jkn@q;dimg,lmﬁ 2 ) o s o
ek Av ) Ao, Ay, Tegine Sitmup A= m@&%@y_ﬁiﬁw

. BV
,Kﬂmpﬁn.a)mrmlmgm%_{dqlﬁﬂ%mmg_q_ﬁm An 5
%Mejnglﬁjﬁf%ma}ln_ iﬁeE‘TluLE. (hlm,o An
4

.e..yahm[aﬁn_r., _“w_e;_qnﬂﬂ N/
. __cﬁogmﬂ,ﬁ-. ,_,tﬂ_e__Am_,._Qr}midm_w_e.l%A’n..,.C.EOQKJR,_ZA,: L,LULL'tRaere

'-—""'

L
ccthue ) pmdace_m, -<‘n&—<’3--<'—'“4—+ /fu_e_Amf__}jar_{’:A,JQ_F.,__,m

MDA € ._1n;jlnMj Ty An

o Noct | =_Alf pJ%H_(A\Q_:,fQLﬂE_JB

aﬂﬁwﬁfﬂm BT

Lf_ﬂﬁm,o /_%Cu);_/l_, hen { 1€ {mioh, ,&p_JL,gMFM_(wJ: Y
I%Jmmup__ll 0020, then_Hhere exints_Io= 001 "‘"J[_ﬂﬂn ()= 0 22V
uBf.c_B;_mmnx_Aﬂ_e__;{/\ua. 5_,&,

(

J/am Js;Ffi n

' 1} _KE_%}.A“_;%LD:_O’_J_K_:;}_OO._.’J_ = /Blhhu,o/q ]
e .______ - N h( Ctwl = (ﬂn‘l‘iﬂlf) ll\n)c
[ P%ﬁ?” PlAnio) o m—eo ¢ A — = g

¥olliming A 005~

Tl T







+ Theaern 28,4 (1% Dorel Canlell forma)

 4,- Mwwﬂm%zmm
( %ﬁéﬂm}étn&_iﬁmu PlAnie)=0

Ldj (i) = ZL_J A_LMSJ 'l’QEQE:ij:)\Le?_J_.COtOOJ_ - _
'bd_ﬁdmng to__Q,LID.,.ELmEM WM_._ B R
E(%)=_E{ (7 I, )= ;’ ELAI_):_é_:’L(Aﬂ < 4.0

E() <4 00 w%mjzum(ifmb_zub_gm'\z_a_b ydie, 2(X<am)= d or PX=too)=
_SA'nI ol= JK + 005

")‘ Theaem_2.%5.5 (STQH@_P@W 03_1%&@&_%03}2(‘ )
Suppgsc . vJM_am_ud_Eil& 14) <+ e0 T?,Jﬂm S _ab

Ij_fl__EDS‘ I
1LPAO®P

© o g3 = 0) {imapfieaals H
CPIQOLC__,__O

9 Lot M,Q_G#R:Hg___LJPI[D)mP) Sulo) ﬂJm <5022,
TXIT\ IP M——ﬂ) @__UT""'/'?W'S"(WD__ /’_____._.._._

@)__Iﬁejae:t' ‘{.)Elmlﬂp ,#__ﬂ )__ J)j__bb_\l/ n_j, Ao

(ﬁ”mh J&L ﬂ‘rﬂa‘hf jlm}mpﬁ’__,}fl _,j_>
’P(/Pﬁ)i'“/’l{ =07) - —
ﬁ%ﬂn—-——» it agisa b poclhal ¥ €50, 2 g2 )

Canlells Yemma Al mpien fpwe —

ﬁﬁm 7)</ Thcams Hhervodd-don 2 |32 1|4
ond w%)ﬁ'@mewnam o) At
)&" Al & e Y N> N —7/9|m1ﬂ1\9]£"—(ﬂ)




“




i)
_Iﬁusﬁmuﬂ ,?_f‘c 10 %Jﬂmﬁmp\ n‘ < {3

/

L, —=§’—~:E(H_—Sﬂ———/l| VA U) =t—=7 »hm/ﬂrpl-—-f')f@,_}_t*‘

' Mnumiueﬂ_pm_/ﬂql_ZIﬁ _) <4 o‘o’/
_ Vo (2 ) i L (Sw) .
:[«:r:lea-_uﬂ_fn.m'})m_f ( ——— 11_)_7 € &ﬁ‘/ 5o . @,\% E
_ AV (k) Elen*)
—TREY nEL

(,,ue nr. = al%) = —!°° noi' CJOOCI)
- ner . N Egn_ —ﬁ) )_______
9%, :P_.(_.E%:/_'l_tzé_)_—g:l( B ze s

2

=
O bet Y= Yo A then Snzmpe 2 Yo, Aed¥harend er)- 0, 0«
o{[5-1)ve) - 1(Bemi>ae) - 2izriywes )< F(f;‘:]

a2
o dee Bllzni)- e[ Znz % 2y, f_‘_r%)m CE(RYIR)
Tger_e_qrﬂ Fu\_ﬂmc[m (ﬁ‘/ mm%_m_‘mvi cabe _Sum ds
@o=3=4={  n oglime (YY) = E(¥)= )
@rs1tfe E(H¥iYeYe)e EOD EMIEMDEW=- O
® Ahsre_arehoo.dihacl_sndlia, m&.omm.&ﬁm the olb_ocun sfine
E(Y«l h Y-?_YX) =

@ﬂem_mlh{a@fﬁm,_@g_&wmﬁmmj ﬂ_oﬁm ,jSmz)s ,

- (f2) -
_E(v")

| ’iimumd_lmm_mjﬁme A
O dhape 3 dubid canL(T_m. évfj@v_w

AIJ C’SJ., ﬂl]
% @ﬁcysc g;thm 1n4 4#7’—2) va : G(n)&fﬂg«g’».

{

—— mm—




e




-+ lXuMm 1 Ao o
ﬂLém_)_ﬁn_E_m_)_)r_&uh_D_E(m B D E(Y) £Co?
—fj\nc, A0, = .

C
W% pive) <5 61,_3_ e KA o

(«

1 2 be) < G E Al

-;lﬂﬁmemﬁ.&@ (fe" d Bored Carell_fomma)
Ly Ay Ao, Qndzéndm%&vmﬁ : R
jj 4_;_]7_0311)_*@0 == P(Anro) =4

I
+ Tiogp B o

Hh 1 everﬂb En g = (or J 1 )_ﬂe__(l}) 1 _E(_r_) (ﬁ_ﬁ@rﬁ LE(J _____
27_'Jbzd a&&ump‘hon il@ﬂn) 190 ¥4, 8

37_4_u_4._e Eﬂﬂ.’ll.l
'}1‘[ j(u) e -4

;f.(u)m_e_i_,_} O__{ (V=0 whin_et-/ 2u-0

9 jﬁl)_w j’fm- L+O = 0O

¢ Recall {Aniod = )Ap ond U:‘\n U {Anioh a m — o0

=1 2=

0 Tf_mjpazo;ln_&m\r_zma]_l( U_A.ﬂ__i_;[ _mﬁ_mw
o X0m )= =) T=(r(iae))
5 _B_AWMMEQLIM° =0, m

nﬁwu&mﬂh.ﬂ#ﬁgﬂami@&dlm ) v O_l% (i)
by-ndndc 3 (g)—/H-v:T—‘%(A—)“FF fm(ﬁﬁ@ Tre=?),

We mee mclftpﬁnolﬂl%F (M) \/ O " n_ﬁ B






Con S2- N\‘FWNHC /‘lj’ E(1%)) <400
-)E'_Heor_m_g e ‘R’ [\\ /pm]zﬁguandm

0O HAMLMMIML{.D@,D‘;LW Mn 2@)(,124] ml i .

O LSpepmsy, TMMM@ C
-F 1}40643

0 E(1Xg) = I@%AL@L‘L@Z.,\M? )+ <
i “;O ’mzsLledJr_go_ ICMLZDLZ_,}?@@%A

Tﬂcmr’/m = N0

\J
’h

S E(XI= 23 Nen)-
© Melawe zmq\zﬂ__é_ 2xa) = 00 gulye
.@\ren"f (— E(JXWD/_IUQ) = i
Jbgc,@m{_(_h(mb_nji.awﬁa_aﬁumkpm chnt

3 Tioe 20, Fin 22 0 0m) -0
O Lf;\__() ___J Em gﬂn(“’) em/:h n R}

_—‘Q* 416*\\/\“‘7“11 J‘U)
,iqu ’PCQ,,')_J__G[LCJ d’or Q/[Y_AALG_Q,bf_ unlxn(w))7 4

' /Umme_fgme TR s iy Foe (h_“a ". ! _ _

S,(8) S, (1) Lw)._._s 08 Y, G0 _ (1] xm(m)

(el GS 1+ | N )(Tl w) (ned)
i S’ﬂLa)___zgﬂQgJ__ ______ SN
) alntl) 6“*.1-) : e e —ee e

e D“Q‘“M/V”S (o) _ )2__9.&1)_{_-. 6__._ —

n(?ﬂ) Con ()
lﬁtnjL__ S“[wJ_gm,Lﬂ)_ — Q,, ( m) | (_ILD_\ J& )
AP nl At /mmmrrlv n (ntt) ﬂimﬂ |; Nty
A
e o fie casioro '/hﬁtéme—ﬁ,_ = .....tac“( /

- 0,0.Q, =7£ 5 Q,c0F bd 2000 ’h&fﬁ ff{%&?mw
Jnce 202,)= L E] t

L B



6}




Slﬁn%echm.g_& eruﬂjf_njmﬁmg__a ﬂucdkvmc){] _0C fomad_
~ -tfmm[fLM\’) = S
@) LeLﬁLf]&%...bdefE(L,_o_)__jﬂ DJ- 5 E(x)=np(x—p),

(Fair coun_ir lossec )
WM%HMHMqMMJmLW&MMMMWL,.
Aﬂﬁ\&ﬁr‘__EQr_aan
?d__?'n_._ Pemdﬁ_ojﬂ_mnﬁ_(;tdm_%‘;w._mcjmg_e} ;T

,ﬂL_qu,_xn X e )ghm e

L9 % 4 5 6.3 Y9

004 4 0 4 A LO__LEJ;LFML,E&,_,;&LLS o
£ 10042 0 4 4 50
£ Jop o Lo j_,l?a%mw_l%%m _20

n-7* Ioun
‘—me—jn-?—‘L—“—{—/’—"-xmi L h-{--{'l—l.
6 S ML S P xﬁ,,_o - __qn(jn}(u)?ajn o
24T SIS SR Y7 N0 5 W I

=
; =(

Weill e kel 4ur_any €20 /ﬁ// szt dy)-

A Z__,(Emlfhe)_joam\ <+ %9 A DL Jﬁm;lg;f;i* < It€ a p

T Z?(f;d: 67,1’03—11) < :

_ ——:—?L/Emlrj}——-— 7i€ g 2
U&Ld alow“tﬁm mlzga j)m______ s ?\'7q(f—n?:(l_57}aﬂna 0

oy
-\7[_an3 é__r_Q&__-c)wv_ _mepﬁ—n_-qfe% - L_._P(Qa_)_=_/ B

‘!,M.J.ﬁuh. Ly ; 71,&-3-.-—.4».__ o
da _—

Rt Oy Mo 9(9)= 4 o "2[( fﬂ_ép_z L
'l}f_m& w—AAtn fim_Lg ) e

?.







A Kow e m@J_L.(Lan(H@).%%ﬂ €+ - S
d@mﬂﬂmﬂﬂ%@@%—fmﬂ’ A 77 Tie -
ngm m, lﬂiél%gmi_(ﬁpaﬁhLﬂqmiﬁiélPaa )

PH.

(] eﬂu&_; \x(w@ o ) fm g}

wﬁd quam’b,__@ ¢ ) Joc n_l__:m Q_-L@iaa n_< M

For n7zn, M)foﬂij__ﬂﬁ)%n_%%.n__m—
M@nlﬂiﬁfogm_) < l@nMLJT-s_Q__(@L ) -
=G 9-(“'57'?03“ Q -(n#e) g

. PE)
T_yptm ZLCL{LJ U_@loa n\ < + Y
ﬁj_bijﬂmm_f( ?nw Jzo%n - ) O ré_mmm}_‘h_pimﬂ_ﬂm"i .
O _____ LCLPJ.OM(’._,«_B.Q} T Ln 7+ él}cz%m A o) =Q J

e de_’m_pAuce_ém B 7 mlfdygvﬁoé % —%ﬁ{ﬁ Vag 1*@%90%“ X ol

"mﬁ
qux.m&_/ﬂm ,_zﬁnpfgx_m_e#.éw (Mlﬂi@) LLEE_A_Q_ _4_1&L\LC111‘}' "’&)_pmle_ ol
—w-!-—n

'Inﬂm!;_,_,lmw /V__AL‘L&:SFA& %@ S_C_%A,ihﬁnj_zut@lﬂ% )

w)s_u‘élﬂg%;)

f w)
Let Wﬂmm%mu&%m Qus_)__
comidr, L, ()= max L&@jgyﬂhﬁuﬁ?__ L

= nmzLLP fml Mbﬁwmuvrf(ml .-r_,_&@uﬂ
< o) V.mox (Au) fo(a0) + 1P <

L}e-émimgﬁ’ggﬂ;Jmﬂ_élﬁgm_L&L | -
<(4—f€7,?oc"nxvmax f(w’) b, ()¢ € R < 'n
<) g} VD bgp - (e







That s, qor oft 0729, (), LTMQJ_LM__;J»"QUD/ CJ%J&. b0 i

—;]t_lﬂm&we_mrd’% pove TC, _I_(__L“ < Q_Ejﬁm n_j o\ 0

Foriny P&Lmﬂ __ELLE),EO%L’\_:L_J - 3
0, =L<U-E ogm < m, < e:)l’o%m i M-t (xf)fog; r@;@yoﬂq;__mﬂ_
De Lne_ﬁ\um&'_'_gff_cm_-jrxﬂ?w«/ ’ ’

T=44,9mh ,_1; AL )_jﬁqnni,_LE___; (£-Dm +1, . fm,h
—~— ) L —__}__Jie_&,ﬁum £ <£’m7j

o m j“ﬂ . [«?\:&mn A0,

Depme_K,, e 10 'tu.iﬁhf.l ~neT

L47_'m,,_1g_m, L Jo af{ el 4 J)aL any K < 2,1

lj Ret_A, - { Lyed, ;fm_aw ) eI,!l 'Hmn_AL,ﬂg. .._C!_G_lndepend.trr'L
ond20)- ()" "

TR y-bnZr-m, o U o (Jut)]un 1 e UA ,_\

Wkem) B {faY)- 2] QA,J*,- 200 T4

l‘-'

p
!

\ A= L A - )
O “U._H)"'} < evcp (z)m“)] L- expg =02 )
. (7€) -
‘*QKP‘J (B -4)m . 6)) (beccuge Qm"?/ N E)J’og“ Q‘P;g |
Covpi—n=l . -(l:m’I [ (=D B
oxpq s m < expj-g {;)Ioﬂm e L___.
( J\nm_%_{m [ ﬁm_'nj 2.) *
| l
\_prd @_‘
% (€)M "~ )
= expS _m® ?
] 2(1—@?;3 |
Then 2(Un<m ) < @ G i,
,(_L“ 4@_%:)20%)“ > < € W___ —_—
- -MN
( 7 Z P L Ly <C H&)/rog ) < Z e R?J—E)P% ;_5'_6 SQ@”L‘}“EM

lf-

Fbr-merfg?O ‘:H\’)H* w2 N B fn 7, QPncm
ﬂmze < 2@&?03)’1 2_ frxd(n) Z";f]— c400.

= N







QA*iMCJ_PC mc%’;?r_'mc % num\jef A
L) d - : =
R ,__q[e;aol,_EﬂM)g:«__eo_,_,hiEfzt)f}__ﬁnl_sﬂ - hawy |
O_ aﬂ{_f_i_£+-..+ﬁ#} O e _— o e /n

} dlepnhon_(Tawnedben ) N
_:I)_qm_( z W,_me{wbyfzj_jmﬂm_jmuunn‘tcmm
| with & o e —
Dejine Tz Yy Yyr t

f}}k Lemma 9 A o

Ty B pag dbon Bandn g .
nae N

1A

T_Ea%_%mm%u % Alse b-Gw
Sﬁma_E(ﬁmD_é- ..ﬂ_l!x,.llt_)_c]:t_LrL.ﬂ\LD_D_qnd_E_ (1%,1).< + o0

Q0 00 ;
S T X, T5% ) <+ %

O_DJ&_E).C’: P(X_g + Yp )D)= 0
..Eo.%m.ﬂg,_ﬂ(_ﬂo)s_i_;ﬁm_e_ﬂmﬁﬂﬁm,f_m) <t gt X,(o)= (), Y P2 i
: _mmdmpane_mu@)_mg}l, o> = y0) 1 X))
) - i A f f= N /v{

A A

e, G0o) Rl L [ww) 1.7
TR Y £ R ol B ®

ol i
| | inde oo gk wipkcs
Tﬁm*wﬂmﬁ—%ﬂ“ﬁ%@i—%@’% JO

1Ruz _[%__E'L,/] Hen g"(‘lf') 92, n

7







%%ﬁm sequna g mnbe ot ke .
ﬂ T* - E(T}/‘\ =@ as ; Ahen % /&—‘”—‘ .

-') o)

_mqqﬂzjwugﬁh mﬁJﬂal E(Te D y
"{‘Eﬂ@*‘"fF:éE“ﬂ ‘fLiE(Hrm—w—) T é_E(x A,

@ 3500 : / WO W S L ewina
/% ElN ﬁx@jf;?f‘ ( ﬂnn, ot L%a,—a hd cop

0 2
i_Sa.,_/nmw_mQ_uﬂnf_}_o_Fuw F( X, j&l*ll‘ J)\ 4
W%E_WM\N )——-—ﬁ E(xl) o Tow % PETF-

(_w_ﬂ_mm NI

L H'm | < IX,}ond QX)) <4 0o

|AL Lommu 9 /1 4 &

_Ecm oy 70, ﬁ;ﬂt&ﬁﬁ%mh{e_mw )

@—*l___ O, i 2 <‘a? reppinily A
4 Bomma 9 4.5 T EOXE) ¢t :mhmg vmq].) Z Vo (1) > e
_i %E;l) S Y mt_vmcm___
_ 7mna_n_.m {i:n! < &, &-

of E(\‘M)Qw - B
L%ﬂ(ﬂ].ﬂﬁ. ACYE. : 0
M@J(ﬁ) {E(n)) < E(F) = 22 HOANEYY IS
ij.i (f(ﬂlbmi‘zﬁqmw&\ -
m_k '{‘Ti\) /’ a 93 l ‘ N } N
[ 260 SN A () Rb)
| A 2 4 <qe0 19 gn
{Jmi_i_,w_ but 2755 <+ i ) =9







[ Eng £70, G]IVEH pame, E(’ﬂ v
il(um,)_ ﬂﬁlj/é E(n)\ = VO ) ) - = fj\/om(

h EN 8,8.{.’1(11) 7. ,61?"(11)-\!
_ Whn——i—Z
ZZ_ T )ch»(h)/ll“q( Y __4—(?)2_

eXr 0, P¥y)
ﬁﬁog,a_ﬁﬂ o, [ <ol Lpo0 A7
qwd—h)—alﬁ? Im_jﬁmuqz% cRed )
LJ“‘“ N EAN -
ndethal fm LoD o P ™) (Qgecf;tg,x )

S ICDI ———
Mo n-? %9 LD(TI’J L'L_\ x Lﬂ"’l

E&cﬁ&mﬁ Lﬂo_%zj_{o_lx_ﬂe bmﬂ?mhnﬂm: MIMGLI_QLJ.?LJ o

I( \Te %(n)——E'(—-ER(’n)) )))__{(10)__&%_) 7 m( < z(-)>

| w ]
;—‘n-fmo—@f‘-l) o nLQm_’Ml (a: RS T (xﬂ)" "'_@Tzoﬁi}l

) e

— — | 4
?_Kﬂn‘.wdﬁcﬂmﬂ' o VAR &%7; < 'j," < =Y { - \% Vaa(%)u— <%
o“’ J=4

_______ s E(’_mma_QQ %
hggb_ﬂ_,jﬂw_ggmi_ﬁ( ) ! “E’FEE'Q. %€ ACLSB jj
e oo T~ ECa) 05 i

'f(n) N300







L, Durelt 104 (Do aot Jwn in)

7 Prove Thal ng Py, ae Lare é-CRCth'Gh Then ﬂIFll »n a &aYcXc\om

0, M e aepft n 2y Yo thow Ahat 1§ e are cj\\\zn a od ) Hhen Hhere 1y @
A= a coﬂecjftdw oi, %u\o).e}(j; 9 Q Aralfest .g,q?oleb

( we catl o the <. a?c(]elom caenCAdTec\ b‘{] A, denokd b‘d 3l &)Con’amm% oA







& Durrel 11.2 (Dongt Jonin)

et 0.-1R
) Fow fhat F i
B ol mbrda o Fhat A or AC b conlabe | ’ﬁ P?;)bcﬁﬁ;ﬁ;%\;m(: .?) .

A0 an e a‘un’( e ond = J N The )oeconc\






ADuprelt 124 (Random_saiakde )

ﬁw@diammﬁmﬂwﬁm@,ﬁ,l)- 1
Ae®

Showfthal ug  2(a0) = | Kl(as) , aee A | _
T( w) e A
i&m_z_anc\meimﬁ;%_"_m_- )
(Tlﬂf:nce_g ul with=the poddem /‘nnm._.ﬁe—_E_am] vie anAdler ._b_&_ﬁb_)_._
Mw.anﬂ:fm__.pmﬂma 2 a_a icnclm_nasable

5 NTL Mot 2L (B) e T, ¥ De B boel algihra

2@ =Yae O 2leDY- 3 me AP, ZG)e DY
s dme A S0ne YY) Lase A, 2 e DY
- ._qbam_o.ﬂ]_m}.};'m.ﬂ.ﬁﬂ B
(nole_Ahat Ae ¥ be o, A ol
=\ HBNAY U Y0 Ash.
= ), 0 R,

cF ef
AT T IN
e~ — —

e P Ane 3. a)lq.\m » L,W mokr conlable anton

‘}’ Durrel1 9.9,
Lt 200 B0
Miﬁm}%}%ﬁmupmcl#?mc_b@@d o227 oy
- | ) -k Y _

(_lﬂmmm_iijz_mzo_,_@ %) e T« Lo”mc[a_é L€

+ o0 R Iy
w@m_zczp,_q)qj__'f_a 2
m N *w LIJ / ,
3 r il

Y
hd_ﬂemﬂu 23,

N 2 1l_ .7 A -
_‘j—ﬁ_(Li;xi)u_qjﬁe_clg_é_ﬁ_i&J&imi; _) -

L (4 AN\ F 4 =
fr i plet € W) <qpif)e
5 00000344 < 2(Z74) £ 00000535

%2 N







PR B Ry 20 = 20x(omiad )

+ Durel 4955 D20 = 2O o) |
_Sﬁmm&ﬁﬁgmwm&mﬁﬂgﬁmgjhm&mf
4 Let D=3« c B Fan docofimou af ¢}y
¥ We w cm“ JJ[.U_ P.LMJ&CLLDJJ"_Q}.MOZL)LMMHMH —

e wﬁ&w%\?@ﬁu@@_

v Wam - xeD K?(\: ‘K,)__?'i
Taoe_dam.__xe D o F i mor cmfintak at % o
2 P(K=2)= P(X<x)- PX<x) -
T R F(’L\,- FEG) 20O . R
o Snce_qeDe PA=0CQ
ﬂ_en_jd'_@‘_:_}_m‘,ﬁ_@_,_?ﬂiﬂ= Afﬁ 20
bQCQ%Lj_KQL)oLL.éji;_:%GQ_. canhx_at mudh_m_elemwoln i Dy, (2)
i _CBQLET)_.:DE_U.-QI——_ (ﬂ

O @aime.@%féj);_ﬂm“ jo_became. D D ¥n . :
@.ﬁm.jlgﬁ_ﬂﬂ
ldreD 57 PR=)Z0 . N .
wdm_v@o_bgl%a\m,ﬂaﬁ_:_% =70 9 el c %];I

Fiom (Dond (2) we Jone thal_Din at most conilable
> F/Bam,g}_mm}_mm]ah%.oh g mEEnI







—r ‘_[e:L ‘kﬂ*ﬁq‘j&if&]ﬂ_ﬂdﬁm&:&. Bl m‘nm )
et 1.2 L (rde ) 3 ()= glas) Yo 2 Jlao)= Amdnla) & g0
A%mh‘hm_@_@;_\ﬂiﬂ?l_é J&mmgjni;_&mﬁhgm@m@zﬁﬁ_'{_&:% ,
- — @WWL?Q%;

Sﬁmjwwdgm,i%ﬂﬂmmb%L@mﬁhinhm. smofliot elons crlausing

Bt

led H=14, 4 in Preancots pnihon ) -
wemﬂtd.ﬁmeﬂaLbﬁiﬂMmd?Mtuﬁhhﬂ!Limﬁ:Lm
Ay exery -a._ej_b_m_péia{wv;z_}@d_%mhp?f_gim‘tmx .

¢

iyt He amolleat o e Ban que_pwpm\m__
Dive’ ). T
4 hme,g_LaLM);%ﬁm._ﬂAﬁ@llrwem +

Vs Al ey secive e _safuen R, we.can_oommneHal Hhose
R&m';:m.m:empdu:m (A'u xﬂmn‘f :

O ﬁfnh&ﬂ,ﬁ(ﬂ,_ﬁiwﬂ%%ﬂlﬁm(m) <ol -

—

c\'u'St;m\ — 2
. = dw, Cu€o¥a=Ln e OA
where| A1) Fj_ar:e_{xﬁmmﬁmqﬁmbed’_uﬁer e G £
& A_m_tt _doe )
 Foroery e, poeal {40 inde puden | ,—

Depie § - 0—R ___._'_fn__ﬂ_(w3 71 )
W2 arﬂ(uﬂ;\_m_; _,_-—%-—_HC&K (‘r;:,[_) )_-;\nu_sm_é_%fr._
_ _L:l_______, FTAIPZ W——

T ATE S R T e

. S g 2

thio_neana §, — £ penlune e

X M.ﬁn]LLhﬂMMﬁﬂmﬂMmﬁm;lﬂmﬁmhwmm
mr&_p]ﬂwmcl_&&mi@n\ﬂm_&mﬁ_ N R
LEJ'_LF.E_:H_}_'%.H‘_%_M ) ﬂﬂl_‘wm_:ﬂ_ﬂ = ¢ = Wﬁ%‘ﬁg@

Dt mnc @, Am'[&?ﬂ 9 G € 'H{ ndir pﬁm\w Bt
SHc -H*.







Mat 721 Problem Set 1, due 1/31

Refer to theorems in Durrctt by number, as in Theorem 2.1.14.

[ R N

. Durrett 1.1.1 — Do not turn in.

. Durrett 1.1.2: Do not turn in.

. Durrett 1.1.5: Let Fy,F2,... be o-algebras of subscts of  such that /y € F, < -+ -,
and let F = U;F;. (i) Prove that F is an algebra. (ii) Give an example to show that
F nbed not be a o-algebra.

. Durrett 1.3.1 Let (2, F) and (S, 8) be measurable spaces, and let X : @ = S. Suppose
A is a collection of subsets of 5 such that o(4) = 8. Prove that X~1{(A) = {{X €
A} : A € A} generates o(X) = {{X € B} : B € 8}.

. Durrett 1.3.9: Let (2, F) bea meé‘s-uragie space. A function ¢ : {2 — R is called simple
if

$(w) = cmla,(w)
m=1

where each ¢, € R and each A,, € F. Show that every F-measurable function f is
the pointwise limit of simple functions. Hint. Define

n2n
k
eSS E 2_nl{k2-“sf<(k+l)2'"}
k=-—nan

Let © be a nonempty set and let A be an algebra of subsets of 2. Let p: A — [0,1]
be a finitely additive measurc on A. Prove that p is a countably additive measure on
A if and only if: for every sequence (A,) of elements of A such that A, | @ asn = oo,
w(A,) L0 asn — oco.

. Let § be a semialgebra of sets. (a) Prove directly that if A,,..., A, € 8 then there
are finitely many B, ..., B, € 8, pairwise disjoint, such that UL, A; = Z;’;l B;. (b)
Supposc that x : 8 — [0, 00] such that (@) = 0 and p is finitely additive on 8. Prove
that p has the monotonicity property: if 4,4;,...,4, € 8 and A C UL, A; then

p(A)Y <30 u(Ag). Hint: UL A; = AU (U};l (A; F]AC)). Use part {a).
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Mat 721 Problem Set 2, due 2/21

Refer to theorems in Durrett by number, as in Theorem 2.1.14.

IS

{For use later in the semester, do not turn in.} Fix v > 0, let z; = 1 and let xq,z3,...
be positive numbers which satisfy

Prove that there is a finite constant C, not depending on +, such that

limsup vne, < Cy

n—oo

The statement of the Monotone Convergence Theorem in the text is really: if (a)
fa(z) 2 0forall z € X, (b) fi(z) £ folz) < ... forall z € X, and (c) lgn fole) =

f(z) for all z € X, then Ii_’m / fodp = / fdu. State and prove from this theorem a

version where the conditions only hold p-a.e.
Durrett 1.5.6 and 1.5.10

Durrett 1.6.8

Durrett 1.7.5

Durrett 2.1.13 and 2.1.14
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Mat 721 Problem Set 1, Problem #4

Durrett 1.3.1: Let (2, F) and (S, 8) be measurable spaces, and let X : & — S. Suppose A is
a collection of subsets of S such that g(.A) = 8. Prove that X~1(A) = {{X € A} : A € A}
generates o(X) = {{X € B} : B € 8}.

Using X~1(8) for ¢(X), the goal is to prove
o(X7(A) = X7(8) (0)
1. Recall (comment after Thm 1.3.1) or check that X ~1(8) is a o-algebra.

2. A C 8 implies X“1(A) ¢ X~(8), which implies o(X~*(A)) C a(X~(8). Since
X~1(8) is a o-algebra, this shows

o(X7'(A)) c X7(8) (1)

3. Define 8 ={Be8: XY(B)eo(X"}A))}. Then8 C 8 and AC 8.
4. Check that 8’ is a g-algebra:

o If C € 8§ then X 1(C) € a(X"1(A)), and since o(X~!(.A4)) is closed under
complements,
(X"HC))* € o(X7H(A)).

Since X~1(C¢) = (X~Y(C))%, this shows C° € §'.

o If Cy,Cs,- -+ € & then X7I(C;) € o(X~!(A)) for each 7, and since o(X !(A)) is
closed under countable unions,

UX~(Co) € o(X™1(A)).
Since X ~1(U;C;) = ;X ~Y(C}), this shows U;C; € 8.
Thus 8’ is a g-algebra.

5. A C & implies ¢(A) C ¢(8'), and therefore that § C 8. By definition of &', this shows
that if B € 8 then X~!(B) € o(X~!(A)), proving

X7H(8) C o(XTH(A)). (2)

6. (1) and (2) imply (0)
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MAT 721, Spring 2019
Exam #1

NAME: —\—}\Qn LQ/ .

\/.I.. Suppose X and Y are random variables on (£2, 7, P) and A € F. Define

X (w) forweAd
Z(w)_{Y(w) forwgA

Prove that Z is a random variable.
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2. Let , P) be a probability space, let A be a 7-system that contains £} and let H be a collection
of geal-valued)functions satisfying:

(a) If A€ A then 14 € H. ge (aerlEC\C"‘D

(b) If f,g € H then f + g and ¢f € H for all real numbers c. =2 9 'j %6’ _H_

(c) If f1, fa, - € F,0< fy £ fa..., and for a bounded function f, fr T f as n — oo, then f € H.
letG={A€ F:la€H}

I. Prove that G is a A-system.

11. Prove that H contains all @U(A)-measumble functions.
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4. Let X be a random variable such that P(X > 0} = 1. Prove that
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Mat 721 Problem Set 3, Thur March 7

Refer to theorems in Durrett by number, as in Theorem 2.1.14.

=W

[ ]

. Let X,Y be independent random variables. By Theorem 2.19 in the text, if either

X, Y = 0 or both E|X| and E|Y| are finite, then E(XY) = E(X)E(Y). Given a
second proof of this fact by verifying it first for indicator r.v.’s, then simple r.v.’s, then
nonnegative r.v.’s, then L! r.v.’s.

Durrett 2.2.4 Use Thm 2.2.7

Durrett 2.2.6 For {b), there should be no square roots in your answer.
Durrett 2.3.8, 2.3.9 - Just read these.

Durrett 2.3.14

Durrett 2.3.18
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