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1. Let R be aring.
(a) (3 points) Define what it means for a short exact sequence of left R-modules to be split. Do not give

several equivalent conditions. Pick your favorite one. Js 3 .
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In parts (b) and (c) below, use your definition from part (a) to prove whether the given short exact
sequence is split. Prove directly from your minimal definition. Any theorems about split sequences you
use must be proven as part of your answer. We denote the quotient groups Z/nZ by Zn and consider

them as Z-modules.

(b) (3.5 points) 0 = Z, — Zq 1 Zz; — 0 with the first map beingn + 2Z - 3n + 6Z and the

second map beingn + 6Z - n + 3Z.
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(c) (3.5 points) 0 — Zg —J; 21, 3—> Z, — 0 with the first map beingn + 6Z = 2n + 127 and the
second map beingn + 12Z - n + 2Z.
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2. Let D be an integral domain such that D as a module over itself is injective. Prove that D is a field.
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3. (a) (6 points) Let R be a commutative ring and let M and N be R-modules. Prove that if M and N are flat
R-modules, then M @g N is a flat R-module.
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(b) (4 points) Describe problems you run into if you try to generalize this to non-commutative rings. Is there
any way around them? Explain.
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4. Let R be a commutative ring, M a R-module, N and N’ submodules of M with N’ finitely
generated, and I an ideal of R contained in the Jacobson radical of R. Assume that M = N+ IN'.

Prove that M=N.
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5. (a) Prove the following: If R is a division ring, then the ring of n x n matrices over R under matrix
addition and matrix multiplication is a simple ring.

b) Give an example of a semisimple ring that is not a simple ring.
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6. Let R be a ring.

(a) Given an exact sequence of left R-modules 0 - M — N — K — 0, show that there exists a
commutative diagram of left R-modules

0 s Pty PED By D y 0

S

0 - N D K —3 0

such that the rows are exact, the vertical maps are surjective, and the map 7, is the injection
into the first factor and the map p; is the projection to the second factor.

(b) Explain why you can conclude that the kernels of the vertical maps form again a short exact
sequence
0 — ker m; — ker my — ker w3 — 0.
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7. Find the colimit (also called the direct limit) of the following diagram.
2 2
Z — L —— Z
Be sure to give a full proof that the universal property holds.

The divect Limit s Somerphic te 7 wih Inchsions @0 Shown

It % cleer that
¥ =, ° D and

- 2
o, otsofd3

:Uow we Show the u\‘\.‘vei‘soJ fru'?er'['j lnolols'-

Sppse wx have L Z s K iag3 sk thet £ o4, 0L an

Fz = ‘B‘s (Z: . Ge P-fez . j‘z=.)"3 o1). Thenm we clam
@,ig s the unlgue map O 7 — X setisfylag B
for = 12,3, T nceeel o,=) =3 (9=ﬁ3 ; Se our Choee
s unigue. For exitence simply note

Poefoz 5,00, qnd

F o=t =([13°Z)‘l = foev= Oe%,

Thes  our dicgram sabiefies the olesired universal ,ororeH\.’.



8. Let R be a commutative ring, and let / be an ideal and M an R-module

(a) (7 points) Prove that there is an isomorphism of R-modules R/I ®@p M = M/IM
(b) (7 points) Prove that Tor®(R/I, R/I) = I/I?

(c) (6 points) Compute Exty(Z/2Z,7Z/6Z) for all n > 0
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9. Let R be a ring, and let X and Y be complexes of left R-modules.

(a) Working from the definitions, show that if a chain map f: X — Y is nullhomotopic (f =~ 0),
then the induced map on homology

H.(f): H,(X) = H,(Y)

vanishes for each n.

(b) Let f: X — Y be a chain map that is nullhomotopic. Suppose each homology module H,, (X)
and H,(Y) has finite length.

Find the lengths of the homology modules H,(C(f)) for the mapping cone C(f) of the map f.
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