
1. Let R be a ring. 
(a) (3 points) Define what it means for a short exact sequence of left R-modules to be split. Do not give 
several equivalent conditions. Pick your favorite one.

In parts (b) and (c) below, use your definition from part (a) to prove whether the given short exact 
sequence is split. Prove directly from your minimal definition. Any theorems about split sequences you 
use must be proven as part of your answer. We denote the quotient groups Z/nZ by Zn and consider 
them as Z-modules.

(b) (3.5 points) 0 →  ℤଶ  →  ℤ଺ →  ℤଷ  →  0 with the first map being 𝑛 +  2ℤ ↦  3𝑛 +  6ℤ and the 
second map being 𝑛 +  6ℤ ↦  𝑛 +  3ℤ. 

(c) (3.5 points) 0 →  ℤ଺  →  ℤଵଶ  →  ℤଶ  →  0 with the first map being 𝑛 +  6ℤ ↦ 2𝑛 +  12ℤ and the 
second map being 𝑛 +  12ℤ ↦  𝑛 +  2ℤ. 

      



2. Let 𝐷 be an integral domain such that 𝐷 as a module over itself is injective. Prove that 𝐷 is a field.

      



3. (a) (6 points) Let 𝑅 be a commutative ring and let 𝑀 and 𝑁 be 𝑅-modules. Prove that if 𝑀 and 𝑁 are flat 
𝑅-modules, then 𝑀 ⊗ோ 𝑁 is a flat 𝑅-module. 

(b) (4 points) Describe problems you run into if you try to generalize this to non-commutative rings. Is there 
any way around them? Explain.

      



      



      



      



      



      



      



      



      



      


