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Throughout these notes, R denotes a unital ring and an R-map is an R-module homomorphism.

Lifting property of free modules

Definition 0.1. A left R-module F is a free R-module if F is isomorphic to a direct sum of copies of R;
that is, there is a (possibly infinite) index set X with F –

À

xPX Rx, where Rx “ xxy – R for all x P X.
We call X a basis of F .

Each m P F has a unique representation of the form m “
ř

xPX rxx “ prxqxPX “ prxq, where rx P R
for each x P X, and rx “ 0 for all but finitely many x P X.

Proposition 0.2. Let F be a free R-module with basis X. Given an R-module M , an R-map f : X Ñ M ,
and inclusion map µ : X Ñ F , there exists a unique R-map f̃ : F Ñ M with f̃µ “ f . So f̃pxq “ fpxq for
all x P X.
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Lifting property of free modules. Let F be a free R-module. If p : B Ñ C is a surjective R-
map, then for every R-map g : F Ñ C, there exists an R-map h : F Ñ B such that g “ ph.
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Proof. Let X Ď F be a basis of F . Since p is surjective, for each x P X, there exists an element bx P B
such that ppbxq “ gpxq. Define a function u : X Ñ B by upxq “ bx for all x P X. Hence, there exists an
R-map h : F Ñ B such that hpxq “ bx for all x P X. So for each x P X, phpxq “ ppbxq “ gpxq. By the
above proposition, ph “ g on F . □



Remark 0.3.

The lifting property is a basis-independent property of free modules.

The lifting property is not equivalent to the definition of a free R-module; there are rings R and R-
modules F which are not free, even though they have a lifting h for each p and g as above.

There are rings, such as PIDs and local commutative rings, over which every module with the lifting
property is free.

Definition 0.4. A commutative ring is local if it has a unique maximal ideal.

Examples:

A field k is a local ring with unique maximal ideal p0q.

The ring of rational numbers with odd denominators, denoted Qp2q, is a local subring of Q. Its unique
maximal ideal 2Qp2q consists of fractions with even numerator and odd denominator.

Definition 0.5. Let g : M Ñ C and p : B Ñ C be R-maps. An R-map h : M Ñ B is a lifting of g if
ph “ g.
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Definition 0.6. A left R-module P is projective if, given a diagram of the form below, where B and C
are R-modules, p and g are homomorphisms of R-modules (R-maps), and p is surjective, there is a lifting
h : P Ñ B such that g “ ph.
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Definition 0.7. A left R-module E is injective if, given a diagram of the form below, where A and B
are R-modules, i and f are R-maps, and i is injective, there is an R-map h : B Ñ E such that f “ hi.
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Baer’s criterion: An R-module is injective if and only if given a diagram of the form below, where
I is a left ideal of R, i is the inclusion map, and f is an R-map, there is an R-map g : R Ñ E making the
completed diagram commute: f “ gi.
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Proposition 0.8. Let R be a domain and Q its fraction field. We show that Q is an injective R-module
using Baer’s Criterion.

Proof. Let I be a left ideal of R, and let f : I Ñ Q be an R-map. We extend f to an R-map g : R Ñ Q.

First observe the following: If a, b P I are nonzero elements of R, then afpbq “ fpabq “ bfpaq, and
therefore fpaq{a “ fpbq{b in Q. Let c P Q denote the common value of these quotients. Define an R-map
g : R Ñ Q by gprq “ rc for all r P R. Then for all a P I,

gpaq “ ac “ afpaq{a “ fpaq.

Hence, g extends f , and therefore Q is an injective R-module. □

An exact sequence of R-modules is a diagram of the form

... Ñ X0
d0
ÝÑ X1

d1
ÝÑ X2

d2
ÝÑ ... Ñ Xn

dn
ÝÑ ...

where for each n P N, Xn is an R-module, dn is an R-map, and for each n, imdn “ ker dn`1.



A short exact sequence (ses) of R-modules is a diagram of the form

0 Ñ A
f
ÝÑ B

g
ÝÑ C Ñ 0

where A, B, and C are R-modules, f and g are R-maps, and

ker f “ 0

imf “ ker g

im g “ C

The image of each homomorphism equals the kernel of the next homomorphism.

If there is an R-map B
j

ÝÑ A such that jf “ 1A, or equivalently, if there is an R-map ρ : C Ñ B
such that gρ “ 1C , then we say the short exact sequence splits, which implies B – A ‘ C.

Examples: Given an R-module M , an R-submodule N Ď M gives us a short exact sequence where
i is the inclusion map and π is the quotient map:

0 Ñ N
i

ÝÑ M
π
ÝÑ M{N Ñ 0.

If A, B, and C are R-modules and B “ A ‘ C, then

0 Ñ A Ñ B Ñ C Ñ 0 is a ses.

Note: If we are given a short exact sequence 0 Ñ A Ñ B Ñ C Ñ 0 such that B – A ‘ C, it does
not follow that the ses splits.

Facts and examples
Every R-module is the homomorphic image of a free R-module.

Every free R-module F “
À

iPI Ri, where each Ri is a copy of R, is a projective R-module. The no-
tion of a projective module is an abstraction of free modules defined by the basis-free lifting property of
free modules.

Z{6Z is a free Z{6Z-module. Since Z{6Z – Z{3Z ‘ Z{2Z, it follows that Z{3Z is a projective Z{6Z-
module. But it is not a free Z{6Z-module, since it is nonzero and has cardinality less than 6.

If R is a PID, then an R-module M is projective if and only if it is free, and M is injective if and
only if it is divisible.

Given a domain R, we say that an R-module M is divisible if for all m P M and all nonzero r P R,
there is an element m1 P M such that m “ rm1.

Since Q{Z is a divisible Z-module, it is an injective Z-module.

Kaplansky’s theorem for projective modules: If R is a local ring, then every projective R-module is free.



A module is projective if and only if it is a direct summand of a free module.

Direct sums of projective modules and direct summands of projective modules are projective. It is not true
that an infinite direct product of projective modules is always projective. If we assume R is commutative,
then every direct product of projective R-modules is projective if and only if R is Artinian.

ś

iPN Zi, where Zi “ Z for each i, is not a free Z-module, and therefore it is not a projective module
since Z is a PID.

Direct products of injective modules and direct summands of injective modules are injective. It is not
true that an infinite direct sum of injective modules is always injective. Given a ring R, every direct sum
of injective R-modules is injective if and only if R is Noetherian (Bass-Papp theorem).

For a given field k, every k-vector space V is projective and injective.

Since V has a k-basis, V is a free, and thus projective k-module.
V –

À

iPI ki for some index set I. Over a Noetherian ring, direct sums of injective modules are injective.
Since k is Noetherian and injective as a module over itself, V is an injective k-module.

Theorem. An R-module P is projective if and only if every short exact sequence of R-modules 0 Ñ

A
f
ÝÑ B

g
ÝÑ P Ñ 0 splits.

Proof. pñq Suppose P is projective, and we have a short exact sequence as above.
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Since P is projective, there exists an R-map ρ : P Ñ B such that 1P “ gρ. Hence, the short exact
sequence splits.

pðq Suppose every short exact sequence ending with P splits. We show that P is projective. Con-
sider the following diagrams with g surjective:
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There exists a surjective R-map h : F Ñ P , where F is a free module, since every module is the homo-
morphic image of a free module. The R-map go making the right-hand diagram commute exists because
F is projective.

The map F
h
ÝÑ P gives the short exact sequence 0 Ñ kerh ãÝÑ F

h
ÝÑ P Ñ 0. Since this short exact



sequence splits by hypothesis, there exists a map j : P Ñ F such that hj “ 1P . Let f̃ “ g0j. Then
gf̃ “ gpgojq “ pggoqj “ pfhqj “ fphjq “ f . So P is projective.

□

Theorem 2. An R-module E is injective if and only if every short exact sequence of R-modules

0 Ñ E
f
ÝÑ B

g
ÝÑ C Ñ 0 splits.

Proof. pñq Suppose E is injective, and that we have a short exact sequence as above.
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Since f is injective, there exists an R-map j : B Ñ E such that 1E “ jf . Hence, the short exact se-
quence splits.

□

Definition. A submodule S of a module M is superfluous if, whenever L Ď M is a submodule such that
S ` L “ M , then L “ M .

A surjective R-map f : A Ñ B is essential if for every proper submodule A1 Ĺ A, fpA1q Ĺ B.

A projective cover of a module B is an ordered pair pP, φq where P is projective and φ : P Ñ B
is a surjective map with kerφ a superfluous submodule of P .

Equivalently, pφ, P q is a projective cover of B if P is projective and φ is an essential surjection.

Definition. Let M and E be R-modules. Then E is called an essential extension of M if there is
an injective R-map α : M Ñ E such that for every nonzero R-submodule S Ď E, S X αpMq ‰ 0.

E is called an injective hull or injective envelope of M if E is an injective module that is an es-
sential extension of M .



Motivation: Why do we care about projective modules, injective modules, projective covers, and injective
hulls?

1) Projective modules are a generalization of free modules. The lifting property that defines projec-
tive modules is a characterizing basis-free property of free modules.

Injective modules are the categorical dual of projective modules. Moreover, they are a natural gener-
alization of the set of rational numbers Q considered as a Z-module in the following ways:

a) If Q is a submodule of a Z-module M , then Q is a direct summand
of M .

b) If M is a Z-module and N is a submodule of M , then any Z-map

f : N Ñ Q can be extended to a Z-map f̃ : M Ñ Q.

2) Projective and injective modules are used in the construction of the derived functors, which are used
to study properties of algebraic and projective varieties and topological invariants of manifolds.

3) The injective envelope of a module is a maximal essential extension
of the module. Projective covers and injective hulls are used in the study
of algebraic varieties.

Note: The projective cover and injective hull of an R-module M are unique up to isomorphism. Hence,
we refer to the projective cover and injective hull of a module.

For an arbitrary ring R, every R-module has an injective hull. But it is not true that for every ring
R, every R-module has a projective cover.

We say that a ring is left perfect if every left R-module has a projective cover, and left semiper-
fect (or just semiperfect) if every finitely generated left R-module has a projective cover. A commutative
Artinian ring R is (left and right) perfect.

Examples: If P is a projective R-module, then pP, 1P q is a projective cover of P , since t0u is a su-
perfluous submodule of P . Likewise, if E is injective, then pE, 1Eq is an injective hull of E.

The Z-module Z{2Z has no projective cover. Suppose Z{2Z has a projective cover pF, φq, φ : F Ñ Z{2Z.
Since Z is a PID, F is a free abelian group. Let x P F be a basis element such that φpxq “ 1.
F “ φ´1pZ{2Zq “ φ´1pφpp3xqqq “ kerφ ` p3xq. Since kerφ is superfluous in F , p3xq “ F . But this
is a contradiction, since x R p3xq.

Let R “ krxs, where k is a field, and let M “ R{pxq. M has no projective cover. Indeed, suppose
pφ, P q is a projective cover of M , φ : P Ñ M . Since krxs is a PID, P is a free R-module. So p1´xqP Ĺ P ,
but φpp1 ´ xqP q “ M , which contradicts the fact that φ is an essential surjection.

Note that Z and krxs are not Artinian.



Theorem. If R is a domain, then its fraction field Q is the injective envelope of R.

Proof. We know that Q is an injective R-module. It remains for us to show that Q is an essential extension
of R. We map R injectively into Q via the R-map φ defined by φ : r Ñ r{1 for each r P R, and we identify
φpRq with R.

Suppose S is a nonzero R-submodule of Q, and let r{s P S be nonzero. Then r and s are nonzero
elements of R. Since S is an R-module, spr{sq “ r{1 P S X R, and therefore S X R is nonzero.

Hence, Q is an injective R-module that is an essential extension of R, and thus Q is the injective en-
velope of R.

□

Examples. By the above theorem, Q is the injective envelope of Z, and given a field k, kpxq is the injective
envelope of krxs.

Let R “ krxs, and consider the ring of Laurent polynomials krx, x´1s as an R-module. krx, x´1s is
the set of all k-linear combinations of integer powers of x.

It is clear that krxs is an R-submodule of krx, x´1s, and therefore we can form the quotient module
E “ krx, x´1s{krxs.

The R-module structure on E is dictated by

xax´c
“

#

xa´c if a ă c, and

0 otherwise.

We claim that E is the injective envelope of R{xR “ krxs{pxq, whose nonzero elements are equivalence
classes of nonzero elements of k. Hence, as sets, we identify R{xR with k.

Since R “ krxs is a PID, and E is a divisible R-module, E is an injective R-module.

To see that E is an essential extension of R{xR, consider the injective R-map φ : k Ñ E defined by
φ : 1 Ñ 1{x. If S is a nonzero R-submodule of E, then we can multiply a nonzero element of S by x raised
to a sufficiently large integer power to obtain an element in the image of φ.

Hence, E is the injective envelope of R{xR.



Indecomposable Decompositions of Injective Modules over Noetherian Rings

In his 1958 paper Injective Modules over Noetherian rings, Eben Matlis gave a comprehensive description
of injective modules over a Noetherian ring R. In the case R is commutative, he proved that indecom-
posable injective R-modules are precisely the injective envelopes of the modules R{p, for prime ideals p in R.

We look at some results from this paper.

Definition. Let R be a ring. Given an R-module M and an R-submodule S of M , we say that S is
a direct summand of M if there is an R-submodule T of M such that M “ S ‘ T .

An R-module M is indecomposable if its only direct summands are 0 and M .

Examples. Every simple module is indecomposable. Z{6Z is not an indecomposable abelian group,
as Z{6Z – Z{2Z ‘ Z{3Z. In fact, an abelian group is indecomposable if and only if it is isomorphic to Z
or Z{pnZ, where p is a prime integer and n P N.

Theorem. SupposeR is Noetherian, and let tMiu be a family ofR-modules. Then Ep
À

i Miq –
À

i EpMiq.
This is proved by showing that the injective module

À

iEpMiq is an essential extension of
À

i Mi.



Definition. A left ideal J of a ring R is irreducible if there do not exist left ideals K and L of R,
properly containing J , such that K X L “ J .
If R is a PID, then an ideal paq Ď R is irreducible if and only if a is an irreducible element of R.

Example. p4q is an irreducible ideal of Z. Indeed, suppose there are ideals paq and pbq of Z such that
p4q “ paq X pbq. Then 4 P paq and 4 P pbq, so a|4 and b|4. Hence, a “ 1, 2, or 4, and b “ 1, 2 or 4. If a “ 1,
then paq “ Z, and p4q “ pbq. Likewise, a “ 2 ñ p4q “ pbq. We conclude that paq “ p4q or pbq “ p4q, so p4q

is an irreducible ideal.

Theorem. A module E over a ring R is an indecomposable, injective module if and only if E – EpR{Jq,
where J is an irreducible left ideal of R.

Theorem. If R is a left-Noetherian ring, then every injective R-module has a decomposition as a di-
rect sum of indecomposable, injective R-modules.

This means that, given an R-module E, there is a collection of indecomposable R-modules tEiuiPI such that

E –
À

iPI Ei.

Moreover, the indecomposable, injective direct summands in this decomposition are unique up to iso-
morphism and permutation of the indices.



Definition. Given an R-modules M , HomRpM,Mq denotes the set of all R-homomorphisms from M to
itself. We call such homomorphisms endomorphisms. HomRpM,Mq is a ring with respect to pointwise
addition, and multiplication given by composition of functions. That is, for f, g P HomRpM,Mq, and
x P M ,

pf ` gqpxq :“ fpxq ` gpxq, and
pfgqpxq :“ fpgpxqq.

Definition. A ring R is a local ring if the set of non-units of R forms a two-sided ideal. If R is
commutative, this is equivalent to R having a unique maximal ideal. It is known that a local ring contains
no idempotent elements other than 0 and 1. r P R is an idempotent if r2 “ r.

Fact: If E is an indecomposable injective module, then for any nonzero submodules S and T of E,
S X T ‰ 0.

Theorem. Let E be an injective module over a ring R, and H “ HomRpE,Eq. Then H is a local
ring if and only if E is indecomposable.

Proof. pñq We prove the contrapositive. Suppose E is not indecomposable. Then E has nonzero submod-
ulesM and N such that E “ M‘N . Define p : M‘N Ñ M‘N by ppm,nq “ pm, 0q for all pm,nq P M‘N
(projection onto the first summand). It is clear that p is an R-map. And for pm,nq P M ‘ N ,

p2pm,nq “ ppppm,nqq “ ppm, 0q “ pm, 0q “ ppm,nq. So p2 “ p. That is, p is an idempotent that is
not the identity map or the zero map. Hence, H is not a local ring.

pðq Now assume that E is indecomposable. If f P H is a unit, then clearly ker f “ 0. If ker f “ 0,
then we have a short exact sequence

0 ÝÑ E
f

ÝÝÑ E
π

ÝÝÑ cokerf ÝÑ 0. Since E is injective, this short exact sequence splits, and there-
fore E – E ‘ cokerf . Since E is indecomposable, and E is nonzero, it follows that cokerE “ 0, and
therefore imE “ E, so f is a unit in H.

We have shown that f P H is a unit (invertible) if and only if ker f “ 0.

Now we show that the set of non-units of H forms a two-sided ideal I. Let g and h be non-units of H.
Then ker g ‰ 0 and kerh ‰ 0. Thus, by the above fact, ker g X kerh ‰ 0. Since ker g X kerh Ď kerpg ` hq,
kerpg ` hq ‰ 0, and therefore g ` h is a non-unit.

By considering cases, one can show that for each f P H and for each non-unit g P H, fg is a non-
unit, and gf is a non-unit. Hence, the set of non-units of H forms a two-sided ideal, and we conclude that
H is a local ring. □

Definition. If I is an ideal in a commutative ring R, then the radical of I, denoted
?
I, is

?
I :“ tr P R : rn P I for some n P Nu.

Definition. A proper ideal I of a commutative ring R is called primary if whenever x,y P I, then
x P I or yn P I for some positive integer n. If I is primary, then

?
I is a prime ideal. If

?
I “ p, then we



say that I is p-primary.

Theorem. A module E over a ring R is an indecomposable, injective module if and only if E – EpR{Iq,
where I is an irreducible left ideal of R.

Fact: If R is Noetherian, then an irreducible ideal I Ď R is primary. If R is a PID, then an ideal is
irreducible if and only if it is primary.

Theorem. Let R be a commutative Noetherian ring. There is a one-to-one correspondence between
the prime ideals of R and the indecomposable, injective R-modules, given by p Ø EpR{pq, for p a prime
ideal of R (p P SpecR). If I is an irreducible p-primary ideal, then EpR{Iq – EpR{pq.

Examples. For every prime number p, EpZ{pZq is an indecomposable, injective Z-module.

Suppose R is a PID and M is a finitely generated R-module. By the structure theorem for finitely
generated modules over a PID,
M –

Àn
i“1R{qi, where each qi is a primary ideal and n P N. Hence,

EpMq –
Àn

i“1EpR{qiq, where each EpR{qiq is an indecomposable injective module. This is the unique
decomposition of the injective envelope of M as a finite direct sum of indecomposable injective modules.

We know that if R is a left-Noetherian ring, then every injective R-module can be written as a direct
sum of indecomposable, injective R-modules. Thus, if R is a commutative Noetherian ring, then an injec-
tive R-module E can be written as

E –
À

pPSpecR EpR{pqµp , where for each p P SpecR,

EpR{pqµp “
À

iPI EpR{pqi, where |I| “ µp, and EpR{pqi “ EpR{pq for each i.
Each µp is uniquely determined by E and p. Hence, the necessary data for writing our indecomposable
decomposition of E is contained entirely in the cardinal numbers µp, for p P SpecR.

Indecomposable Decompositions of

Projective Modules over Artinian Rings

Theorem. Let R be a perfect ring and let P be a nonzero projective R-module. Then P is inde-
composable if and only if P – PRpSq, for some simple R-module S.

Assume R is commutative. Recall that the simple R-modules are precisely the R-modules R{m, where m
is a maximal ideal of R.

Lemma. Let R be a commutative Artinian ring. Then every prime ideal is maximal. Thus, an ideal
of R is prime if and only if it is maximal. Moreover, R has only finitely many prime ideals.

Proof. Let p Ď R be a prime ideal. Choose x P Rzp. We obtain a decreasing sequence of ideals

... Ď px3q Ď px2q Ď pxq Ď R

Since R is Artinian, the sequence stabilizes. So there is a positive integer n such that pxnq “ pxn`1q,



and thus there is an element a P R such that xn “ axn`1. Hence, p1 ´ axqxn “ 0 P p. Thus, 1 ´ ax P p or
x P p. Since x R p, xn R p, and therefore 1 ´ ax P p. Thus, there exists some y P p such that 1 ´ ax “ y,
so 1 “ y ` ax. Thus, R “ p ` pxq. So if I Ď R is an ideal such that p Ĺ I Ď R, then choosing x P IzP , we
have R “ p ` pxq Ď I Ď R, so I “ R. Therefore p is maximal.

Let S “ t
śn

i“1 pi : pi P SpecR for i “ 1, ..., n, and pi ‰ pj for i ‰ j u. This is a nonempty collection
of ideals in R, and since R is Artinian, S has a minimal element J “

śn
i“1 pi “

Şn
i“1 pi. Let p P SpecR.

Then J “ pJ Ď p. Hence, p contains pj for some j, and thus equals pj, since all primes are maximal.

Hence, SpecR “ tp1, p2, ..., pnu. □

Theorem. Let R be a commutative Artinian ring and let P be a projective R-module. Then

P –
ś

pPSpecR P pR{pqπpp,P q, where for each p,

P pR{pqπpp,P q “
À

iPI PipR{pq, where for each i, PipR{pq – P pR{pq and |I| “ πpp, P q.



Injective Modules over Prüfer Rings

Definition. Let R be an integral domain, and let Q be its quotient field. R is a subring of Q under the injective ring
homomorphism φ : R Ñ Q given by φprq “ r

1 . A fractional ideal of R is an R-submodule I of Q such that there exists a
nonzero ring element r P R such that rI Ď R Ď Q.

A fractional ideal I is invertible if there is a fractional ideal J such that IJ “ R, where IJ “ t
řn

i“1 aibi : ai P I, bi P Ju.

Definition. A Prüfer domain is an integral domain R in which every finitely generated nonzero ideal is invertible (The
finitely generated nonzero ideals of R form a multiplicative group).

Examples of Prüfer domains. The ring of entire functions on the complex plane, and the ring of integer-valued
polynomials with rational coefficients.

An integer-valued polynomail P P Qrxs satisfies P pnq P Z for every n P Z e.g. 1
2xpx ` 1q.

Univariate polynomial rings over von Neumann regular rings are Bézout domains (the sum of two principal ideals is
principal), and thus Prüfer domains. A ring R is von Neumann regular if for all a P R, there exists a (generalized inverse)
x P R such that a “ axa.

Conversely, if Rrxs is a Prüfer ring, then R is von-Neumann regular.

Zrxs and Z4rxs are not Prüfer domains because Z and Z4 are not von-Neumann regular (2 P Z4 does not have a gener-
alized inverse).

Definition. A valuation ring R is an integral domain in which every two elements have a greatest common divisor
which is equal to one of them. Equivalently, a valuation ring is a local Prüfer ring.

Given a, b P R, a greatest common divisor of a and b is an element d P R such that d|a and d|b (there exist x, y P R such
that a “ xd and b “ yd), and any r P R that divides both a and b also divides d.

Examples of valuation rings. Any field. The ring of meromorphic functions on the complex plane.

Crxs is a Prüfer domain that is not a valuation ring, since it is not
local.

Fact: The ideals of a valuation ring R are totally ordered by inclusion. Hence, for each pair of ideals I, J Ď R, I Ď J
or J Ď I.

Proof. Let I, J Ď R, and suppose I Ę J . Let x P IzJ , y P J , and
d “ gcdpx, yq. d “ x or d “ y. If d “ x, then x|y, so y “ tx for some t P R, and therefore y P I. If d “ y, then y|x, so x “ sy
for some s P R, and therefore x P J , a contradiction. Hence, d “ x, and J Ď I. □

Fact: If R is a valuation ring with quotient field Q, and if S is a proper R-submodule of Q, then there is a nonzero element
a P R such that aS is an ideal of R.



Proposition. Let R be a valuation ring with quotient field Q. Then

1) ERpR{Iq is an indecomposable, injective R-module for every ideal I of R, and every indecomposable, injective R-module
is of this form.

2) If I is a proper ideal of R, then ERpR{Iq – ERpQ{Iq.

3) If I and J are proper ideals of R, then ERpR{Iq – ERpR{Jq if and only if I – J .

Proof. 1) Let I be an ideal of R, and suppose that there exist ideals J and K of R such that I “ J X K. Since R is a
valuation ring, its ideals are totally ordered, and thus J Ă K or K Ă J . WLOG, say J Ă K. Then I “ J , so I is irreducible.
We know that an R-module is an indecomposable, injective R-module iff it is isomorphic to the injective envelope of R{J ,
where J is an irreducible ideal. Since every ideal is irreducible, we obtain the desired result.

2) First we show that EpQ{Iq is indecomposable. It suffices to show that Q{I contains no nonzero R-submodules A and B
such that A X B “ 0. Let A “ S{I and B “ T {I be nonzero R-submodules of Q{I such that A X B “ 0, where S and T are
R-submodules of Q. If S “ Q or T “ Q, then AXB is nonzero. Hence, we may assume that S and T are proper R-submodules
of Q. So there exists an element a ‰ 0 in R such that aS and aT are ideals in R. We have the following isomorphisms of
R-modules: S{I – aS{aI and T {I – aT {aI, and thus aS{aI and aT {aI have zero intersection. Hence, aS X aT “ aI. Since
I is irreducible and I – aI, aI is irreducible. So either aS “ aI or aT “ aI. This contradicts our assumption that A and B
are nonzero R-modules, and therefore EpQ{Iq is indecomposable. Since R{I is a nonzero submodule of EpQ{Iq, EpQ{Iq is
the injective envelope of R{I.

3) Suppose I and J are isomorphic as R-modules via R-map φ : I Ñ J . We may assume that I and J are nonzero.
Let a be a nonzero element of I. Then φpaqI “ φpaIq “ aφpIq “ aJ . Hence, letting q “ a{φpaq in Q, we have I “ qJ
in Q, and so as R-modules, Q{I “ Q{qJ – Q{J , so EpQ{Iq – EpQ{Jq, and by 2), EpR{Iq – EpR{Jq. The converse is
straightforward. □

Corollary: If S and T are R-submodules of Q, then Q{S – Q{T if and only if S – T .

Corollary: If M is an injective R-module, then any element of M is contained in an indecomposable, injective direct
summand of M .

proof: Let x P M . Since Rx is cyclic, there is an ideal I of R such that Rx – R{I. Hence,
EpRxq is indecomposable and EpRxq Ă M , by the minimality of the injective envelope of a module. Since EpRxq is an
injective submodule of M , it is a direct summand of M .

Thus, if B is a finitely generated R-module, then EpBq is a finite direct sum of indecomposable, injective R-modules.
We saw that this is also the case for finitely generated modules over PIDs.

proof: Since R is a valuation ring, every finitely generated R-module is cyclic, and thus of the form R{I for some ideal
I of R. Thus by Prop 1, EpBq is an indecomposable, injective R-module.

Definition: Given a module M , a submodule N Ď M , and elements x, y P M , we write x ” y (mod Nq if x ´ y P N .

Let M be an R-module, and let tpMα, xαquαPA be a collection of pairs of submodules and elements of M . We obtain a
set of congruences with variable x P M :

x ” xα (mod Mαq, α P A.

A set of congruences is finitely solvable if for
every finite collection of inidces tαkunk“1, there exist elements tykunk“1 such that

yk ” xαk
(mod Mαk

q for k “ 1, 2, ..., n.

Definition: Let M be a module over a commutative ring R. M is linearly compact if every finitely solvable set of congruences



x ” xα (mod Mαq, α P A

(where xα P M , Mα are submodules of M),

has a simultaneous solution.

M is semi-compact if the above congruence condition holds whenever the submodules Mα are annihilators of ideals of
R; that is, for each α, there exists an ideal Iα Ď R such that Mα “ tx P M : xIα “ 0u.

Proposition: Let C be an injective module over a commutative ring. Then C is semi-compact.

Proof. Let x ” xα (mod Cαq be a finitely solvable set of congruences, where xα P C, and each submodule Cα Ď C is the
annihilator in C of an ideal Iα in R. Let I be the ideal in R generated by all of the Iα’s.

Let a P I. There are finitely many indices α1, ..., αn such that a P Iα1 ` Iα2 ` ... ` Iαn . Since the set of congruences
is finitely solvable, there is an element y P C such that y ” xαk

(mod Cαk
q for k “ 1, ..., n.

Define an R-map f : I Ñ C by fpaq “ ay for a P I.

Let us verify that f is a well-defined function. Let a P I be as above, and suppose we have a second collections of in-
dices β1, ..., βm such that a P Iβ1 ` Iβ2 ` ... ` Iβm . □


